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Abstr&et 

Some ve17 tut m.erical Mtboda haft been 4nel.0pe4 ill recent 

years tor the solutiCill ot elllptic d1tf'ereDt1al. equa.ticma which a1.low 

for separation ot variable.. In thi. paper a Fourier-Toapllt • ..t1lod. 

is developed u an altematift to the wU-kDGn ..thoU r4 Bocbe7 ... 

BunI!lllAll. It i. bued OIl the rut PouJ1.er tnutam aDd. ~t. hctcII'­

izations. 'lbe 118e ot Toepl1tz factori ... tiau ca.b1Dl4 w1tJa tile .. 

Morrison to1W1l.a 18 alao .,.t_tl~ apl.an4 tozo ""M1' .,n- fill 

algebraic equatiCX18 with bmd _trices of 'foepU~., 01' ~ !oeII11u, 
tora. 
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On Fourier-Toeplitz Methods tor Separable Elliptic Problema 

by 

D. Fiacher, G. Golub, O. Hald, C. Leiva and O. Widlund 

1. Introduction 

In recent years, aCllle very 'last and accurate methods have been 

developed tor the direct solution ot the sparse qstems ot linear 

algebraic equations which arise when elliptic problems are solved by 

tinite difference or finite el_ent methods. Several ot theae al8Or1tbma 

1aplaent, in very etticient way-s, the idea ot aeparation ot variables. 

The belt knCMl ot thele are eme to Hockney [15, 16J and Buneman (5, 6]. 

In thi. paper we will prelent an alternative to Hockney' a and 

Blma.n'. aetbodl tor the solution ot ell1ptic problems with constant 

coefflc1_\. OIl rectaDplar reg1CXls and OIl inttni te parallel strips. 

Our JUtho4, like HOCkney'l, ia baaed on the use ot the rut Fourier 

'INn.tol'll tor one ot the variablel, but it uses an alternative 1f&Y' ot 

.01Yinc the reaulttDs q.t.. ot linear algebraic equations. These 

'7at .. can be repreleDted with band matrices ot Toeplitz tom or as 

low-1'Ulk pert1D"b&tiOlll ot BUCh _trices. Tbe 8Y'stema are solved by a 

ca.ibiDation ot Toepl1tz 1'actorizatiOlll and applicatiOlls ot the Sherman­

JIon1.8QIl tm.ala or it. block YU'lion, the Voodbu.ry tormula, ct. 

Bouebol4er (17]. .,. uaiq tile Toepl1til structure, we are able to take 

..... __ IMlWDtap ot tbe 1peC1&l atl'llCture ot tbe matricel than wheD 

a.us. .Uld.MtioD 1. ua.t. !hi. 1.-41 to a CGD.lderable laviq 111 

.tonp. v. DOte tbat the ocII-w. Nductlca aetbD4 bu .SIliIar 

rIIII: ... ..- lMt; tbat it OM be 1II.t caq 1'ar a iuN.t; ot the probl .. 



which we CaD handle. We include a di.cuadCll o~ the uae of 'foepl.1tz 

f'actorizatiCllI ~or aore pBeral beDcl _tric... Tb. aeth04 require. 

con.iderabq JllUch le .. atone. tbaD tile Chole.Jq aa4 GIaIa •• U-1nat101l 

Iletboda and it i. also to\md to be quit.. cc.petit1ve, in terM of 

aritlaet1c operatiOllI, in certain caa_. Por -.rU ... work OIl ~ts 

.ethoda, cf. Balte. (1], Barel.. (21. IftDa [10], :av.u IID4 lOft'1IIItoD (11]. 

M&lcola aDd Palaer (18], and, tor a ...tI&t ditterat elM. of prob~, 

Ro •• [22). 

8eparatiOll o~ var1.&ble. cu be uell ~ tor nc1au wb1oh, after 

a po •• lble chulg. ot ~ ftI1.ab1 •• are natancaJv .... ~~ 

dlffermtlaloperators ot a .1*=1&1 fora. 8Sa1lAr nnrict1c.a .... 

1Ilpoaed OIl the di.cret. problAu. For a 41acu.1GD ot tbe qect.al. 

.tructure vb1ch i. needed. tor tIM .. e of tMae -'~, of. V1cUa14 [~). 

However, even tor problAu OIl DOD-NCtINIp1ar "-,au, ~ wttla bmn""N7 

.etboda CaD be used prortded tbat tbe ~ al.1aIr ftDo ...... s. ot 

the varlab1e. OIl a<ae aPJll'OPl'1ate rePOIl. !bI ldea 1. to SIIM& ....... .. 

region in a rectu&l. and ca.btDe a tut;......,. wt~b 1iba 1foa~ b 1a 

or a 1l1n1lllsatlO1l al.&or1t1a. Cf. ",,.b •• , Daft, aeozwe .... Go» (8), 

George [14], Pro.kuroV.k1 aDd V1c1l.11a4 [19], .all Vl41: •• [~). JIG._ 
iJapl_mtatiOll8 of the lIIb"dtn,..u.od.a ~ to ... 11'" __ a. .... le 

tactorlzatlC1l [13]. "!'bat .etbod i8 bawQver •• 11o"~ to • .all Wl4\II' 

ClUl ot po.ltlve def'lD1te,., ario _trice.. 

The l"ourier-Toepl1tz • .tbDd8 .... bee ~e4 Sa. MI'lIe of .sal 

exper1aent. at the AIC Cc.patlDc C.tv at 'tbe C .... IIIftl ... 011 

1.2 



... __ tical SCiaee. aD4 at tbe xutitute of '1'eobDolCllF ill stocldlolli. 

80M ot the "alt., 1Ib1cla an Np)I'ted. ill the l.ut lect1aD, IboIIr tbat 

the Mtbo4 Jl'odace. h11t"7 accunte .olIIt1clu m a tiM vb1ch tor the 

CDC 6600 11 6O-80C ot that ot a PZCll'- 1Ib1oIa J.1.&. to. .. man' • 

MtboIL 

'1M ..nIIan wilh to ta.Bk Dr. a. 8~ ot 8ta1'cml BHeuob 

IanS. .. fbi- -Idnc hi. Put lcNrtAI' ~ JiGP • aftllabla, u4 

DI'. I ...... '4 t ... 1M AJ~ r.bGr&toII7 _ 10M .. e ot hia ..... 

,...,_. 



2. Tr1-d1!1QD!l. Probl.s 

OUr intereat in one-d1IIenaloaal probl.al8 results trca our use ot 

the s8JlU'&tlon ot variables technique which reduces .u1tl-cUaendoaal 

to one-d1II_a1oaal probl... The lin-.r 'Yst .. ot equatlCl1ls under 

.tuq alao appear in other applications .udl ... J»l.1ne interpolatloD. 

We will discuss the IOlutloD ot lmea.r qat.. ot al.pbra1.c equatloal 

With real bad ... trices Uld becs.n 'bJ CODIlclerlDs the lpecial cue ot the 

n X n tri-cU.a&oa&l ... trtx 

)" -1 

-1 )" -1 

-1 o 
A.- , )"~2. 

0 
-1 )" 

'file corN_laM"... 11"..,. 17"- ccul4 be la1ft1l ." __ a-as .u.1Jl8tlC11l 

tne 1Iftbo48, at. Por.,tM m4 IID~ [12] ar ." oM~ NdIlat1Clll, 

ct. JIOO.., (15) ar Wid' pC (2,]. !be l&tMI' ot u.. • ..t ... tau. 

iIIto MOa.t DOt aaq tM ___ ftaoaatuN 1Nt al80 10M fac\ ,bat \be 

..vsx A. .... 7otIJ'tu ,..., 1 ••• , ~ -.l-. filly .1 .... , a
SJ

, 

..... ~ - 1-~. IIIIIIa auto.. nquiN Yf47 utt1e ~ .. 

Vr to ftIIII a W, ar 1M. 'I ,41a a _its.- of A ill '-- of 'IOIpUu 
..vt.oe8. !Ida 1 ... JOA1~ tw ftId. ... , •• of •• Ba .... , far a 

,.. ... .-sa I, .. n.I 



~ -1 

0 ~ -1 

-1 ~ 

B • • 

0 -1 

-1 ~ 

o "" -1 o 1 

~-1 1 

-1 
-J.L 

"" -1 

o -1 
-~ 

o 
abcW4 be eboa .. , becaue ve theD have ~ ~ 1 Ul4 tblu dl ..... 11¥ cJcwtnant 

_trieu. 'l'he mwaerical .tull1t,- o~ the proce •• tor lolY1Da DJx - t , 

B - D1 , tol.lDn t_ed1ateq. It, OIl tile other UDel, the II1au .ip .... 

e~en eD4 ). > 2 theD 0 < ~ < 1 u4 we baft to expect ... ~1al 

powtb ot l'OaD4-ott eror.. 'Ib1. bee._ &JIIJIIU'-' __ we __ u. tile 

1;W-'tea NCQl'lSaa Nl&tlcubl~ np .. ate4lrr 1Ibe bl-a ...... ..wt.c ... 

Be ....... 1A t_ 111'1*' lAft...aon .1_ .. fit A 1. 0CIIIIA ..... far 

bJ tbe •• ot taw "_-Manl .. ~. tIIat ta, it A - B+w1 , 

wt ........ ., oo~ ......... .; ~ __ uu .. ~ of T, 

2.1 



Tbe matriX uv'1 il ot rank on. and in thil ca •• we can choos. 

u - (1,0, ••• ,0)'1 and v· (~~)u • (l/~)u • 

We r.ark that the Shel'UD-Morriscm tonmla, IDd 1ts block versioo 

the Woodbury tormula, 

, 

8C11let1aea prov1de a usefUl tool to decide _ether or not a matrix A 

18 s1.Dplar. Here A. 1+ uv'l, U aDd V are D)( P _trices and 

Ip the pxp ideatitJ' _trUe G1veD that B is llOI'l-dDplar, A 18 

_!I' -1 
s1.Dplar it and cm.4' it ~ + y- I U 1s s1Dpl.ar. .\8 .. e that 

(~+ yr B-1U)4r • 0 tor ~ DCIl-liel'O netor •• '!'h_ Bine. VI 1-1", ... 

the veetor 1-1 U. ia cllttereat 1roa H!'O. 'Ihls YeOtar 1. aD nc-ftCtor 

AB-1U. _ (I+W)B-1 U •• U(~+yrl-1U,. • 0 • 

CODVU'I.q, it ~ + y'l.-IV 1. _-.4n.'''', tile 1foOc1bu7 tar.la 

proriclel aD apUc it tomua tor A -1 • 

V. al80 ~k tb&t tbe _rill A, ..tall. aboft, Id&IIt cwr.J0U4 

to • Rand&Jo4 .e0aD4 0I'tR accant.e ftld:t;e tittw_ae ~1oD to 
2 -ax 11+ ca. • t, c ......... 1. .. ~, witll ~ 'a .-It' 

cGDUtica.. Jr" %i ops.ate a's as of .. ot tile ~ db' ~ ..au.. 
_ U'I'lft __ • ..uta • of .. _ ....... wi~ ~. 1+J&lc • to 

80lft _. 'b , .. __ ...... _ ftIIII .-1, .... to l~ • ..-sa. 

of tile ..-tal a.. ....... -1. . ... ..... __ I. •• oan __ 

t.. wIdA ...... 1OlM_ "'i~" .. I .... ,. ni ..... u... 
AlMi_l,,-, -- .... ir ....... _ a I." ..a .... , • » 
OCIIIIttt. .. I III n ... to .. -..sa I. 

I., 



This method can be :Implemented in leveral ways. We will here 

sugeat a procedul'e which requires very little tearporary storage. We 

Yill restrict our di8cussion to the case when ~ > 2 I 1.e" ~ > 1 • 

We start by CClBlp1ting the aonataut 

( ) ( T -1 ) -1 ( -2)-1 d.. ~-IJ. 1 + v Bu' l-~ . 

calrpltation, which i. independent ot the particular data Vector, can be 

carried. 0I1t in a t:1Jlle caaparable to a fixed DUIIlber ot arithmetia operat1ous 

provided we use an 800DCIIlical alt."'OritbD tor the evaluation ot the 

expOIllIDtial t\mctlOD, taking advantase ot the t1Dite word length ot the 

cClllplter. It we do not nih to preserve the data, we can now execute the 

entire procec1ure in place, uaing ~ a fixecllMDber ot t_porary storqe 

l.ocatlOD1. We first cClap1te B-1b ill the uaual~, aDd let it occupy 

the storace orisi."Y CQDta1n1Ds b. The elalent. (It B-1b are 

thereafter aod1t1ecl one by ODe by INCce.l1veq aubtrAct1Dg the 81 __ s 

ot two vector., the .. ot which equals the .ecoad tum 

ot the Shel'MD-Morr18QD tOlWUla. It is eJ..ent&rJ'to ver1t,y that 

( -" v-2n-2) ( -1 ) 
7,,· " -" d. B b 1 

!M tint ccapaact IIboul4 be cc:.pd;ecl recunlnq tor 1nCreuiDg vallie. 

ot ", to uauoe maer1cal atabll1ty, vb1le tbe •• )(JDd Ca.pollent .boul4 

lie a..4 b' decNuiDg ...:m .. ot ". '!he required. IDIber ot operatlou 

are ~+ O(l/A) .utlpl.1catlO1l1/Un.alO1l1 aDCl ~+ ~l/.) ac141tlO1l1/aubtnctlaaa 



tldr. work if the .Wlle G)'Gtem of equations is solved. ~ tilftea with 

different data vectors. 

We note, cf. Widl.und [25), tb&t the aperatiao counts for Gaussian 

el1m1naticm and odd-even reduction methods are sOIIlewbat more favorable 

in this special case. The ~orrect choice of method will in fact depend 

on which canp.rter, compilers, storage, etc., are availabl.e. Allo caa:pare 

tbe discussion at the end of Section 3. 

Essentially the ._e method can be applied to other matrices which 

di:f'f'er from B by only a fev elements. It 18 acaet1J:tes adV8Dtageoua to 

modify tbe algoritlln it we want to cbaDge the elements in the l.oIIer right 

hand corner ot B. It we, for example, cOllsider & matrix C wb.ich 

diUers from B only in the element in the lower right huld cOl'1!er, 

we can avoid usiDS the Sbe1'llllUl-MOrr18Cl11 formula &Del instead use the 

regul.&r W factorization ot C . We sb0W.4 the, ot C0I11"88, take 

advantage ot the f'&ct tb&t the en-l) -st l"OWI ot L aDd en-l) -.t 
cohmlns ot U are known f'rcm & factorization into Toepl1tz ~ora ot 

a submatriX ot order n-l. It sha1l4 alao be c~ :trca this di8cuadm 

that in certain cases a UL Toeplltz h.ctor1zatiOil i8 preterable in order 

to m1n1m.ize the rank ot the mod1t1cation _tr1.Jt wbich 1. to b8 baruUe4 by 

the Wood.bu!7 to:rmul.a. The fapl.aaentatim ot the Woo4'bu17 tolWlla 1. 

dacus.eel :further in SectlOD.~. Por y.t UlOIober ftZ'1Ult cd 1;he 

aJaor1tbll, c~ our 41scu .. l<l1l ot twisted. Toep11ts fIctort.Ats.aaa 1D 

Section 4. 



3. Toepl1tz Factorization of Genera1 One-d1mensiona1 Problems 

We will now turn to a discussion of a general matrix whieh cUtters 

by DO, or 0I1~ a few, elements fran a syuaetric band matrix: of ToepUtz 

rona. Sueh matrices occur in fourth, or higher, order accurate finite 

ditterence approximation to seccad order elllptic probl.ems, when solving 

the bi-hUIaOIlic problem by a Fourier metbod, 1n hiSher order spl1ne 

interpolation, etc. We Will first consider a corresponding doubly 

int1Dite Toepl.itz matrix, 

0 
... 0 ~ ~-l .. ~ &1 ~-l a

k 
0 

A. 0 ~ ~-l &0 ~ ~-1 ~ 0 

&1 aO 8 1 

0 '"It . . . &1 &0 • 

... 

w. al ... tbat all &1 are real aad that '"k I- O. To be ab1e to tind 

a ~T factorization of A, Where L is a real. l.ower triangu.l.az' 

Toepl1tz matrix, we make aD &8s\lllPtiOll analogous to the requirement ot 

* positive det1niteness tor the Cholesq algoritbft. Denote by x the 

cc:aplex ccajusate transpose of the vector x • 



Assumption 1. * * For all x such that x x, x AX 2= 0 • 

The characteristic function a(z) ot A is detin'!d by 

k -k a( z) = akz + ••• + ao + ••• + ~z • 

We will now prove a leana, which, in e.senee, 18 identical to the 

Fe.1~r-Riesz lemma, ct. Riesz and B&&Y' [20], pp. 117-ll.8. 

LemIII& 1. It AsSUllption 1 is satisfied, a(z} can be faCtored as 

a(z) • I(z).'(l/z) , 

vbere 

bO > 0 , is a real. po~omial nth no root_ iuide the UIl1t c1rcJ.e. 

CorreaponcJ1ngq the Toepl.1tz .... triX A can be factored U A. u,'r 

where 

0 bk bl bO 0 
0 bk bl. bO 

L • 
bO 

o 
• 



~ . We first factor a( z) + £, e: > O. We note that it 

a(zo) + £ = 0 then a(J.jzo) + E = a(zo) + E = a(1/zo) + £ = O. The 

tunction a(z) + E has no roots on the \mit cirCle. Aa81Be by contra­

diction that a( e
iQ

) + E = 0 for sane real Q. By MaumptiCll 1, 

* * x (A + EI)x ~ EX x. We will nOW' reach a contradiction by cbooBing 

,1 )1/~ i9 2i9 iQ(n-l) )T x(n) = (...,n (0, ..• ,0,1,e ,e , ••• ,e ,0,... becau8e 

* * x(n)x(n) = 1 while x(n) (A+ £I)X(n) ... 0 when D.... '!he function 

a(z) + £ can therefore be factored &. I (z)·' (J.jz) in IUCh a way that , e 

the root. of the real. polyDaai&1 '(z) lie outBide the unit cucl.e. 
e 

Since the root -. of &(z) + , • 0 depend cont1nuowl~ 011 £ the proot i. 

cCIIlclwled by letting E .. 0 • 

A d1f'1"erent cboice ot tactors, a.l.1ov1na tor root. at I(z) maida 

the 'UD1t circle would lead to an expaneat1&l growth ot rouDd-ott error, 

ct. the di.cus.iOll ot the special tri-4.ia&Cn&l cue above. 

One can &l.8o .bow _sil~ that any :fUnction a{z) ot the above 

torm, which has no roots ot an odd IIIUl.tiplicity m the unit circle, 

corresponds to a Toepl1tz III&trix .at1a1';yiDg Ass~1on 1. 

The factors '(z) and. '(1/z) ot a(z) are kDOIIIl u the Hurvitz 

factor. • They can be caaputed maer1ca.l.:Q- ill d1tterent vayI. It k - 1 

or 2, the bi '. can be tound by & stra1gbttol'llal'd approach at the 

«pcle ot 101v1Dg one and two quadratic equatiou respect1 veq. In the 

8cer&l cale the factors CBD, ot course, be found via the c~t101l ot 

the root. of a(z) = 0 , but it is more s&ti.:tacto17 to cc:mpute .I(z) 

directly. The algorithms to be di8CUS •. ed req~e strict positive 

detiDiteuess. As a first step we therefore consider the possib1llty ot 

removing the tactors corresponding to the roots OIl the unit circle in 



order to recluce the prob~_ to a poattt:n c1ef1Di'te aile. ~~ 1't 

i. DlLtur&l, f'1oa. tile part1cular ccatat, to __ .. add1'tiCD&l. ... ..p;1aD, 

ct. '!'beaM (2"] • 

.u.,.ptica 2. '!'he Toeplitz _Vix A 1. ell1,.,1.C, it tor 8CM 1Dt .... 

• u4.cae ~1't1ve cCDataDt c, 

It 1. euy to ... tba't Aa--.pticaa 1 ID4 2 vU1 allGw DO ~ CD 

the 1m1t c1!'ele except a't z. 1. !be C.-reepD''tDl ~. caD ... ~ 

be :.ctore4 out. 

III a pDeftl cue, __ ~ Aa .... s.. 1 18 JIDaIal to bol4, oae .. 

try DacU .. ' alcori:tla to 4etemSDe it a(s) bu...,. -.l.'t1ple rooU. 

It zta(z) aa4 it. t11'at Uri_1ft baft DO DaD-trinal ~ 1Mtor, 

'tbere are DO .al'tlple l'OOt;. ~ tIIu DO :roGU CD tbe .s.t ~. If' a 

ccawaa taator 11 f'cMMl, tile ~tIa ca be ueIl to ftDIl a: m ~ 

ot .ta(z) mel it. neo ... lft Mr1_1~ nlllllt.s. ill a ~lca 

ot .ka(z) , into 1GHr oI"4er ~ *t.aIa .n ~ .SIIIaJ.e ~ •• 

'l'bt.. procedure 1IClM't1au ta1la to HdIlce tile prob~. to Itrictl,J' JOHtlft 

det1n1te c..... To." W .... eM oautIwIt a ~ Vl'h ~ 

root. OIl, m4 .evual double ~. oat.14e u4 tuHe, 1;be WIlt alrCM. 

It al1J8U'l tbat 1D IUCh a cue _ lWNtbe l'Nt n ""!nc alp'itlll lIM 110 

be -.plo,e4 tor the ~ e&lAnalatlal o~ 11M IhII'Wlts aciIoIw. 

Ve 11111 DOW dilCUll Ul alaDri'tIa, - •• f'te4 _ ...... [" ... ] ..... n. 

It. COIlvvpDCe 1. a YolJraa'tz (Iblk ....... ) --.~ WI'IEiIIc-. 
Toepl1tz tbeory, ct. &lao ti ....... ~ (21]. Lft ... M a na1, 

• ..t.-1nnD1te .,...tne "liZ, tile ... ~ VId.aIa ..-J. ttaDM of __ 



'!OQl1t&..-triJt A tzo. a cert&1n I'GIIf aava.rd8. All ... that all 

priDC1JI&l ~r1c •• ot A+ I.1"e 1't,1'1.C'tq politive det1D1te and that 

the Cha:'ac'terilt:l.c tuact:l.ClIl a(s) , correqaad1ns to A, hal DO root. 

011 the unit circl.e. Thea the rowe ot the lover tr1aDgular IlAtr1x L+, 

DOnaUH4 to ha.,. po.it:l..,. eIi...,..l elAatat., in the tactorlzatieXl 

A+ - L+ L! nll a.o.oh tbo •• ot tbe Toep.Uts _trtx L I 

__ tbe ~l elaent. ot L are cho.1Il to be podtlve. 

It we ~ the aJ&orita. to a tri~l cue nth ~ - -:l aDd 

~ > 2 , it ca be abcMI tbat the cClllwrpMe is l:l.ned.1', ct. Bauer [" 4] 

u4 Malcola .ad JIIa-.r [1.8]. III tbe 1.a1-4et1n1te cue, .0 - 2 , we 

.till baft COIlY'el"PDCe lNt the vror ~ .. ~ u l/n. 

Ie alt--.tlve aetb04, al.8o tor atr:l.ct~ po81t:l..,. denntte cue., l8 

aucpat_ by V1.l.Iae [26]. It:l.. baaed 011 the .wtcID-BallhlClll aethod, i. 

~tioaJl¥ ~VVI-, ..... :l.. IIbcNJa to be slob&~ C<lDverS .. t tor • 

~ ot "'i4 ccutlWltabla iaittal &ppl"CIIXiMt;:l.aD. ot .(z) • 

We v:l.1l 1l0lf ...... that tM ~ts .. tr1x L i. aft1labl.e. To 

1;0 101" • 'iDMr apt_ ot eqw;t:l.ClIlI v1th D Imlmowu nth ... tr:l.x ~ 

..-J. to a priDcil&l nllMtJ1.Z ot the cklubl¥ 1nt1n1te ToepJ.1tz _trix A • 

.... Uaeuo apt_ ari.e it 1M apoxJM.te a oae-d1menaicmal elliptic 

JI"OIala nth Diriclll.trt ~mclAl7 CCD41tiau by a t1n1te d1ttermce 

1» • ..., DCBI:l.timla, the ftlae. ot u aDd c!1t1"erencel ot U ot order 

.. thIouIb k-l. Thi. pobu. l.eKI to a »&rticul&r choice ot the 

...v1cea V fIDll V ill tbe Voo&IINr7 t01W1l&. 'l.'he mod1t1catiClll or our 

JiftC ..... to other _tri.c .. , vhich 41ft .. f'Ioca the cue under II'tucQ- in 



~ a few rovs can be worked out quite .. ~. V. vUl alJnI¥. u_ 

that in our applications k is considerab~ auch _]] er thaD n • 

If we use the relation A. U. T ve can .. ~ v_if, tbat 

where ~ and ~ are the n xn Toeplltz II&tr1c •• 

o 

o 

,.6 



. .... 0 o 

.~ 

o 

o o 

o ~ . 

-u • • 

o 



~1 . B~1_B;1UD (lk + UT crL;T ~1C:)O r U~ ~1 
vbere Bn == ~L!. To calculate the k )( k JIII,tr1x 

we will tlrat Iol.ve tor the n 't. k _trtx Y deftned by 

aDd tbereetter tora the It )( k Mtnx V - yTy. !he -.'trilt C caD be 

u:preaaecl in teraa ot Y 8D4 W .. 

'!'be eI.snta ot W c_ be tomed. quite ~1~ it' ,.. taD ~ 

ot the Toepl.1tz structure ot In. L8t 7· (i1, •• • ,7
11

)1' be the ~1~ 

ot ~1 - e(l) Vbere e(l). (1,0, ••. ,O)T. '!he el--.tl 713 ot y 

are 11ap4 g1 veil by 

{
7
01

+1-.1 
71.1 • 

1<.1 

The c~_t v 1j ot W are detine4 by the 1Dner product of the 1-th 

aDd j -th c~. ot y. 'I'hu8 

,.8 



n+1-1 
vlJ .. ~ i" iyt-i-.1 ' j • 1,2, ••• ,i 

&114 by .,.etry viJ • v j1 tor j > 1. lor j S 1 we tsa4 ,... ~be 

above tol'lNla that 

- -
viJ • vi+1,j+l + "D+l-l "n+l-.t 

It thereto" ntt1ae. to e~pute tile lUt I'GW of V aa4 tMNaft ... ftIIIIl 

the re.t of It. ellaent. br tor.&l& <'.1) ... tile .,..~ OQDUt1c:a. 

The ecaplta:t1on ot W vUl thua I'tIII'I1ft aaq (2llt-1). + ~k2) .al.tQl1-

cative.ad (2k-1)n + o(k2) a441.tlve OJMGlan.. !M..vu c CIa_ 
be tOUII4 ill ()(~) aperatiou _4 it ia t--.tt ... ~ ...... tile 

Cbole._ procedure. 

We WIlt to JI01Ilt OIalt tlsat tIM 81_1" vlr.1' j. 1,2, ••• ,k , .. 

be toaD4 ~ .t.altaaeoua aca.ulatloa of k t.er JIII"C)CIIIct. VIIlla 

oalcul&tSal tile ftCtor .,. I.e r.. iI. -- ..via we .... cal¥ 

iyt-l_k" •• ,7" to c&lc1Il&te i..,.l· !M 1Ibola oalaulatS- of 11 aa 

tIMntGH " GC.rS ... eo tb&'t lt ~ ~ Ji!+JIto1 ~ 
loOat1au. 

w. wUJ. _ dMoriIIe a .nbo4 1W IOln.c '-". t wId.cIl ~ 

.,." Uttle ~. v. writ. tbe lOlatica :I:a the fbla 

... ~1 t • r:Cr:,.l f - ~lU. c-1( r.,...If r:,.1 f) 

.. 1MdD lIT eolvtq ~Z. t. Bee ... of tba qan .... ot u. tile 

.ecc.4 nctor in the }lU'Ctbe.l • .,... oaq GIl tM k t1nt 0 sa_", 

of tM vector v 11'" lIT ~ y • •• a.. o· ... _t. eta t.1Iu be 1-..a 

bJ' back nbatitutlO11 cIuriIIC Vb10b cal¥ k OWl •• of Y aN 0UriAIIl 
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Ux •• (ld . 'l'be e1_ent. at ij.T ij.l can be computed using the same 

:l4ea a. vb.. t1ncUng ry. In general cases the method previou.s:q 

pre.ct_ proricle. a .ore etnc1eat algor1tllll than the alternat1 ve 

lfoodbur;y tonW.a (,.2). 

It 1. o't iDterelt to coarpare the Toepl1tz method nth the regular 

C~Q tactoriu.t1C1D. The Cbo~esQ tactorizat1CXl into UJLT t01'll, 

Lu. • 1 , require. e •• eati~ k{kt-'>D/2 JIII1l.t1pUcat1ons/d1viaiCID8 and 

It(kfol)a/2 M41t1C1G1/lJUbtract1oa.. To Btore the factors" 1I'e need (ktl)n 

locatlaa. and to 801ve ... eat1~ {2~1)n mult1~c&t1an8/divi81ons 

.. 2k Md:1t1C1D./lUbtraetlC1D'. The major d1.adVlDtage ot the Toeplltz 

IWtbod. 11 tbat 1. t requires twice u ~ opel'&tlO118 tor .0~v1Dg the syatl!lll 

&I the Cbol.e.lI;y aethod. However in a aituat1CID where we cumot ret&1n 

the Chol .. q :tactar. in 8'torage bu.t C8Il aftON to save the b i '. and 

tbe tr1aapl.&r tactors o't lk +~(~ L;)·lUn ' we 'tind that the Toeplltz 

aetbo4 Will be .ore eccmom1clu in tem. o't &r1tllllet1c operat1CIDS 'tor 

It ~,. For k - 2 the two methods rill require the same nlDber o't 

.ut1pl.1cat1ve operatlO1lS. The major adY'8Dtage o't the Toepl1tz method 1s 

that we rill never need more than n + o(k2) storage J.ocat1ons 1t we do 

DOt wish to retain the data vector. As pointed out above our method can 

also be used, with equal econany for non-BytIIIletr1c perturbations of the 

Mtrix I-n ~ • In such eases the Choleslq method is no lalger applicable. 

CDe can show that under the seae assumptions as in the above canpari8Clft 

of the Cholesky and Toepl1tz methods, our algoritllll 1s preferable in 

tenas o't ar1tlllletic operat:lDn. to the regular band Gaussian elimination 

procedure alread¥ for k,. 2 • 

,.11 



Rose (22] expl.ored the use ot a method .1-Ha r to our. 1D & 

tr1-d1agCll&1 case where what correapcmds to our dDub~ 1n1'1D1te 

ToepJ.1tz _trix A is the product ot two Toepl.1tz _tr1cu ad a 

d1agC1lal non-constant matrix. It is obviou.s that .,.t ot our CClD814ez'a­

tions are va.lid in cases where there is a cCllven1ent dDub~ 1nftD1te 

matrix A tor which Toeplltz and cl1.a8CD&1 t'actors can be f'ouDd. '!bat 

is I tor exampl.e, trequent~ possible tor staDdard d1ft'erence allPl'QJdM­

tiODB to operators ot the torm -axa(x)~x. 



4. Multi-dimensional Problems 

We will now discuss the use of Toeplitz methods for matriceo of 

block-band form which arise rram finite difference approximations of 

separable elliptic problems. We first consider the standard f'1 ve-point 

finite difference approx~t1on of Poisson's equation on a rectangul&r 

region With Dirichlet brundary conditions. The matriX, which is block. 

tri-diagonal bas the tom 

Ao -I 

0 -I AO -I 

-I Ao 
A = 

where Ao 1& the tr1-d1agcxuU, n xn matrix 

4 -1 

0 -1 ~ -1 

-1 4 

Aa-

0 -1 

-1 4 
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If' we attempt to tind a factc'l'ization ot A I or ot sane ~ower rank 

perturbation ot A, corresponding to those of' Section 3 we must find 

an appropriate tactorization ot the characteristic fUnction 

) 4 -1 -1 
a(z~,z2 .. - zl - z2+ - zl - z2 . When the characteristic function 

depends on. seve~ variab~es a factorization like the cme ot LeIIIma 1 ls 

possible ~ in exceptlO11&l. cases. This tact can be expressed by 8ay1Dg 

• 
that the Fej'r-Riesz theor. does not extend to 8everu variable. or 

utemativeq th&t no u.T tactor1zatloo i. possible ot the int1Jllte 

matriX corresp:mding to a(zl,z2) such that L baa onq • t1xed Jalber 

01' non-zero e~ents in eacb rove It b, tor eDapl.e, not 41fflcult to 

shOlf that the above cb&racter1Btic :tunction a(zl' z2) CUDOt be h.ct0re4 

in a use:tul way. We therefore turn our attention to the sepa.rat1on 01' 

variables tecbDique. 'the DOmaJ.1zed et.acvector. • (I), I - 1,2, ••• ,Il , 

ot Ao are siven by ,~,) • (2/(n+l»l/2 sin(j I _/(n+l», .1 - 1, ••• ,11 • 

The ortbcmol'tllAU matrix Q, with the e1&_vectoJ'l .(1) tor co",,-, 

satisfies QT ~Q _ DO I where DO i. tbe d1ascmal _tr1x 01' eSc-ftlaM 

ot Ao' 

The chaDse ot balis which correspxa4a to the 41accmauzat1oD 01' Ao 
can be carried out inexpelUli~ b,y using the Fut Fovier Trastcma (I"ft), 

ct. Cool.q, Lewis and Welch [9], it D+l bas.uJ¥ priae hctorl, a4 ill 

particular it n+-l 1s a paver ot 2 • After thil chIDge ot buls, the 

matriX A transtorms into 

4.2 



o ~ -I 

-I "0 -I o Q o Q 

o -1 o -1 o 
DO -1 

0 -1 DO -1 

-

0 -1 

-1 DO 

A Ulleu' qat_ o~ equatlaa. With th1. coett1cleat _triS eM be eol.ft4 

.. ~ by the '.roeplltz .etbocl develDpecl in 8ect1aa 2 becawle the 

peN1Itatlaa o~ l'OV' and c~. Vh1ch pre.ene • .,...try ad. ~ tbe 

t -til equat1ca o~ enD:7 block topther 1Dto aDe block, l..u to .. 41rect 

.. o~ !o.,u.tz _trice., 



o 
o 

where 

),., -1 

-1 ),., -1 

-1 
o 

A, -

0 -1 

-1 ),., 

The &l&oritDI 1.8 'tbu carr1ed. out 1D 1;IarM n.,.. I'1N't we &J9l¥ 

the PPr var1.Mt, vb1ch oorr~ to a real •• tzu81bD1, to tbe blDCJra 

o~ the awropr1&teq partiticmed. data nctor. !be v..fallMCl ftCtor 18 

the pewlted. _4 tbe Ii tri-41...,-.1 q--. are 1Ol..,. bJ' ~ to.JaUts 

aetb04. PiA."l' _ iD'ftI". I'ourier 'tru8tcma i • ..,aed., after a 

perautatiCD, to the bloca of tbe JlUtlti0ae4 ftCtol'. 

to the inver •• b1D&ry ol'der1Dl, aa4 tbat tbe avw •• Pft 1D'VOl..,.. tM 

tl'Ulapo.. ot WI pawutation, cf. Coole;r I LeIri. alIA Welda [9]. !bee • 

...... 



penutatl0111 call be e1illinated hom tbe algorithm if the block matrices 

Al are peauted luitably. 

We next cOl'1I1d.er the lame finite difterence approximations but with 

the Dirichlet cond1tioo replaced by a periodicity condition in botb 

direction. • The corre.ponding matrix C takes the form 

o -I 

o o 
c • 

o 

-I 

-I 0 

vbere Co 18 the 11 X n matrix 

~ -1 0 

-1 ~ -1 

o 

o o 
-1 0 

o -1 

o 

O· 
o 

-1 

o -1 4 

I'or eonvallence we a.lUlle that 11 1. an evm number. The matrix Co 

baa the nOJ.'llll.l1zed eisenveetors (1/n)1./2(1,1, •• • ,1)T and 

(1/n)1/2(1,-1, •.. ,.1) carre.paDding to the .~e e1senvalue. 2 and 6 

relpectlveq &Del (11-2)/2 4ou.b1e els_value. ~ - 2 CO.(2d/l1) .1 



1 = 1, ... ,(n-2)/2 , with the corresiCDdinS eigenvector •• ~') aDd 

cp( I) given by 
II 

The corresponding chaose ot bUil can .. in be execut.ed with the aiel ot 

the FlIT. The t.r1-d1agona1 Toep1.1tz matrice. ot t.t. ])1rlchlet cue are 

nov replaced by' t.he matrices 

'1, -1 0 0 -1 

-1 '1, -1 

0 
0 

0 -1 

r, -

0 0 

0 -1 

-1 0 0 -1 7, 

where '1,. 4 - 2 coa(2d/n), ,. 0,1, ••• ,D/2. b _tnx r 0 ... a 

staple eigenvalue equal to sero ren.ct1Dc tbe "np1v1t,' ot tbe 

" matriX C • Since Ce. 0 ,VIler. •• (1,1, ••• ,1) it tollDn tbat 

cx .. t b.u & solution OIlq U' .'tt. 0 , i ••• , tbe .. ot tbe o~t • 
.. 

ot t is zero. 'l'he CcapOIl8Dt.. ot the r1&trt buM!.14e to ot the 1 ''''''' 

.. A 

&yllt._ ro~. to ' wbiCh 1. 4er1ved. 1D & VIW ccaplM;.q _1".,. to tba 

Dirichlet cue" are the Poa21.er ooett1ell1lt.. COl"l'Mlal"una to taw ftCtaao 

'I (1,1, ••• ,1) U14 the .. ot the.e CcapxltDt. vill tbDI ftD1ab it ex. t 
.. 

is salvable. It we set t.he l.ut Ccap:lDeat ot Xo eq1I&l to SG'O uaa .. .. 
r_ove tbe last. equat.iOll, the 171t- r oXe • to NC1Dc .. to & 

t.r1-cl1qcm&l, DDD-.1Dplar qlt. ot equat101l1 ot Toepl1t.. tom. It. 
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lolutlC11l, -.lIlte4 with suo, CD b. _bairn, b7 the l1n-.r UpIa4Iftce 

of the equatloal, to l&'t18fJ the oril'na] am.. 'ftl. rMniniq UDear 

qat._ ot equatlau, witb t 2! 1 , CM b. lolftCl 'b7 tM Toeplltz Mtho4 

1IOClltY'1Dc the (1,1). (1, n) u4 (n,l) e1 __ ta ot r I. After the 

invera. Paurier trautOl"a 8't.-x», tbla alCoritla rill bave produ.ced a 

JllU'tlcular IOlutlO1l ot ex. t. _ other IOhltlO1l to the JII'Obla nll 

utter tn. thil JIU1;1CUl&r .ol.ut1C11l 'b7 • CODatat. 

M a tb1r4 -.pl. we cCIDd4er the IOhlt1C1l ot the ti va po1Dt 

d1tter..ce &1P'UX.t.atlcm ot JI'o18IGll" equation - Au. t (III IIIl in1'1l11te 

JIU'&ll.el atr1». -. < x < ., 0 ~ ., ~ 1. W."". baoCeeou 

D1r1chl.et ooa41t1cll1. at '7. 0 IIId .,. 1 Ud ... .,.. tbat t walth.1 

OQtal_ a boQnded repCll. !be p-obla taba the to_ 

0 
-1 Ao -1 0 x ( -1) t(-l) 

-1 Ao -1 x(O) - teO) 

0 -1 Ao -1 • x(l) tel) 

0 
where x(l) denot., the vector ot value, ot the ap:pl'QldJlate IOlut1oD 

tor x. 1h IID4 h deDote. the •• Ih length in the x-d.1rect lcm. fte 

aatriX "0 1. defined. .. 111 0Ul' tlr8t exaaple. It 18 DOW D&tural to uae 

a. roarler traD8torm nth re8pect to .,. B7 118111& the .... va:r1mt ot 



the FFT as tor the Dirichlet problem discussed above, we reduce our 

PJ'Oblem to the solution ot .1 linear systems ot equations. These 

ayet.a are ot infinite ordel" with tri-diaaonaJ, coettic1ent matricel 

K, ot Toep11tz torm, 

-1 A, -1 0 

E, - -1 A, -1 

o -1 At o 

o 

where, as be tore, A,. 4 - 2 co.Ct./Clt+l», I .. 1,2, ••• ,11. !'rca our 

us.ptiOl1 OIl the t'unctioll t we.ee that· the Cc:.poDEtl t~') ot the 

data vector t(l) 111 the &yR. E i(l) - t Ct ) Y1l.l. VUI1Ih far .1 <I' 
I -

and .1 > 1'+ it 1'_ azul If+ are Cbo.E large enouch. v. ca tbitzidure 

write 

_;;CI) + A ~(I) x"(l) 0 flor.1 < I' -_....1 > • 
.1-1 '.1 - .1+1 -, - - + • 

Thi. h~EeouI di:ttercce equatlcD hal the aolutiOl1 cout...~ + cClD8t. ..;.1 
where 1',. A,I2+ (A~/4 _1)1/2 > 1. Ja:po.1Dg the obvioua tree l1*=e 

'bouDd.&rf CODd1tkma, i.e., requ1r1Dc that the 80lutiCD r •• 1I1. boUD4ed 

tor all 11, we t1nd that 

"(I) - .. C') O,+-j) 
j ~I'+ x.1 XX • I' , 

+ I 
(-..1) 

"(I) - "C') (j-lfJ 
.1 ~ 1'_ Xj Xj • ""t , -

a..8 



"_ u1Dg relat1Ol1 ( ... ~) tor j. _++~ ad .1. __ -1 aDd.c.e el._U7 

algebra, we eM .et up a t1nlte llD-.r I)'d- o~ equation •. 

'" 
-1 "(I) 

---
"(I) 
1j( 

-1 >", -1 0 ,,(I) 
.. +1 

"(Il 
'-+~ 

-1 

... 

o ).., -1 

-1 1', 

'1"b1. 878t- eM be solved Yer¥ Ilie~ b,- the Toepl1t& ..tho4 becaue 



1 

-1 
~, 

o 

~, -1 

-1 A, 
-1 

0 

~ 

-1 
~t 

o 
]. 

-1 0 
A, -1 

-1 ~t 

o 
-1 -.., 

= 

~, -1 0 

~, -1 

o 
-1 o 

"'inl\lly the va.lucs of the colution on any meoh line pnral1el to the 

y-axis can be tound via an inverse Fourier transto1'll. 

A halt in:t1nlte strip, 0 S It < ., 0 S y S 1 , with the D1riC!alet 

boundary ccad1tiOl1 added at x .. 0, 0 S y S 1 caD abo be baDcUed 

... U~ by the Fourier-ToepUtz method without uaq the WoocIbur7 tomuJa. 

~ • change ot the r18l!t-moat e1ement ot the lut row ot the coe:tric1ent 

matricea and their upper triangular factors have to be .ada 1D cc.pariaoa 

With the cue diBcuaBed above, it we order the UIlknoIra haa risht to left. 

4.10 



'·'or rurthcr {iiscum:ion of the solution of Poiasonle equation on 

inl"ini to t~tripu, cr. H1UH!I1I:1JI I (.\ . Uuncman 11m; u.h:o UUl'.I~m:1.c. .. «l !.tIt! 

foUowine a1temative method of solving the linear system of equutiOlU.l 

Just considered. We refer to it as a tWisted ToepUtz factorization; 

tor a related idea, cf. strang [23)" The matrix under st~ can, as is 

easily verified, be written as a product of two, very special tri-diagonal 

matrices, 

IJot -1 

0 -1 ),., -1 

-1 -1 

... 

0 At -1 

-1 1-10, 

Lm 0 T 0 '" "L t m 

.~ 
.~ :'! . . . . . . . . . . . . . 

-1 " 
~t " 0 0 

LT 1Jo'·~41 n-m 

vbere the Il x Il matrix ~ is given by 

4.11 



1 

-1 1 0 -Il, 
-1 1 -Il, 

L = m 

0 -1 1 -Il, 

The solution of the linear system of equations corresponding to the 

first matrix reduces to an inw&rd sweep and the solution of a 2 x 2 

system of the form 

The second matrix corresponds to a slJaple outward sweep. This a~ritla 

will not save aritbnetic operations canpared to the previous ODe, but it 

has a nice sYJIIIletry, in that it treats the tvo endpoints in tbe s_e lI8¥. 

Twisted Toeplltz f'actorizatiODs can be worked out for gefteral 

Toepl.1tz matrices but in the general case their use JllU8t ot course be 

combined With the Woodbury tormW.a tor necessary modi:ticatiarl8 of certain 

matrix elements. It does not s .. to otter Ul¥ ~lcular ccapxtati~ 

advantages to the methods discussed in Section 3. 

The Fourier-Toeplltz lIlethod can be extended to positive deftD1te, 

synnetric matrices ot the form 



o 

where all the block matrices Ai camnute and can be s1multaneous~ 

diagonallzed by a change ot variables corresponding to one ot the FFr 

variants. Certain tinite dif'terence approx1mations to the bi-ha:rmonic 

equation with boundary conditions which allow tor separation of variables 

belong to this category as well &8 certain fourth ordbr 1'1nite difference 

approximations to Poisson's equation. 

A possible improVElllent ot the Fourier- 'Toepl1tz method.. which bas 

not been tried expertmental.l.y, coul.d be obtained by one or a ffN block 

odd-even reduction steps betore the FPl' ia aP,Plled .. cf. Hackney [15 .. 16], 

Bubee, Golub, and Nielson [7] or Widlund [24]. Thia would result in the 

application of the Fourier transtCl'lll to vectors with fewer cClllpOGeIlta at 

the expense ot an increased band v1ctth of the Toeplltz matricea and the 

vork ccmnected with the odd-even reduction steps. This idea has proveD 

quite Uletul in Hackney's method. our method can a.lso be extended to 

three d1aensiCXls, it we use FFl' tor two ot the variablea. 
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~. N'Wllericnl Rcsultfl 

The Jo'ouriel'-Toeplitz methode discuer.e<i in flection " have been trim! 

on the CDC 6600 of the AF£ Complting Center at the Courant Institute, 

New York, and on the ~BM ~ti::J/75 of the Institute of Tecbnolosy (K.T.K.) 

in stockholm. We will describe the resul.ts of some of our tests in 

New York. The programs were written in assembly J..ansua8e aDd the 

execution tble of one of them was Canpa.rM with a machine code p:1"04P"8m 

implementing Bunema.n's algoritbm Which Dr. B. Buzbee of Los .Alaaos was 

kind enough to make available to us. The FFT program used vas ldn~ 

made available to us by Dr. R. Singleton of stanford Research Institute. 

The rounding errors ~ affected the last fev digits in all our experiaeDts. 

Case 1. Poisson's equation with hOllOgeDeoua Dir1chlet bound8.r7 corad1tions. 

(a) 121)( 121 mesh. Total t1ae: 1.40 see. ot Which 1.12 sec. were 

used tor the Faviv trCl1'om.. For tbe _.,n &l&orltla: 

1.81 see. 

(b) 6~ )(6~ mesh. TOtal t1ae: o.~ lee. Pol' the am,en alao­

ritba: 0.42 sec. Stor .. e used (ezcl1lll1Da the pzopo.> n2 + 5n 

tor aD n X n MBh. 

Case 2. Ka.oceneoua 11 __ coa41tioas. 

(a) 129)( 129 _she Total tilla: 1.57 sec. 

(b) 65)( 65 .sb. Total t1M: O.,a-r sec. 

C .. e ,. Perio41(;; boundar;y CCDUtioas. 

2 
Ittionp UK: n + '1D • 

(_) 128)( J.28 .esh. !otal. t1M: 1.1~ see. Total tSlte f'ar the 

BuD__ lJII'08N8: 1.90 lee. 

(b) 61.)( ~ ... b. Total ta.= 0.268 see. Total tiM tor the 

1Im"n pop.: o.~ .ee. Ittionp UK: n2 + lea • 



Case 4. Int:lnite strip with Dirichlet boundary condition. 

127 )( 127 mesh, 127 mesh po1nts 1n the x-direction vere involved 

in the solution of the tri-diagonal linear systems ot equations and in 

the inverse Fourier transform steps. Total time: 1.42 see. storage 

2 used: n + 4n . 
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