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A note on a combinatorial problem of Burnett and Coffman 

by 

Harold S. Stone 
Di&ital Systeas Laboratory 

Department of Electrical ~ineeriDi 
Stanford University 

ABSTRACI' 

A problem arising in the analysis of interleaved memories is shown 

to be identical to a well-known problem in tr.e combinatorial literature. 

The former problem concetns the number of flequpnC"f''' ()f length k drAwn 

from the integers {1,2, ••. ,n) such that each sequence contains distinct 

integers and does not contain a subsequence of the form ( ••. 1,i+l, ••• ). 

The corresponding combinatorial problem concerns der_DCements, that is, 

the class of permutations in Which no element is left invariant by the 

permutation. In the interleaved memory problem, when k:n, the number 

of sequences 1s n~/e, which 1s the Baae 8a the number of derange .. nta on 

n letters. 



I. Introduction 

Burnett and Coffman [1973] treat a problem that arises in the 

anal"sis of interleaved memories. Tt-e :roblem is to determine C k n, 
where C k is the number of sequence!' of length k drawn from the set 

n, 

of integers (1,2, ••. ,n} such that 

(i) each sequence has k distinct integers; 

(11) the injtial intrger of each sequence i8 1; and 

(ili) no sequence contains the subsequence ( ••• ,i,i+l, ••• ). 

Th'l! third propert) bLal.~s t.hat eaell sequence counted by C k n, 

has no successor transitions. In the Burnett-Coffman problem each 

sequence represents a collevton of k distinct memories that are the 

1 

targets of k distinct aduress references. The reason for the restriction 

on successor transitions is due to the Markov process that they assume 

to generate the address references. They show that the entire analysis 

depends only on the s~quences counted by C k' Note that the successor of n, 

memory module n is memory r!lodule 1, so that the transition ( ••• ,n,l, ••• ) is 

a successor tl'a:.ilsi \-·.ion, However, by restricting our attention to sequences 

that begin with a 1, we need never treat transitions of the fOrN ( ••• ,n,l, ••• ), 

and we enumerate precisely l/nth of the sequences of interest. 

The central point of this note 1s that the Burnett-Coffman problem 

is isoaorphic to the well-known combinatorial problem of derangements. 

Lcf. LiU, 1968]. A derangement of n letters is a permutation on n 

letters in which no letter 1s mapped onto itself. We show that C n,n 

is equal to the number of derangaaents on 0-1 letters. More generally 

we define a k-derangement on n letters to be a mapping from the set {1,2, ••• ,k} 

onto the set [1,2, ••. ,n} such that the k t.ag •• are di8tinct, and no 

ele.ent i. mapped back onto itself. Then there is one-to-one corre-

spondence between tbe k-l-derangements on n-l letters and the sequences 



counted by Cn k' , 
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There are various ways of establishing the one-to-one correspondence, 

We might proceed by finding a one-to-ono correspondence between the C k n, 
sequences and k-l-derangements on n-l letters, but this is rather tedlou~, 

even though Dlany such maps exist. Since the computation of the number of 

k-derangements on n letters is veley simple, we proceed by applying the 

derangement counting technique to the Burnett-Coffman problem and establish 

the correspondence by showing that the solutions are identical. 



II. The derivation of C k n, 
The calculation of C k u~es an inclusion-exclusion argument. n, 

3 

In this discussion we use the notation (n)k to denote tne 1allinc factorial 

ll(n-l)(n-2) ... (n-k+l), with (n)O defined to be 1. Also, iu a s.:quence 

of length k, a transition of the fora ( ••• ,i,1+l, ••• ) is called a successor 

transition. We computp C k by using inclusion-exclusion on the number 
n, 

of successor transitions in sequences 01 length k. 

Burnett and Coffman show that the number of se~uences counted by C k n, 

with j initial succes&v.L Lrausiiions is equal tIl thE' number cI sequences 

counted by C k with successor transitions in any J designated positions. 
0, 

Thus sequpnces of the form (1,2,3, ••• ,j,j+l, ••• ) are equally numerous 

with sequences that have successor t~ansitions in any of the (k;l) ways 

thDt we can select j of the k-l transitions. At this point our analysts 

departs from Burnett and Coffman. 

Given that a sequence has J initial successor transitions, that is, 

a sequence of tlle form (1,2,3, ... ,j,J+l, ... ), there are preciIJely 

(n-j-l) (n-j-2) ••• (n-k+l) = (n-j-l)k_J_1 

ways of select'_Dg the remaining components so that the sequence contains no 

integer twic~. Each of these sequences has at least j IJuccessor transitions, 

with the first j transitions guaranteed to be successor transitions. Since 

there are ~;l) ways of selecting j out of k-l transitions, we conclude that 

for e,:h selection of J positions for successor transition. there are 

(n-j-l)k_j_l sequences with Llcee.Bor transitions in at least these J posi­

tions. For an inclusion-exclusion argument we define Sj to be: 

5j = (k~l) (n-j-l)k_j_l 

We let a
i 

denote the attribute of having a 8Uccesso~ transition aa the ith 

transition, and we DOte tbat Sj enu .. rates all sequence. with at least 



j attributes for every possible selectit.n of the j attributes. Then 

inclusion-exclusion gives us the formula: 

j k-l. ) k-l () L (-I) j ,.n-j-l'k_J_l 

j=O 

SolDe values of e k for small nand k are shown in Table I. 
0, 

A discussion of a substantially similar problem appears in Liu 

[10De. PP. 110-111]. The numbers 1n Table I appear in Riordan [19)e, 

P. 168) in a discussion of • probl p ," r('lated to thc problem vi u .. r .. l\~"-

ments that is called the problem of rencontres. 

When n=k, (1) takes the form: 

e nJn 

n-l 

~ 
j-Q 

This is the well-known solution for the number of derangements on n-1 

let tel's. It is not difficult to compute the value of e because n,o-l 

of the fOrllUla 

e = c + C n,n-l n,n n-l,o-l 

~ (n-l): + (n-2): 
e e 

=- n(n-2)~ 
- e 

I --c - n-l n+l,n+l 

As j in~rdases, the magnitudes of the terms in (1) decrease so that 

we can bound (1) fro. above by its first term and from below by summing 

the first two teras. Thus we havp. 

(n-I)k_l ? en,k ?; (n-l)k_l - (k-l)(n-2)k_2 

= (o-k)(n-2)k_2 

(2) 
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Table I 

k '"' 1 2 3 4 5 6 

n :: 1 1 

2 1 C 

3 1 1 1 

4 1 2 3 2 

5 1 3 7 11- 9 

6 1 4 13 32 53 44 

c n,k 



For k much less than n, the upper and lower bounds are rather 

close to each other, thus giving IOod estimates of C k' As k app~aches n, 
n, the upper bound approaches n-l time8 the lower bound, until k~n, at 

which point the ratio become infinite. Qonsequently, with inequality ,~;, 

and the formulas for C and C we can est1mate C for all values n,n n,n-l n1k 

of rand t to within a factor of n. 
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