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Aorlsllbl Ilt~ Of FI •• d-Polnt Induction In rl'lt-O'~., Lo_Io 
Of T~p.d Th.o,I'1 

b~ 

snlg"u Iga,a.hl 

1 Introductlo" 

D. Scott pos~ulat.d a loglo of t~p.d functlonl OO~bln.a with 
fIIC.a-Dolnt Inductlont1'~' R. Mlln.r "'Odlfl.d tnll !og1c 'nto a 
forw.1 .~.t .. call.d LCr 10 a. to handll ~·'.D"lllon' oo"v.n'~ntlr, 
and iMDI.M.nt.d It In an Int.ractlv. proof eh.ok"C6l, Sino. an 
'arlr p.rlod Of this I~PI.m."t.tlo" It nal D"" t~oUght that .OM. 
Dr.oleat. ca'culul-ilk' faclllt~ .ar b' " •• d.d fo, 'OM, or Oth'r 
"a.on., '0 th,t In the "'aehln' v.rllo" of LCr a,. I"clud.d a kina of 
unl~.r.al Qua"tlfl' r and I",pllcatlon. the lat'., b.lno 0"' IIV'I 
10llier than thl I"'pllcatlo" '"clud.d In the orlol"ai 1011e. Thl •• 
oP.rator., ho •• v'r, can b. u •• d In Quit. a r'ltrlct.O Mann." fo, 
th.) a'. onlr abbr'vlatlon. of I.gltl.at. fOPMula. In Lcr, EID.olallr 
'Mplicat'on cannot b' n •• t.d, 

Th •• r.t.r d'vl •• d a 'or"'al m.ans to oarr~ out d.rlvatlonl of 
a pr.dlcat. caleulu. whOI' ObJ.ct. W.r. trD.a ~-IXD'I'llonl wl'~In 
Ler, wh'Ch caiculul Includ.d th. unlv'r,al Quantlfl" a. w.1 I a. 
u.uel DroDo.ltlonal op.,ator. but not the I.I.,,"tla' Quantlfll', 
which could not b. r.plac,O br ".gatlon and unlv.r.al Qua"tifloa,Ion 
linc. ,.ntz.n'. Intuttlonl.tlc .r.t.. .a. u •• d a. the ba.t.. J, 
HcC.rth~t4J DroDo"d to u •• the full cla •• loal Drldloatl aaloulul al 
• IUD'r-.truc~ur. of LCr, Quantlfl.r. rangIng ov.r LCr obJ.ct.. H • 
• ugg •• t.d a'.o .o~. g,n.rallzatlon of .ueh a .rlt... Thl for.al 
sret.", dlsCUI •• d In the pr'll"t pap., I. In thl 111.ntlail al,nO the 
last lin.. Th. matn DurOol. of t~1 Dr"'nt DaD.r I. to allOW 
Scot'-t~D' fl •• d-polnt Induotlon al .vch a. DOI.lbl. In thl Intlndld 
10;lc, 

Tnls poln, wll I b •• xplaln'd ~or. oonor.tllr. SUDDO" f and. 
art continuous partl'I func'Ion" Th. Drldlcat. f.g, whirl 'h. 
'Qua' It~ ""an. the "strong .auallt~", I ••• , If onl .10' I. u"o.fI"IO 
.0 I. thl oth'r, I, not contlnuou •• But a. In Scott', logic WI Ian 
us. fl •• d-polnt Induction In ord.r to Drov. thl. 'Qualltr. Th'n 
what .11 I haDP.n to the fol lowinG for~ula Which w. a'i GOinG to allOW 
In th. Intlnd'd loalc7 

•• Cf(.)·a 4 0(.'-h'.')' 

with th. a.lo. 
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faMIn ~f~.J(f,.), 

• baing I.Dllcation In tha cla~,lcal San,a, Min tha .In'.al 
fl.'d-Dolnt of the function to whIch It i, prafl~ad. and J'f,., • 
'err In LeF, It turnl out that If a'i the function_ Invol~'d 'n tha 
a.orl,.lon Jef,.) arl eontinuoul. whlc" condition II rath', natural 
In o,dtr to conlld', ftl fl.'d-po'nt. and thl rang. of , I. dl,or"" 
"~. a oool.an 'unction, thin Wi can aODI~ fl.'d-ooln, 'nduo"on 
without ,ncurrlno Ineon.,'tlnct, .v,n i' g .nd h .rt nan-oont'nU.UI 
funct'o~l. In 'act tht contlnult~ of ; and h dOal not •• "a, 'n '~II 
c.... '0' f'.ta-Polnt Inauctlon II not lound un' ••• th. Ib.Ya 
conaltlon, ., •• atl,fltd. 

WI .hall giVI •• ~ntact'c cha,actt,II.tlon of thl ','Mu,a. 
for whlcn 'i.'d-~oint induction I. lound, 10 th.t ~aohln,. aan ohaok 
auto-atleallt whlth.r 0, not a ,Ivan formull a •• lt, 'PDI'CI,'on of 
the In'.r,nct ,ul, co,r"Dondin, to flx,d-Oolnt 'nductlon. 

W. conlla,r. kind of Inflnlt.,~ M.n~-'O"'d "",-o'd'r 
logic In the cla"lc" .a"I'C12~. Th, obJ,ct •• ,. IndlyldYII, 'n th. 
ulutl 'anle toatth'r with functlonl 0' Indlyldu.'. 0' Dr •• lou.'r 
d,"n,d function,. tach t,ot can D. ",I,d •••• I lor', Oftlr 
ObJtct. ara ttotd. and wa do not conllde, Drt.to.ta .a,la_".. Th. 
'nt."O.o for •• ' ItlttM wi', b. a.Dvev'at,d a. FLT. ~, ,ha" 
D.rtlallt tollow sho,n"t,d" .t~,.t11~. 

Al. w. DralUDDo,1 th.t thera ar, • nu~b.r 0' trD" .a".d the 
"ba.' t)D •• •• SO~I of tn. ba •• t~D'1 can b. ·orde,ad 'rp •• •• Tr," 
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.r. a.noted b~ -, P, etc., and th. ord'r.a t~D'1 arl DOltfl.'d b~ the 
I.tt., ·0·, II~ •• 0. No "latlon,hID' bltwlln • and '0 Ir' ,.,u.ld 
If both' and '0 hlDDln to b. bal' tvp". T~D" oth., thl" the Dill 
t1P" .r. c.II.~ thl .functlon t~D"·' 

A2, If •• nd P Ir' ~~D.I, 10 II •• ~. 60Ch -1·-2. 
-1, .~, ••• ..n·~ ar, ulld II the abbrlYlatlonl of 
• '1,..."' ... '). 

, • • .." .. 11 Ind 
81,,('2·' .f • 

A3. If 10 and ~o ar. tfDI'. whloh ~Ult bl ordlrld tfDI" 10 I, 
(·o .. lio,o. 

8.eau,. of this conltruotlon w. can con,I"lntlv Ibb'I~I.tl 
"0"1 •• ceD' th. ~ut~Olt onl, ror Instanol, C'o"C~o.(~o.lo)o'o'o " 
abbrevlat.a D~ C •• P"P.~'o. 

Tn. a,phab.t of thl In'.nd.d for.I' Iflt,M oon"I'1 
--co",t,,,ts and -.vlrllbl.. for .aoh tfDI ., Cl l. 
,'n,-pr.dlca' •• , 1, ••• Dr'dlcl" conl'lntl, 'or 'ach n-t~D" C'l, 
,an, Of tfD" (n~e" and th' fOI lowlne 10elcl' If.bOII • 

• , • ) ~ v 1 MI" 

of 

• •• 
••• 

If • II • ba'i t~P" an '-con,ta~t or vlrllDI. can bt cal ltd an 
Individual co"s'ant Or v.,labl', Otnerwl,t. an '·oon'tlnt or 
Varlabl' Cln be CI".a a 'unction. cOnstant or varlab", It ~YI' b. 
"ot.~ t~at functions Of arbltr.'~ "nltl ora., aDDla,. An (11, ". 
,-n)-Drtdlcat. il an " a,au~."~ ~r'dlcate 'n the u.~a' ,In,l. thl 
I-th argumlnt bl'nQ of t~D' -t for .ach t (1StSn), 

we Ihal' US, Ilv.,a' d.fln'd I~~bol' whloh Ir' .tlndlrd 'n 
logl~ If follow •• 

" .. . : 
Th. ,~wOol ... tands for ImplIcation •• n~ : for 'aglea, 'Qulva'-n, •• 
Thu, .. ~ea". function In thl t.xt and ImDII;.tlon 'n fo,.ula" 

el. If a t, an I~CO".tant, th.n a II an .-t.r •• t' • I. I" 
'-varllbl., t~.n • Is an I-term, 

R2. 
"-t.rll, 
tCu,v). 

It t Is an ,"1-t.r~ and u I. an 
tCu) cln be alia wrltt,n 

'-ter"" tnl" tCu) t, a 
II (t u). Ind (tCY)'C~) II 



83. If t Is a~ (.O--o)o-ter~, th'n HI~ t I. an .O·t'~M. 

84. If t Is s~ eo-t.rm and -0 'I a func,lon t~DI. t~l" , II aft 
.-,Irm, 

ror.ula. 

Cl. If t and u arl .-t'r~l. then t=u I •• formula, 

C2, 
and tl 
forwul., 

If ~ is an (-1, , •• ,-n)-predlcat. that I. dlff'r,"' "OM I, 

I! an "-tlrm fO, .ach I (1SI5"' • then ~Ctl, '" ,t"' I. I 

If A Is a fo,~ul •• thIn ~A I. a forMull, 

I' A and 9 ar, formull., thIn AvA, AlB. Ind A48 .r. 'o'Mulal, 

C5. If • Is a fo,~ula and - 's an '-varlabll. thIn .xA Ind lXA 
ar. forwula., 

2.2 Intlrpr.tatlon 

~. ~hoo •• a "on •• mpt~ 'It ut.~, or U', '0' .ach ba.. t~~1 • ft. tn. ~O~lln ,f IndIvIdual. 0' t~D", I" I. an o,d.r.d ba.e 
~YPI, w. as.~m. furin,r t~.t O' I. an ord.red .1' eL, S) .atl.frl", 
thl following condition,. 

(') (L. 5) has t~e 'Ia,t .llm.nt. I ••• I"f L. whloh Ihall b' denotld 
br C. 

(I I) [L. 5) II In -.Inductlvely ord.r.d s.t 'n that L I. nOn-'.Dtr 
and ,vlry nO"·'mpi~ countabl' .et X lucn that XCL and X I, 11".arl~ 
ord.r.d has sup X In L, 

That L is non-.mot~ II a gart of the .tanda~d d.flnltlon 
Inductlve,y ora'r'd ,.t, WhIch II auto.atlc.ll~ ,atl.ft.d 
c.... Th. 1rmbol "_M r.ad. ·om.,a" t~rou'h out tnl' paD'r. 
ca," It can D. r.ad "a,.ph naught". 

Of '~e 

'" tnl. I" 10 •• 

SuPpo •• 0- .~d OB hav, bt'" dlfl~.d. w. ,.t OC •• Sl _. th • 
•• t of all the fu"ctIQ~' of D- Into O~. If. and a a,' ord.r.d tro" 
., I.t UC(_.p)o) D. the I.t of III the -·cont'nuOUI 'u"otlon. 
b.'o~gl"g to D(.~'~ tQg.t~.r wit" tn. ord'r r.'atlon S d.ftn.d b~ 
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O'fl~ltlon. A ""Qulnc," X In • "t L I, , funotlon of th, .,' of 
the Do,ltlv, In'lg'r, Into L, In a,notlnG t~, n-,~ 'I'~ XC"', X 
Is .,It'ln a, (Xn' ,o~'tl.,'" A "Mono toni Inor,a,'nl" 'laUlnOI x 
In (L, S) I, , "Qu,nc, I~ ,~. $) .uo~ that 

Xl 5 X2 S '.' S xn 5 ••• 

'(Iue X) • IUD feX), 

fOr Inr ~onotO"1 InCrl.lln; .IQu,nCI X in ,~, S), W~I'I fCI) d,nO,I' 
the .1' (,e.'I-.x,. 

R'~lrk. f II -·contlnuou, In 'hll ~In" Iff fC'UD XI. IUD feX' 
for ,n~ coun'abl, dlrlctld 'I' KeL. (511 Ilotion 3.) '~II DPOD,ptr 
wi II D' c" 'Id tn, ··con'Inult~, wh'I, • Itron.,r d,f'nl,lon of 
co"tlnYlt~ I. that ,e,UD X, • SUD ,(X) 'or an~ dlr'otld 'I' XeL. f I, 
,.10 to bl "Mono ton," Iff fC.'Sfe~) Whlnlv,r .S~. T~I .-co"tlnultr 
implll' thl ~onotoniclt~. whlc n can b, Ihown al fo'low'tSll. 

SYD~OII .S~. ~It Xl bl. Ind Xn bl ~ for In~ nl2. 10 thlt X I, a 
monotone Incr.I,lnl "QUlnC', 8r -.contlnult1. f(IUD X, • IYD fex,. 
But Aue X • y, and 'C., S IUD feX>. Th,r,forl feK' 5 '(~). 

&~ thll construction 0-0 oan bl Iho~n to •• ,I,fV t~, 
concltlonl (I> Ind Cll), 10 that the Induotlv, dlf'nltlon work" In 
fact, t~1 'unction 81 Oeo-opo IUO~ tha' 

ac., • 0 '0' ani xfO-o 

II tn. 11"t .I'Mlnt 0' otce04Po>o~, and, 'or lach a"ndln' oh,ln 
('n) In Ctteo·~o),~, the function hi oeo-oPo that .aD' lao~ '11~ant • 
of oeo onto lup(fnC.') 'I SUD('n'. 

Wit~ lacn e·CO~ltan' a In rLT " a"oclatld an I' •• ,n' •• of 
D~. wlt~ tach Cal. "" ,enl·Drldlcat, p In r~T 'I a.loe"'" an 
"-.r~ r.latlon D. In 0.1- , •• eO.n. SUCh a OO'ltotlon of Dei, wll' " 
olnot.d b~ 0, and rLTCO) wi, I d,notl thl 'anOYIO' obtaln'd 'ro~ rLT 
by ,aGinG I nlw I·conl,ant, cal lid • "na~'", fOr tach 'I'Mlnt of oa, 
'0' I'C~ e. 

A terM Is "clo.,d" If no variablls OCOY, fr'l 'n It. 
rSD.ellll~, a vari'bl,-fr., t.r. I, clolld In tnl ••• n.,. W, Y" 
this t'r~lnoloQ~ b'clOu,' wi ,n,1 I •• t'nd the .~nta. of tlrm, 'atl, 
In oro,r to Ixlom,,111 Ler, In which ~ •• I. a clo"d tar., 'hOUGh It 
I, not varlabl'·"'I. WI d,f'nl ,n 1·lndlvldul' -t for '.oh ol','d 
e-tl,M t b1 Induction on tlrMI. 

ell If t " 
.lnCI t I, clos'G. 

an Individual I~~~ol, thin, Must bl In e.con.tant 
wt 'It .t b, , •• Oe, 
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D2. If , t. UeV). thin U .UI' bl • elo •• d •• ~·tlr. aftd v a CIOI.d 
e-t.,M. 10 '~'t .utC['.'~ ,"d .vtO-, ~. I.t .(uev» bl .uC.v ,. 
Q!. If t I. Min u, thin U mUlt bl a clo,li C-O.-.'O-'I'., 10 'fta' 
.u ,I an --continuous funotlon of t~DI .0·.0. Lit f d.ftO'1 'U. W. 
I,t .t b, In,(w'ft.J •• ' (~Ith ,.IDle' to thl o'dl,lng o. '0" "a.,,~ 
t~' ',." fl.'d Oo'nt of I, ~h'C~ II '~ow" 10 •• 1_, .1 ',lloWICi.l, 
L.t f.f\,IC d.not. 

fCfe .tt ".) •• ,» (f occur. n tl~'." 

'or ,ach "11, [IDlclaI11. f.m,x 'I x. Th'n IUDef.n,OS, 0' 

luoCf,n.OIISn<-J .t,lotl~, 'I In fact Inf(xlf'IJ.x), .~ ·-oo"tlnult~. 

f(suc(f.~.O) •• uo(f(f.n.O» 
• lup(f.ln·l).O) 
• lup(f.n,OllSn(-' 
S luoCf,n.a). 

&t wonotonlcl'~ ('" the .bov, rl~ark), 

ThU' 

Naill' I)' supH,n,O) Is a fllCld point of f. 

luch that fCa'... Sine. O~., f(O)s,e.J •• , lII.t"' .... 'lc.1 'nOuctlo". f,n,OS. fOr .n1 ", 
lupCf,n.O)S'n,t.I,(x) •• '. 

Lit. D' an IllMlftt of 0-0 
D~ "onotonlcl'r. Thin, br 
I' that IUDCf,",O)S •• T~uI 

D4. If t t. a Clo"d .o-t.r", .nd -0 I. not a b ••• trll, thin .,. 
0.0 and O.ocO-, so t~.t -~.u., 

A trut~ valul I •• Ithlr T or f. "'.1 ..... 
_ tormula il "clo,.a" If no varlaD' •• oooyr fr •• '" It, WI 

do' In •• trut~ v.lue -A '0, e.ch clo.,d forMula A '" 'LTCO) ~r 
'nduc'lo~ O~ 'ormul.,. At J, or tC J, aenot., a fo,.ula, or a'., •• 
wlt~ vola" and A~.J. or tex" "Iults of ,eDI.eln, thl. b~ X, 

El. If A I s tau, thin t and u mu.t bl c lo •• d '·'.rllli , 0, a 
ca,taln ., ,'nc. A Is c,~,.d. W' 'et 

(2. ,f A Is "tt1 ••••• t~) "''''Irl D Is dlfh,."t frOIll •• 'II let 

. , . , tn, • 
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wAST ,'f .Y.F. 

[4. If , Is Bve, th.n w. I.t 

[~. If A Is lxSC-J and. ,S an '-varl.b;., th.n 8CaJ I. 010 •• , 
for eaCh .-na ••• , w. I.t 

w'-T ,ff w(BC.~'.T for 10M' '-"a~. a. 

, "D-l".tan~." of • fo,~ul. 'e-l, •.. ,xn~ of FLT " a cIOI" 
'o"~la of the for~ ACal •• , •• an~ I" r~T(O', wh.r. a' I. an "-na •• 
If -I I •• n "-v.'tabl. CiSISn). A forMula A 0' FLT II "valid" In 0 
If .'-.T 'or .v'r~ C-In,tano. A' of A. 1" oartlcular, a 0101" 
for,u'a , of FLT Is valid Iff .'-T. 

2.3 Truth function, a"oc'at.~ with 'or~ull' 

TO stud1 the DrOD.,tl" of for.ula. w. Ihall con,ld.' truth 
function., n .... I~ functIons WhO,. valu •• a'. the truth Yalu •• TIn, 
r. • •• acl.tld w;t~ fO'~ula. 'n the natur.I .ann.r. '0' the 
conv.nl.nc' of the I.t'r d •• crIDtion w. ut. the fo'Iowlnl 
,."lnologl.l. 

L.t - bl an '.va,IaDI., and AeMJ • for.ull In whICh It .Olt x 
occ~r. fr... S'nc. ACal I. a clol.d frOMul. fOr 'ach '.'aM' a. w. 
c.n d.flnl a functlon'~ O'.(T.r. that .end, .ach a' onto the truth 
valul wACal. f I. cal I.d "th' truth function d.t.r.ln'd br A and • 
'n 0". or, If t~lrl Is no a~bl;ult~, "the truth funotlon d.,.,-In'd 
b~ A" 

L.t A[xl, ,., ,xn) b. a formula 'n WhiCh at ~a't v&r'a.", 
xl. ,.. xn, "'D.ctlv'l~ of t~D' '1 •••• , .n. occur fr... A 
"(,,_I)·ln.,.nc." Of Aexl, •••• -nl In rLT Is a for.ula 'n rLTCD) of 
thl for~ AC.l •••• ,a,l-ll.xl.aCI.i" ., •• anJ wh.r. al. ' ••• an ar. 
nam •• 0' t~D' '1 •• " ,'n. Thy. at .o.t xl ocourl fr •• '" for.ula. 
that a,. (D,-I'.'"ltanc" of a fOrMy,a (lSIS"'. Th'r.fa,. ,.Ch 
(O,xl'-'nltanc. d.t,'Mln,. a ~ruth funot'on. 

At-i, ••• ,xn] allo -d.t'rMln •• " an "-a'r ~ruth function f. 
OC'lje t.. ID[."~ 4 (T, F) that "nd •• aoh "-tuDI' (a1-, , ••• anl' 
on~o wACal. , ••• an]. 
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Aul. Of ,uDstltutto". In the b.,ow Ich,.a,. 'f •• 10., 0' ,ul, •• 
• ,Dlt,.,~ vartIDI" Can ~. lub.tltut.d 'ft pia, •• f I, ., r, I, xl, 
,1, 11, ••• • _n, rn, I", and WI l,bl"I" t., •• In pia,. of " u. 
v. I"G I' In a,b;t,lr~ "-a,r D,.dIClt' '" D'I.' Of D '., ••• h n. Ind 
In a,Dlt,." fO,Mu11 I" "Ie, of A, a, Ind c. autJlot " thl 
"strlctlon, that the "Iultl of lubltrtutlonl .~ould •• Wlll-fo' •• d 
fo,.ull, ."a th.t .", f,.1 OCCU"I"O' of vI,I •• ", .houlf t. N.Pt 
f, •• , On the '"ductlon •• '0 •• ,. IMpal.d thl addl'I,"al , •• ,,10,1," 
th., onl~ tho,. fO'MUI.1 0' the fO,M A[ ~ that "ad." 'n'uo"o" 
.~"t.ot'c.I',· ." lub""u"d 'n DI.o. of At l. 'he •• f •• "., 
deflnltlo" of fO'Mu,a, that adMit I"ductlon .rntaa,loII" I. Ilvln 
In "ctlo" 6.1. 

,'ODOII,'onal •• 'OM. 

Id.ntltr .-'0 •. 
'Qualltr a.'o •• 

• ••• 

.CHln ., • MI" x. 

Rul •• of In'","c" W. Ihlll ICO.,t .,1 the • "t.. of Nlt~'.1 D'ducttO"tl~. 0, NJ. 
MOdlflc.tlon of the QUI~tlfl"-I"t,aductian I"d 
CI a.,lgnlt" a varlabl. In thl, ,.ctl,".' 

rule, 'n C,n'l.n'. 
with the 'ollow'n • ,".'nl,10" ryl, •• 

W-Ir.t,oauctlon ,ul', 

ACa~ 

y-.".'"Itlo" ,y'" 
'.,e-l 

-.---- <a) ... _-. 
'.AC.~ Ae,~ 

• 



------
l •• [.~ 

3·.II.lnatlon 'yll, 

UCal) 
JxAC.~ C 
- •••• -........ Ca) 

c 
Restrlctlonl 'n the v.tllmln.,lon rul. Ind 'hi l-'nt'oduo,lo~ rul" 
the I' Iwlnlt.d or l"t,o~uC.d boynd vlrllbll, ,IPIIO'n, x, ~y.t bl Of 
the .awl tYQ' al thl co'r •• ~ondl"o i.,M, ,Ipllc'nl t. In the 
Y-Introouctlon ru,1 a~d i~ l.II'~lnltlon rul •• the '"'roduo.' Or 
II Irlnat'd Doun~ varlaDI" r'Dlaclg It mUlt o. of the •• ~. tV" al 
t~. corrlspondln; f"1 vlr'abll (1Ig."~arlabl.,. "Dlac'"o a. 

<a> InGlcaut thl ,.",Ictlon_ In thl 0,1;1"11 NJ. that the 
fr •• VarlaDI' sUb.tltut.d In pIle. of • OODY" o"IV 'n thl plaoa • 
.. ollel"y ol.I;"lt.CI tly a. Tnul. for 'n.tlnc •• In tft. 
y·tr.troauctlon rul' t~1 '1'" varlabl' raplIclng a ~~'t not occur 'n 
t~. 'ormula dlSillnated by Y.At-), no, In Iny 1"UMDt'on fo,~ul. Of 
that 'o-mu,a. . 

•• aDD.ar. In the above rull w. UII ( ), 'n .,.ad of C 1 In 
the orl;lnal notltlon, to IndlClt. thl "'UMPtion formull whloh ,. 
not carrl.d b.yond tn. blr. 9'lldl,. WI ,hall u" A .4 9 .o •• tl •••• 
a. -.11 aa ( ), to dlnotl thlt A I' an I.tu.ptlon formula of 8. and 
Al •••• , '" .-4 91 ••••• tin to denOtl _ .... Qu.nt .. , In the •• ", •• of 
C.ntz.n'l LK. For Instanc., thl v.lllmination ,yl. ca", b ••• I' •••• d 
I~ the tOI lowing wl~l, an~ ~. sn.I' UI' all of them In t~. "Qutl fOr 
the eonv'ni'"ce of ~e,crIDtlon. 

v-elimination rull, 

U) 
C 

(8) 

C ---... -.-..... -.... 
c 

8,~ ••• c. 

An 'n"r,nc' rul' of the I •• t form, 1.1 •• rul. to 1nf'r a 
'Iawlnt 'rom oth.r "QUlntl la call.d I .. ,.Iatfv'z.d" 'nf.,.nc' rula, 
A "QUint of the ~orm Al, .,. ,Alii -.- ~1, tI' ,lin II "vallel In 0" Iff 
the forrul_ Al& ••• &A~ • 81v, •• vBn Is valid In O. A ,.'a~'vlr.d 
Inft"nce rul. I. "aOu"d~ Iff thl con"Qu.nc. of thl rul. I. yal'd I", 
o (II 'IQulnt) wn,n.v.r ., I 0' Ita Dr.mla.s ar. val'd In D. for .n~ 
D. 



w. oan tr.at the loglCII a.lo.. In thl fo,. of Inf'r'no. 
rull', ~. lilt th'M In the glnerallzld fO,~. for thl Draotl.a' 
dlrlvatlon, Thl" ryll' a,' dlrlvld rull' aotuallr. 

.. -..... -.-. 

tau ACtJ 

-.-------.-. 

Idl~tltr '~I •• 

-------.. -.. 
tat 

Itatlona,ln •• , rull. 

.--_ ...•.••... 

lCOl At.~-Att(.)~ 
._.-•• -.---.-.-••• -. <a> 

ACMln tJ. 

<a> Inalcatl. t"e saml rlstrlctlon a. dlscrlbld above, 
varl.DII SUDstltutld 'n plac' of a mutt not occur f, •• In 
nor In ACOJ. nor In anY alsumptlon formul. of AtHln t~. 

Thu. the 
ACMI~ tl, 

Appar.ntly the In~uct'on a.:om, or rull, I, not aOclDtabl1 
unl •••• 0.1 adlQuatl r •• trlctlon. Ilk. thl onl Indlcatld '" the rull 
of ,ublt'tutlon, II fmpos.d on It, rlrst, 'n ord'r to In.tantlat, 
thl. 1.'0. by a name b. SYDltltutlng D In piaci Of ., wb _Ult b. 
·-contl~uou. '0 t~.t soott.trPI flx'd poInt Induction Mak" "nl', 
which r,strlctlon II .atlsfl.d In the Dr ••• nt fo'mall.~, for "1" b I. 
not a w.ll-form.d t.rm otn.rwl ••• Sicond, .v.n If Hln b r'Drl.,"t, an 
--contlnuoUI function of an approDrlatl type, th", ,.Itt .anr 
forwula. WhIch mlk' t~I' axIom not valId. Th. ~lln DurDO.' of thl. 
D.D" ,. to ch.'lot",z, those formyla' for Which the Iftduot'o~ .xl,. 
I, YIlla, so that th'~ ad~It the application of thll rull, 
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W •• k/t Continuous rUnctlons 

The val 1~lt~ Of the I~ductlon axiom ,Ifllct. the prODlrtl •• 
of t,uth fUnctions .slociated wIth formul •• of FLT. The 'I,at luah 
~roQ.rt~ will ~e called tne weak cont'nult~, It mu.t bl not.~ that 
MOS\ of tne truth function' det.rmlned 01 fo~~ulal of rLT ar. '~ot 
cont/nuoul, .na w. are going to Istab'I," .om, crlt.r'. for luon 
",n-contlnuous Dr,dlcat.s to make the Induction a.loM vlt Id. The 
w'ak co"t/nulty can b, d,flned for functlonl. sO tnat w, at.cu.I thl, 
orODert~ In g.ne,al. 

ThrOugh out thl, 'ectlon, L dlnotl' an -·lnductIYII~ ord'r.d 
.et w/tn the I •• ,t elem,nt 0 (,e' "ctlon 2,2), and L' a comD'.'e 
lattice. ~~mel~. L' il an order.d ,.t ,uch that In' X and IUD X 
ex:,t fo~ .n~ sUbs't X 0' L'. 0 and 1 ,hal I denote thl I ••• t I,e.,nt 
of Lt, or In' l', I"d the ",.ea"lt Ile"'ent of L', or IUD L't 
re,,,eetlvelt. 

~et X b. a ,equ'nce 'n L'. we conlldlr the monotone 
'ncr.a.'n" leQuenc' Y defln'd Ct Yn _ InfCX"'lm~n), and thl mo"ot~"1 
d.c,..a,'n" 8eQUe~tl l defined b~ in : luDCXmlmln), whloh .rl 
wII I·def'n'd by compl.t,ne.l. Thin, b~ comDletln"1 again. lUI Y and 
lnf c exist. which are called "I Imin' ~" and "I IMauD X" r"D.c'lv.,~. 

3.1 Oeflnltlon, 
"cor-vlrglnt" If' 

A seQUlnc. x In a cOMDlett laUlcl L' Is 

I imlMf X = I I !!I' UP X, 

l~ .uch a ca.e ~e d"t~, I I~ X o~ 

111'1 X : I I", I nf X 

• I' IIISUP X. 

A seQuenc, X In an ordlred 'e, Is a "Qua.'-a.cend'ng cha/n~ If' It I_ 
an ascending chain or there exllts a number H I.t, 

Xl ( X~ ( f •• ( XH - X(H+l) - 'tt • XC"."' a ••• 

In the ,.tter ca •• X Is la'~ to bl ".I",I-fln't,", 

3,2 Proposition. Lit f b. a function s.t. " L·L'. feX), r ••• the 
.eQulnc. (feXn», I, oOnverg.nt for .n~ sl",l-flnlte X, and 

11m 'ex, • "IUD XJ. 

Proof, ADPar'''tl~ 
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11m f(X) = fCX") and X" • Syp X, 

wner. H latl.fl.s t~. con~itlon of d.flnltlon 3.2, 

3.3 ~rODOlltlcn. 

-·con,'"uoUS Iff 

"sup X) • su~ feX), 

for .n~ countable ~ir.ct'd ,.t X I.t. XCL. 

, 'I 

Proof, Tn. su'flc;.nc~ II trivIal. Wt prov. the n,o'lllt~. 

Lit _ bt a countablt dlrecttd I.t s,t, xe~. Thl" w. 01" choo •• a 
Quall-alclndlng c~.i" Y .,t. yex and Y I, oofl"al I" X 10 that 

suP Y • 'ioIP X. 

Suppa.' f II --contjnyous, T~.", b~ ··contl"ul'1, 

But 

line. 

ThUI 

f(IU~ V) • IUp 'CY>. 

IU~ fey) s sup ,(X), 

Y c X. 

f(suO X) • f('UD Y' 
a SUD f (Y' 
S IUD ,O(). 

B~ ro"otonlclt~ "" thl r.mark i" ,.ctlon 2.2), 

'(Ie) S Hlup )0 
Iinct 

Ie ~ SUD X, 
10 t~.t 

IUD feX) S fe,up X'. 
Th.r.fo,.1 

'(SUD X) a IUD feX'. 

3,4 Oeflnlt'on, LIt L be an .-I"~uQtIY.11 ordlrld ,It, a"d L' a 
compl.tI lattice, f: ~.L' I, "w.alcl~ continuous" Iff 

'(su~ X) • II~ ,ex" 
for ,v'r~ a.c.ndl"g chain X In ~. (Tn,s rllat'onlhlD IIIIDII •• that 1'_ 
'ex, •• ,.t., fnr thl '1ft hand ,Id' .I.a~. 1.I.t •• ) 

3.5 Proposlt'on. f I, w.akly continuous I,f 

f (sup X) • I I III f( X ) 
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for an~ Qua.l·a.c,nd'ng cnaln x, 
Pr~of, Appar,nt fro~ DrOPolltion 3,2, 

3,6 Th,orll'l. 
Monoton" 

, Is • .. cont I nuous I" f 'S w,ak I ~ oont, "UOUI and 

Proof, n,c,s.:iYI SupPos' f is ··oontlnuous. Th,n f I. monoton', 
10 that for an~ asc,ndlng chain X .. , 
Th'r,fO" 

IUP 'ex, • 'I_ ,(X,, 
a~ ··contlnuli)'. 

f(suO x, • IUp ,ex" 
10 that 

f(suO X) • 11m ,eX). 
~'t x b. an QUa,l-asC'ndlng chain. W. hay, to Ihow 

f(su~ X) = IUD feX'. 

~)' .,ate contl~~ult~, 

f(luP X, • 11111 fOO, 

an.! , bY lIIonotonlcit)'. 

11111 feX, • SUD f (x,, 
10 that 

f(lup lC) • IUp f ex, • 

3,7 Th,o,'''', f II w,akly oontlnuous Iff for an~ •• conill'luou, 
'uncilo" g: L4L the 'ollow'ng ,,'atlon'hlp hO'dl. 

f("ln g) • 11m '(Q,n.O), 

whir. Min g denotes the I'alt fl •• d ~oi"t 0' i, I ••• 'nfC.leC.".', 
which Can b. ,xpr,sl'd as sup(g.n.D' (.,. I,ctlon 2.2.' 

w, n,.d the followln8 ',,,, ... a In ordar ~o prove tnt. t~.or' •• 

3.8 L'r"'a. L't X b' _ Qua.'·a.,ndlnG c~a'n '1'1 L. Th'n there •• I,tl 
an ··continuoul function fa L4L 'tt. 

f.n,O • Xn for -n1 n. 
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Proof of I.~.a. T~I following construction lufflo.l, 

•• 0, 

IUD X, 

._1 an~ -SXI dol. not hold for an~ 
I.t. ISn-1, and .SXn holdl ("~1" 
.SX~ dOli not hold for a"~ ft. 

eThl1 conltruGtion wal given b~ R. HI 1~lr.) 

(I.n.u) II • Quasl-a.clndlng eh.ln, 10 t~at b~ .I.k oon"nylt~ 

'(Hin g) • 11m f(g,n,D), 

.ufficl'"C~1 Lit X be a Quall.asClnding cnaln In L. 
3.9 there e.lltl an -.contlnu~UI function g s.t, 

o.n.O • Xn. 
AI.UWI 

WI not. t~at 
Hln g • SUD X 

and 

Tnlr.fore 
'(SUD X) • 11m feX). 

3.9 Tneorlm. f Is weaklY contlnuOul I'f 

IIMIUD '(X) • f(I~D X) 

'or IYlr~ asc.ndlng c~aln X In L. 

Proof. The niCISllt~ II t,Iyl.l. 10 that WI DrOv, tn •• ufflo'."o~. 
Lit x bl an "clndlnG chain In L. W' oroyl thet 

limln, '(X) • IlmluP ,ex) 
'Ollowl the latter condition of the th.or.m. 
Ilmln' fex> and Ilm,up ,ex), rllDlctlvllYI WI 
ohOOI' a lubl'Qu'nCe Y of X I.t. 

11m fey) • a, 

l'nCI a II Ilmln' '(X), Tnln, by d.flnltlon, 

IlmlUD fCY) • a l 

14 
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W' nO'1 tna' Y Is a,so an "Clndln, oh'l~ 'n L, .0 '~at 

I;~'UD fey) • f(IUD ') 

b~ thl IUPPoiltion ~f thl t~lorIM. Sl~c. Y I, coflna' 'n X • 

• UD Y • • ~'I) X • 

10 that 
f(SUD Y) • fe,up X). 

But 
'(SUD X) • b 

a,al" b) t'" ,uPposltlon of the ttoetor.",_ 

IlmlUD teY) • b. 

WI .hall dllCUSI DrOp.,tll, of Dr.alea'.I, 'or 'hi 
eO"Vln'lnCI of ~.th.~atloal d'lorlptlon WI Introduca thl or_lrln, of 
truth valul. ,uOh a. 

F' S T. 

Thll oralrl~' I, outlldt our 10,10, and I, ~u.t 
conclDt of waak contlnult, of ~r.dlcat.. a, 
adMllllblllt, of Induotlon In,roducld b.low can 
rtflrrln, '0 thll ordlrln, (SII 4,6 Dllaw" 
",urln,. Marl undlrlt,ndabl'. 

bt no"d 'hit th, 
wII I a, that of 

bt "a'id without 
thoUlh It ",akl. '0"'1 

SlnCI WI con,Idlrld 'otal prldlca,.. whln wa 'n't'Dr'tld 
forrul,., thl conc'pt of ",onotonlclt~ or -·oon'lnult~ ha. Ilttll 
l~por'a"cl al Ion, al w. a'lu., T and F' arl not cO_Darabll with ,.oh 
othl'. For, thl". thl O"I~ monotone or contlnuou. Dr'dlcl't, .rt 
the Id,ntloal I~ t'ul pr.dlcate and thl Idlntlcall, fal'l ont, WI 
,hall U'I, hOW.Wlr, the cOnOtDt, of lIIonotonlcltr Ind con'lnult, of 
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Dr.aloat •• wIth rl'Dlct to thl abovI ordlrlnO, 
.al~Ir r."tld to the •• lltlntla' QU,ntlfl.r. 

Thl.1 OOftOI," .rl 

4,1 Dlflnltlon, ~.t TO dlnotl thl CO~'lltl two I"~.nt ,at'lo', 
~aml'r TO conilit. of 0 and I, whll. 0 S I. eTO oan ~. r'Tard,d a. 
a TI-IPael who.e open sa~. arl •• C I, (II, .nd (0,1), Whloh •• , •• a 
oo~tlnuou. lattlc" •• d',cu •• ld b~ D. Scott.) WI .hall u.' 'hi. 
lattlcI to repr ••• nt thl truth valul., 0 and I oorr •• Dondlnt to " 
I, •• f"I. , .nO T, 1,1. truI, '1IPIC"v'I~, 10 tha' 

r S T. 

~.2 Olflnitlon, A "truth ,unction" o~ L Is , '~nctlon lit. 

~4TO. 

a) A truth function , ".d~It. InductIon wI.klt" Iff 

'(g,n.O) • T fO, .v.r~ n ("~I' '~DIII' f("'n " • T, 

E'DICI"I~1 ,(x, ad~Its Induction wlakl~ If 'CO) • r, 
b, A truth function f on ~ "admits IndUction ttron'I~" Iff 

II~ f(;.n.O) • T IMplll, '(Hln 0) • T, 

4.3 PrODosltlon. ~.t X dlnot. In •• clndlng cnlln In ~. Ind , • truth 
functlo" on L. 
a) f aawlts Induction wI.kl~ If' 

fC X n ) = T for I ver)' n (U n ) I ~D I I I. '(. "'0 10 • T, 

'or an), )(. 
b) f Idwlts InductlO" st'o"OI~ If , admit. Induotlon .I.klr and fCO) 
• T. C' Thl '0' low In; conditIons arl IQUlvalant to lach othlr, 

CI) f admtts Inductl0" .trOnGly, 

(II) 

CI "' 

11m f(X) S felUD X) for an~ aCI.ndlnl ohaln X for whloh 
11m 'eX) •• 11'., 

IImSUD f(xl S f(.uo X) for anr a.c.nd,n, ohaln X. 

Proof, a' Ilml 'a, to the Droo' of th,o,,~ 3.7 uI'nl I •••• 3.1, 
b) SUClClOI. 

11m fOO • T. 
Thlr. 

,eXn) : T fOr _I~olt IVlrr n, (I •• 4.6) 

10 that w, Gan GhOO.1 • QUa.I.alelndl", .",beh_In v. of X •• t. 
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Vi • 0 and 'C,.). T far IV"~ M, 

B~ .,ak aaMI'IID! Ilt~, 

fe.YrI ') • T, 

B~ co'l"alljt~, 

f(IUD X) • T, 

c) we prove that (I, Imotl •• (III), t~. r •• t b.ln, I'f' '0 thl 
reaaer. Suppose 

Ilm.up 'ex) S fC8YP Xl, 

l' 11 •• up '(X) • r, t~.n 11m ,ex) • r. so t"at 

SUPPOI' 
I I mlUD '( X) • T. 

Then ~e can e~Dol' an .,elndln; tUDe"aln Y of X 'tt, 

11m flY) •• , 

9~ coflnall 't~ of , In X. 

IUD Y • SUD X, 

"IUD Y) • T. 
Thul 

4.5 T~.or.~, Of the fOllow'nQ condition, the UDD', on, • • r, 
I~pl 110 b~ the lowe, on •• , 

(n 
( i I ) 
(III) 
CI v) 

Proof, 
Droy.O. 

f adMlta Induction w •• kl~. 
f admlta Inauctlon atrongl~. 
f I, w.akl~ contlnuoUI. 
f II --oontlnuous. 

~. Iha'i I.e that CIII, I-DII'I (II', the r'I' ~avin8 Deen 
SUPDO •• , IS w.akl~ continuous, and tiM feX) 'X'I'I. Then 

11M '(X) • ,C,UP X), 

b~ •• ak con'l"ult~. 
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4.6 R,M.rk, A. "ot.d In t~. b'a'nnln;. the GonO'Dt. Of .dMI •• l.IIIt~ 
of i~ductlon .~d ~'a~ co~tlnultt Of truth funotlona ar. 'n.'Dlndlnt 
of the ord'r'n~ 0' trut~ vllu,l, for w. can r.gard ,h' r'l.tlon.~I~ 

lim fCQ.n,O) : T 

ftg,n.O) a T for almost .v.,~ nt 

blcaUI' of the 'Inlttne.s (th.ne' dl,crtt.n'SI, II. 5,4) of TO. ThU, 
th ••• condltlona can be ,e,tat'd as fol lo~" 

a) A trut~ function f admits Ind~ctlon w.akl~ Iff 

f(g.n,O) s r for ,v'ry n (n~~) Impll" fCM'n i) • " 

b) f adwlts Induction stronil~ Iff 

c) f IS w.akl~ continuous Iff 

4.7 Definition, ~'t. bt an lo-varlabl •• and A a for~u'. In w~loh at 
Most • occurs frl., A "admits induction -.aK'~ w.r.t •• 'n DW Iff 
t~. truth functIOn det'rmln.d b~ A and x In ~ admlta Induot'on 
w.akl~. If A is an arblt'.,~ f~rmula, A "admit, Induotlon w.aklv 
w,r.t, x In 0" Iff IV"~ Co •• '-Instanct of A adml'l Induotlo" w.akIV. 

A "admit, lnduetlon we.kl~ w,r.t. x" Iff A ad~lt. Induct'on 
w.a"l~ in Iny D. 

w, d,flne t~. COnc.ots 
w.r,t. k (In 0," and t~at 

simi la,ly. 

t~at A ·.d~ltl Induc'Ion .tr.n,l~ 
A Is ~w.akl~ con'InUOUI ,~ • (In D)" 

4,8 Tnlorlm. Tht Induction a.lo~ ACO~·.~(At~~.ACxC~)l).At"tn Ml I, 
¥alld fff A admits Induction w'aklv w.'.t. X. 

Proof. ~. proy, the luff lci 8 nct flr't. lufffclencv: ~.t D b. 
any coll'ctlon of 01'1, BCO~.'~(8C~1.8e,Cv)"·le"ln a~ b. a 
O-In,ta"c. of t"e Induction •• Io~. so that at mOlt r aCOyr. f,.. In 
Bt1~. ~It F(x) ~.note tn. truth 'unc~lon dlt'r.lnld .~ 8t.~. and 
fC.) tn. functIon determlnld Dy aC.), I ••• , .a, Ie.) ad.'ta 
Ind~ctlon wlakl~ I" J b.eau" of the .ssU~Ptlon that Aex3 do'o, Thu, 

FCf.n.O) fOr a"~ n~0 impl,es FIMln f', 
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~~'I' Hln f , •• (Mln a). , •• u~. the truth valu •• of ata~ and 

Vr(6t1~4~ta(y)l' ar. bot'" T. Thtn 

r(U).T, 
and 

r(o,.T I~~II" rC'(b»aT fo, an) 0, 

Ther.fo,. ~. have 

T~.,.for. the t,uth valut of 8[Hln 

BtO~4'~(8tY~.bCa(Y)l).BtHln al I. valid In D. 
ax I 0111 I, vall din 0, 

al I. T"". 
M'nOt Ind".tlon 

n,c""ty: w. us. the .am. notations I' abOvt •• ~ d.flnitlon of 

VallOlty anr O-'n,tanc' of the .~Iom ~u.t bt valid. Th.or"or. If th. 

truth valu •• of BCD] and 'r'8Cr~·BCaCY)l) ar. ~oth T. I, •• , 

ref.n,O).T ,vlry nU!, tht truth valu. Of 8t"ln al II T •. Na.alr 
F(Hln f,.T, 

C.9 U'fl"I'lon, At.l -admit, ,.latlvIZ,G IndUction w,r,t. x" Iff 

Atxl .ak.t tn. Induction rul' .ound. Namely. the rul. Obtaln.d f, •• 

th.-.eh •• a of 'nductlon rul' by ,ub.tltutlnl A[x] In Dlaot of th • 

•• ta-varlaDI. 1 t, ,ound. 

C.11 Th.ortm. A[xl ad.ltD rtlatlvlzto Induction If Aexl ad.lt, 

'nductlon ~ •• kI1. 

Proof. W. nav. to C'ov. the .oundn ••• of tft. following rul •• 

P _u A[Ol Ata~, p _.4 ACtCa)] 

---------.-.-.-.--.----.----•••• -.---•• -.-. <a> 
P _.4 At" In t' 

~tt c atnot. C1 & _, •• em whir' P I. el. '" • e., Th. rul. II 

lounO Iff Cc4AtOl).CC4'~(&ty~·,tt(~)~»)·(C4ACHln tl) I, yalld b~ 

dlflnltlon, Th'r'for'~' .hall DrOVI for any U •• v.ry O-'n,taft" of 

thll forMula. sa~ (t.HtO~).'£.'~(ety~4B[D(r'~)).'[4Bt"l" D~I. I, 

valid. ~hlr. ~ Is an arbitrary varlaDle.fre. '.r. of ,h. ,a~1 t~.1 a. 

t, I ••• '.0 •• 0)0 fo, .o~ •• 0. Obvlau'l~ w, navi only '0 Drov' for thl 

cas. that b t. a na~ •• ror. If b I, not a "a~., t~'r. II ,t •• fta •• b' 

,.t. -D-.D', and t~~ valldlt~ can DI l,tabl1,hld •• ,Ily us'n, t~l. 

fact a"a thl ca •• that b I. a na.l. L.t rex) bt the truth f~n,"o" 

d.t,'.'"IG DY Btx], and f hi .b. Th'n thl fol lo~ln' OO"dltl'~ " 

luffle',nt. 



If .[aT, reO)aT, ana, -taT _no rCc)aT I.DI~ rCfCo))aT '" .ft~ 
CfU-O, then r(Hln fJaT, 

Min Is 
oonQltlon. 

.'Hln D) b~ daflnltlon, 
T~.n bY 'nductlon, 

B~ t~e .1,uMotlon that Ae-l adMIts Inauctlo" Neokl~. 10 do •• le-l. '0 
that Fe.) adMlll ,nductlon .eak'~. The,.fo,. 

Fe"t" f).T, 

'.11 Th.or.~, A~x~ adMIts Ie' InductIon If Atxl aa_ltl ,.'a'lvIZld 
'"ductlon, where b~ le f InGUatlo" II -'an' the r.lottvl •• d ,ul. In 
~cr to Infe, Atr~ fro~ ~."In x, AtO~. and At.~ •• AtxCI)l. 

P,oof, w. , •• that lef Induction rul. I. a dar'v'a rull, 

•.....•...... _-----... -.-_ .... ---------.... _--_ ... _ ... -
~."ln w, P •• - AtM'n xl -------... -.----.. -............•.•........ -.----...... . 

•• 12 Co,oll.,~ • 
••• hlr. 
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5 C~aractertzltion 0' Pr.dlcate, 
lnQuctlon 

W. 'tud~ what kind of forMul., Idmlt Induction. F.r the 
r.aoIDIII~~ 0' groofs we ,hal I dl.cu" thlm in tlrm, 0' truth 
function' that havi one argumlnt al,lgna'ld D~ x. Thl thl.,I •• biIO. 
Oa" DI ao aDD11'd to IVlr~ Inltanc. 0' formul,' that the rllultl .111 
bl rlgardld a, ,tatlments about formula. In g.n.ra' br dlf'nltlon 
CS.I 4.7.' For t~11 ~ur~oa' logical combinator. bllow Ihould b. 
undl'ltO~d a. functions or functlonall whOl1 valul. arl T or r, ro, 
'nstanci Y~fe.,~, dlnotl, thl truth function altlrmlnld b~ Y~AC.,~l 
wherl f' •• 1l Is thl truth function altlrMlnea Dr At.,r~ In D, Thl 
rllatlon S Is not a logIcal .~mbol of fLT, but It .111 b, ulld aa a 
Driolea'i lat.r on In co"nlctlon with LCr. 

5.1 Thlorlm. Thl rllationlnlp f,., S Qfx, admlta Induction .t,on.l~ 
I' f,.' and oex, ar. _·contlnuous. 

Proof, Lit Fe.) d-notl the corr.IPondln, truth function_ 1 •••• 

Fex) • T 
r 

fex) S glx), 
othlrwll" 

Lit X b. an a,clndln; Cha,n In ~. SUD~O" 

11m FeX) • T. 

'eXn) s gex") 'or almost IVlry n. 

Thin, b~ monot~nlclty Of g, 

f(X") S ;eluD X) 'or alMost 'Vlr~ n. 

Th""orl WI Cln chOO,1 an alc,ndin; lubchalr Y 0' X a.t. 

'CYm) S 9CluD X) for 'v'r~ m. 
ThUI 

aUD "y, S "IUP X). 

But, D~ -.co"tlnu't~ 0' f, 

"IUD Y) • IUP '(Y), 
.0 tha' 

"IUD Y) S ;'IUP ~,. 

B1 co'inaility of Y 'n X, 

'UD Y • IUD X. 
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Th". 

I,., , f'.~p X, S IC,UD X" 
f (':,,0 X, • To 

502 A ••• ,k, fC.) ~ ,'x,, , and I bl,nl continuoul, I. not IlwI¥s 
w'lkl¥ cont'nuo~l, (thl flct that ,t 'I "ot ·-cont'nuoul blln, 
w.tt-knOW",' Lit N' bl the nl,ura, nu~blrl w"h 'h, lnf'n"¥ • 
COM,ga' O,al"d 'n t~. UIUII Iln'I, D,f'n, f, II H'-N' br 

fCx' • .+1, 
'C., • -, 

L.t x b. I.t, 

X" • n 'Ich n lot. 15n<-, 
Thin 

rexn' • r 'Ich n, 
but 

re'UD X) • T • 

5,3 Tft'O'I., Lit f bl an ·-contlnuO~1 'unot'on 'nto I d' •• ,.,. 
lattlo. L', c an "'.I"t 0' L. Thin t~, '1Ia"onl"'D 

f(·,·c 

I •• ,akl) co"tlnuoul. 

P,oof. lit X b. an "ClnG'nG c",'n In thl ao •• ln 0' f, It thlo". 
5.1, '(xnl·c .I~olt IVI'Y n ImD"" f(I~D X).o. SUDDOI. 

WI "ay. to "rovi 

f (IuD )I Ute 

Lit Yn alnot. f(Xn' fO' .aeft n. 8, ~onoto"'elt¥ 0' f, 

o • , 5b, 

whirl b alnot •• IuD v, v MUI' haw. I' "a.' an aoou-ull"n, D.'n', 
fo" ot~.,wll" ~. caul. choo.' an aso'ndln, o~a'n I that I, a lu~"t 
of y ,.t. 

a<tl< ••• <In<Z(n+l'( , •• <b. 

whIch con,r.alcts thl allcr.,.n", of L', 8r Moftot.nIO"r Iwoh an 
Iccuwulatlnl Doln, II unlQu' and will DI d,not.d b¥ d. Thu, 
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'nad .'lIIIo.t IVlrr n. 
Ir thl IYPDOI"'O" 

c,. CI. 

It r.onotonlo,tr a,al"_ d 'I the ••• '.U. 1".I"t of V. &0 tftat 

ThU' 

CI •• "p f ex) I 

"IUD X'.'UD fex) 
ad 
'e. 

feluP x)'e. 
',4 Hlwlrk, In the abov, proo' •• U"d wdl.o,"'""'w '0 ••• " th." 
I. "0 l.o.nClln, Cha;" ,.t . 

• <11<X2< ••• (Xn< .,. (', 

5.' ThIO' •• , a) rC.)vGCI) .dml'l 'nduot'O" ."O"llr .f re.) .nd Gex' 
do. 
b) r'x)vGCX) I. w.aklt co"tl"uoYI If rex) ana GCx' ar', 

Proof, a' SUDDole 

I I '"IUD roo wG( X, a T, 
Thl" Ilthl' 

II"'IUD roC) a T 
or 

I i"'IUD GUO • T, 
10 'that Iithl, 

fClyD X, • T 
or 

GeluD X, a T 

b~ It,O", ad.I.1 I til II tr. Thu. 

f'IUD X,"'C;C'UD X) • T. 

b) Br •• alc oont1"u!tr. 

f(IUD X, a fU"' a • 

and 
GeluD XJ • GU", • b for a'IIIIOI' ,vlrr n, 
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for 10m. a .nd D. T~lrlfor' 

r(Xn)v~(.~) •• vb 

At the ,am. tIm., 

F(SUD X'YG(.~p X) • aVb. 

5.6 R.mark. a) F(x)vG(x, do •• not n.c •••• rrl~ .d.lt Induotlon wlakl~ 

.vln If rex) .nd G(x) do. WI con,la., N' "II rlm.rk '.2' ••• 1n. Lit 

.nd 

-ex, • T 
r 

Gex, • T 
r 

Th.n F and G .dmlt Induction w •• kl), and 

F(n)vGen) : T fOr .v.r~ n~0. 

But 
FC-)vGC-) : F. 

b) F(x)vG(x) doe. not ".o •••• rl It .d.lt Induotlon w •• kl~ .v.n If on. 
of FeX) ana G(K) is w.ak'~ contl~uou, and t~. oth'r ad~". Induo,Ion 
w •• kly, For, 'n fact, r(x) In the above .xam~l. I, w.,kl~ oont'nuoUI, 

Th,orem. ~) r(x)&Gex) ,dmlt. Induction w.akl~ If re., .nd 'ex, 

fex)&~(x) ad~it. Induction Itronvlt If rex) ,nd Ge., do. 
f(x)'G(x) Is we.klY contlnuou. If ~(x) and G(.) ar', 

5.8 rn.or.m, ~F(x) Is w'.KI~ contInuous If rex) II. 

Proof, ~It a d.n~t. t~1 truth v.lul rC'UD Xl. 9~ w.ak oo"t'nult~, 

F(Xn) = a fOr almo.' .v.,~ n. 

Let b d.not. the trut~ v.lu' ~., Th.n 

~F'Xn) • b for .Imo.t .v.ry n, 
a'lla •• , 

~r'SuD X) : b, 

5.9 Re.ark, .) ~r(K) ~o •• not n.e •••• '1 I~ admIt Induotlo" •• akl~ IVln 
If r'X) admits induction .t'ongl~. L.t Fe.) bl the truth funotl'n 
d.tlrmlned Oy xS- & -SK, Which II 'Qulv_l.nt '0 •••• In N', T~.n 
r(~) ad~'ts InductIon .trongl~ b.cau •• of thIDrl •• 5,1 and ,.7Cb'. 

24 



.. " ex", • T 
aut 

."'.UD X) • ~re., • F. 

ThUI .. rex) dOl, not admIt 'nductlon w.akl~. 
I) 8~ the above araum.nt, the n.,at,on of a forMula of LCF dot. not 
ad~It '~duot'on w.akl~ In gl"lral. 

'.11 Tft.or.m. Jf rex, and .. rex. Dotft admit 'nduotlon Itro"elr th'n 
rex) II w.akl~ oon,t"uoUI. 

Proof. ~I Drovi that Fex, ,. cony.rglnt 'or anr alclndlng ohaln X, 
Thl ca .. that 

II"'IUD rCX) • r 

II trlv'al. SUDDOI. 

IlmlUD FOO • T. 
w. Drov. 

It"'If"f FeX) • T 

br contradlotlon, AIIuml 

It m,"f F 00 • r, 
10 tfta' 

I ''''IUD .FeX) • T. 

Br Itronl adllll .. lb' II t1, 

-Fe IUD X, 
I •••• 

rCSuD X) 

Thul FC.' do., 
contrad I ot' on, 

Mt 

• T, 

• r. 
ad",It 

'.11 Th,or t ., a) FCx'-GC., ad",'tl 'nductlon Itronllf If rex' II 
w~aklr oontl"uoul and GCx, ad",ltl Induction Itronllr, 
e) rex,-".) II wtlkl~ oont'nuGul 'f Fe., and Gex) ar., 

Proof. re.'-Ge.) II a tautolOGY of ·FCx)vG'x), 10 that thtor."'. '.1 
and 5.' luff let. 

'.12 A.",ark. F,x'-Gex) dO. I not n.c •••• rl Ir ad~I' 'nductlon •• akly 
IVln 'f rex' ad",ltl InductIon Itronglr and Gex, ,. ··oontinuoul. Lit 
Gex) bl F, 1.1" thl Id.ntlca,ly fa". truth funatlon. Thin F'.'-Ge., 
I, a ,autoloar of .rex), Conlldlr thl •• a"'D'1 of rt""r~ ',9, 
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'.13 T~'O"M. ., w.rcx,~, adMltl l"d~otIO" w •• klr w.r.t. r If 'c •• ~) 
dOl'. 
b) V.f(_.~' ad.lt. I"d~otlo" .t'O"I'~ w.r.t. ~ tf r(.,~' do ••• 

Proo t • a) SUPDO" 

Y.fC.,O) • T 
and 

' •• 'CIe,Vn, • T for .,Irr n. 
Thl" 

fea.O). T 
and 

F (a, Yn) & T fO,. .v'rr n, 
for .n~ " Thlr efo ,.., b~ w.ak adml •• IOI Ilt~, 

fCa,luD Y) • T for anY a. 
Thul 

'.feX,IUD Y) • T. 

b) SupDO" 

Thll'l 
I ''''.UD 'fCa,Y"' • T 

Br st,on; ad"" •• Iblllty, 

FCI,IUD V) • T 

ThU' 
'.Fex,sup Y) • T. 

'ach a. 

.ach a. 

5.14 R.wark. a) Y.rCx,y) 's not ",c""rlly w.aMI~ oont'"~'UI IVln If 
r(x,~) II. L.t F bl lit. 

r(X,~, • T 
r 

-<- and .<~, Or x.·, 
oth.rwl". 

Thin r II w.akl~ cOntln~O~1 In ~, 'or 

1'_ rCII,Vn' • rCa,-) • T 
and 

FC-,Yn) c fC-,-, • T for .vlr~ n, 

for .vlr~ n, 
10 that 

11M 'xrcx,Y) • F. 
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But 
•• fCI.IUO Y, •• xrex,-' • T. 

b) ~.fC.,~) I, not n.c •••• rll~ w'.kl~ contlnuoul IYln If rC.,~, f, 
··contlnuous In~. ror f'.,~) dlflnld abOYI II ··contlnuO"1 In ~. 
b'caul' It Is not O"I~ wI.kl~ ,0ntlnuoUI but "'0 Monotonl Ccf. 
theorlll 3.6.' 

5.15 Th.orem. 
",onoton, In ~. 

b) JXFC.,~' 
-·contlnuoul. 

Is ~onotonl and w'.kl~ contlnuOUI 'and thlrlforl 
S •• th.o,elll 3.6) If f'()(,lf) II. 

Proof, ., SUDDOI. 

I I~ ~xF'.,y) • T, 

10 that for SO~I I and H 

F'.,no • T. 
Blf lI'onotonlcit~, 

F'(Il,SUp Y) • T. 
ThuS 

3.F(x,su~ V) • T. 
b) NI pro'" 

)xfcx,suo Y) • li~inf JxF(x.Y) • Ilmluo lxr,x," 

'or •• ch •• cendlng chaIn Y b~ c.se an.l~si •• el) SUDDOI. 

10 th.t 
Fca, 'I'M' : T 

9~ ".onoto"'clt~, 
for IO~' •• nd ~. 

FC.,V", • T t1Sn, 
flO th.t 

3xF'cx'''n' • T MSn, 
I , •• , 

I I~ 3xF(x'V) • T. 

A'IO D~ monotonlcj~~, FC.,Y") • T 'molle. 

Fca,.up Y) • T, 
10 that 

( i I) SuPpo .. 

I ••• , 
li~ 3xFCx,V) • r. 

Thin t~',. Ixlstl Hea, for •• en a, I.t. 
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r (., YM'.) ), 

10 th.t, b~ .. onoto"lctt~, 

rC.,Vn) • F' for • nr I .nd n • 

Coth.rwl .. F'lb.Vm) . " "Sift for '0'" tI .nd H, whloh ""0 I , •• I I. 
Jxr(.,Y) • T. ) ThUS 

11m rc.,V) • F' for .nr I, 

10 th., tt1 wlak cont'nutt~. 

F'(a.IUD V) • F' for .n~ a, 
Therlfor' 

]xF' (., 'UP Y J • r, 

5,16 A .... rM. .) J-rcX,r) I. not n.Q •••• r'lr w.aklr oo"t'nuoUI .Vln 
If FCX.~) I, mono to"' (a"~ th.r.for. adM'tl Induo~lon l'tO"'I~ br 
th.or •• 5,15) In ~. ~.t rcx,~) b' 

.z(z(··z<~" 

T .... " fCx,rJ i, monotone In r. ana 

f'(x,n' • f for IV'r~ " and 'nr x, 
10 that 

Jxf ( .,'" • f 
aut 

J.r ( 1(, -) IT, 

D'C'~" 
r(x,-) • T. 

b) J_F,x,Y' 'I nct n,c""rl I~ wlakly cont'nuou. IVln If 'CI,r) I • 
.. onoton, In~ Idmlt InductIon .trongl~. L't 

G( •• ~) • T 
F' 

G(k.~' : ~r(x.~" 

~Sx<·J 

othlrw'.,. 

F'c.,r) b.lnG lh. truth functIon d •• crltt'd In 'I~a'k 5,1~ I. thl' 
Cc.,~) I. w.akl~ continuoul In ~ br th.or ... 5p', But 

IV'rr n, 
.nd 

JXCCIC,-) • r. 
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6 S~"tax of Fo~mula~ that aOMIt 'nductlon 

6.1 Tabl .. Of Inn'~itance ot ad!!. ilt)lllt~ 

We summariZe tn. Inherltanc. of 'dmll'lblllt~ of Induction In 
the tabl.s 10 that t".~ can b. cnecked t)~ machl"., e." I~. 

Th~'8 tabl's ,nal I o. r.~a'd'o al a Da,t 0' the Do,tula'I' 0' 
rLT fOr technical (Ioolcal) r'a,ons. Sinc. ~h. weak admlll'b'I't~ 
of Induction ,. an In'Ormal conc.pt that I, not ef'ectlvl, WI oa""ot 
acc.Dt a formal ~~It.m de'crlbed In terms 0' that conolDt, aithouOh w. ~oula I Ike to us. the Induction a.lom, or rul., for IVlr~ 'or.ula 
that aamlts InductiO" weakly. Inst.ad we ,.oard th"1 t.bll, ., a" 
Induotivi de'I"itlO". and hlnc. a" efflctlve dl'I"Itlon, 0' for.ul •• 
that -aamlt Inductle" '~ntactlcal I~". Nam.l~ WI cal I a formula At 1 
to admit Induction ft~ntaetleal I~ Iff A[~J II conclud'~ to ad.lt 
Ind~etlon w.akl~ w,r,t, x u,lng O"I~ the •• 'able" thl orIMI,Iv. 
eas.s II,t'd In !1 ,ervIng al the bas. st.D 0' Inductivi dlfl"I'Ion, 

w. add tn. fol lowing d.flnltlo" 'or practical DU'DOSI., 

o.'lnltlon, A formul~ A I, saId to ~. "constan, w,r,t, x" 'ff wA 
doe, not a.pend on., A t.rm t I, an "Iof t.rM" Iff .1' thl 
oon,ta"'s a"d variable. OCCUrrinG In t a~. of oontlnuou, t~DI" A 
'orwula Of the form tSu wh.r. t and u ar. le f t.,m, t. CII,.d .n ~IOf 
.""", 

Obvloull~ a su"lclent condition 'or A to b. con'tlnt w r t 
k I, t~at x do., not OccUr 'r" in A. Proof. conol,n'no lhi 
In~.~ltl"C' of acmlsslbll It~ rellted to thl. conditIon arl '1ft to 
ttle ... aaer. 

11, T~e following eondl~lons .,e hll~archlcal In the "n,. tha' ,he 
low,r ar. the stronger conditions, 

-----_.-.-_._-.-.-.-.. _.-.. -.---_ ..... --.-----.-._--_ .... _-_. 
I A ad~ltl Induct'on w.akl~, 
-.. ----------------.--.-.------------.-.----~-------..... -... 
--.-----.. -~-----.---.. ----.----.----.-----------.--.-._---.. 
I A II w.akl~ COntinuous. 
I 

I taO. taTRUE. tarALSE I 
I (t I. In Icf '1,111' I 

_.--._.-------.-.---.. -.-_.-----_._--.----.-------.--------_. 
I • doe, not occur fr •• I" A, I ---.. _.-------.-.-.-.. _.-.. -.---_ .. -----.-_._-------... _._ ... 

Cll A adnits relllt'viz.d I"ductlon ,"d Ie' Induction w,r.t,. " 
A acwltl Induction w •• kl¥ w,~,t, x, 
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C I I) 
rill) 

A II --co~ti~uou. I" A I, w.akl~ oo"tinuoul and _on,ton., 
A Idmltl I~duetlon w.akl~ w,r.t, x If , II _onoton. w.r,t. x. 

12. Tlbl. for I, v, Ind -, 

I' A Ind B sltllf~ the cO"dltlonl .tlt.d In the 
and tn. 'Irlt row, r.IP.ctl~'I~, th.n A&8, AvB, and ,.8 
condltlonl Ihown In the corr'IDondlnG Dlac.l. 

'I!"I' GOI,,_" 
latl,'., the 

----.---.-.. _-.-.---.-_.----.-------... ----.--... _--... _ .... -
A \ ~ ladr.l, w'a k • ladm, Itr. Iw.ak. eo"t. I CO"st, ._----.-----.-.-.. --.-.. -.. -.-... ---------_.-.-._ .. -.......•. 

'opl I I 
ladlll. Illadm• w'ak. laClIII. w'lk, I.dlll. w.alc, ladlll. w.alc. 
I .... k. I y I • I x , x 'adll. w'ak, , I-I • I x I • Ildll. w.alc, 
-~--------------.-.---.---... ------.-.--------.. ---... -_ ..... i .dlll. 1&lldm• W'lk. lad"', Itr. 'adlll. IU. ladll. Itr, 
Iitr. I vi • ".dlll • • tr. I.dlll. Itr. ladll. Ih. 
I I'" • I x I x ladll. Ih. 
--------------.-._.-.-_.-.. -.-.-._.---------_._-----.......•. 
1".lk. 
'cont. 
I 

I.d",. Itr. 
lid"'. Itr. 
I I dill , Itr. 

Iw.ak. cont.lw,llc. oont.1 
Iw.ak. OO"'.lw'lk. oont,l 
Iw.ak. CO"'.IW'IIc, oont.1 

---_.---------.-.---.--.--------._.-----.-._---... _-_.--_ ... -
Icon.t. 
I 
I 

1&ladm• 
IVladm. 
I-lad"'. 

W'a k • 
w'ale. 
w'a k , 

'adlll. 
'I&dlll, 
,lldm, 

,tr. 
str. 
It,. 

Iw.ak. cont,lcon". 
Iw.ak. co"'.loon", 
Iw.ak. cont.loon". .-.. _--------.... ---_._.--.-----_._-----.--------.....••...•. 

13. Tabl. for -, v, and 3. 

All t~. conditIon' 11'. w.r,t, x, 
I' • and l ar' Id.ntlca, th.n Y~A Ind l~A .r. oon".nt w.r.t, x. 

----------------.---.--.----_._ ... _-_ ... _-._--------_ .. _---.. 
A -A JrA 

!-----------_·_-·_----·-I I I" g.neral IAI _onoto".1 
--------_._-----------._--.. _._---.--.-... _.-... _---..... -... 
ladm. w'ak. • • ladM, ,tl'. 
------------.---.-----------.. _---.-._-----------------_.-.. -,.a",. Itr. • ladm, Itr, x __ ... ___ .. __ . __ -._._ .... -•................. _______ ..•. ____ ·e· 

x ....... -.-_ .. ---... -.-.. --..... -...... --.-._-----_ ..•......•. 
'oonlt • Iconlt, . -------.---.-.-... -.-----... -....••.•. -.---_ .......•......• -
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Y.f' •• ~) I. ~.ak'Y oontlnuou. I' Fe-,w' II ant' •• Oftl'O~. and 
adlllltl Induotlon ,t,onolr w."t. y, 

'0', v.rc.,~)" a ,autololW .f -l.-FCX.y,. SUDOO.' ".,r, 
I. afttl.IIIOftoton. and adMit. Indu.tloft ."on,lr w,r,t, r. -Fe •• y, ,. 
1II0ftotOft., I' 'hat _rex,ra ad_I,. Indyo"Oft .t,onOlr ,y th.o, •• '.4a. 
Th.n .fe.,Y) I ••• ak'r contlnueUI br ,~.o,a. 4,'. '0 that 1.,eM,r' I, 
~aa~lr oon,'nuoul br ,hao, •• '.4b. Thul .lx,e •• r' II •• aklr 
oo",'nUOUI bY t".o',~ 4,6, (s •• '.bl •• If 6,1' 

w. oa" oh.c~ t~" ,alult Dr a dl,." Dro,f al '0"0.', 

Proof. Cal. I' SUDDO" 

II.'UD •• , ( ., y, • " ',a., I h' .. , C., Y) • " 

'han tha, •• xllt. " I,t, 

hrew,Y,., • '. 

10 that tft.,. I, 10 •••• ,t. 
rCa,Y"') • r, 

IW aft'I.Mlftotonlclt~, 

'Ca,luP '0 • ,., 
.0 that 

v.,e."UD V) • " 
Ca .. I I) SUDDO .. 

Thl", 

, • a. , 
"'" rca,Y) • T, 

'aeh a, 

(Oth.,._t •• II"'IUD 'ca,Y) • r 'w an,,-.eno'onlolty., Ir ,',.nl 
adlll .. '.Illty, 

r'."UD Y) • T 'aeh a. 



In ord.r to 1-loml,II' LeF, fir., w. nlld to '_'Ind thl 
Iynta. of terMS so as to InClude ~·e.Dr.sslo". I. fOlloWI. 

85. If t Is 'n _o-tlrm Ind. Is. Po-varIID'I, tnln ~., I, I 
(Po.lolo-term. AnY oCcurr.nc. of x In ~.t I, not f'II, 

05. If t Is XXUC.J ana x II I ~o-vlrllb'l, uCll MUI' b. I olo,ed 
-o-term for elc~ 'O-"I~e a .0 tha, .CuC&~)tD.o, for 10.1 10. WI lit 
-t bl thl function whIch 'In~1 Ilch .lfD~o onto .cuCal), Swon I 
'u"ctlo~ Is known to be eontlnuoul(11, 7]. 

Re~lrk. Tne Droof of continuIty of the functlonl 'IDrl •• nted b~ 

~-'.Dr ••• lonl, na~.'y t~. tirMS Involving the ODI'lto, ~, ,eaul,e. 
Ind~ctlon on the structur. of tlrms. Th' CI •• that SUD DI'I do not 
,.I.t 'n g'n'ral has b',n tr,atld bt R. "' 'n'r. 

wi Introduce In O,der.d bl" t~D' d,notld b~ 8o, th,11 
90-con,tants J. TRUE. Ind FALS(. Ind. I (BO·'o.lo·lo)o·conl'ln' ~ Ind 
In '."J-~,edicat. ~ for 'aCh -. 

D[~o~ consists Of thrl' "amlnts, TRU~. Ind 
IncOWPlrable, H.re.fter WI use tne 'Ime s~Mbol 
Bo-constlnt and thl trutn value r,presl~tld by It, 

'ALst- b.'", 
to d.~otl a 

~ct.u.v'. nam.lt «(~CtJ'(~»)(v) reaa. "If t thin u ,I,. v" 
and II _ritten as t~u,v ulua' IY, ~. 'It a~b,c biD, b, and 0, If a I. 
O. TRUE, and FALSe, rlsDlctlvl'y, for laen af80, DfO'O, Ind 010-0. 
Thll fu"ctlo" I, co"tlnuou.tll~. 

xSY rapreS'ntl the ordlr ,.,.tlon dlsoUI •• d In the Drlvioul 
'Ictlonl, ~athlmat;e.I'~. IntuitivelY, hOW.v", -St .'a", ,hi' t I. 
"d,fln.o" MOrl than or IS mUch .1 x, •• 0 read ". II und.flnld." If x 
Ind ~ arl 'unotlo~s, thIs mllnl y II In •• tlniion 0' •• 1 'uno'Ion, 

W. gIve t~e followlno non-IoglCII Ixlo... An Irb"'I'~ 
tlrw w'th voids can bl SYDstltuted In DlaCI 0' tC l, provldld t~lt 
tn. VlriIDI. dlll;nat,d bt • do., not occur fr.1 In"tha, t.r., tc-] 
and ttYl ~.not. tne tirMS oDtaln.a "OM It b~ .Ub,tltutln, Irblt'I'~ 
varl.Dli. d"lgnlted bY •• nd Y, r"Dlctlvllt, In DIICI Of It I voldl. 
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",onotonlc:I1:~. 

lC$)' .\ )'$Z •• SZ. 

YZCx(z)S)'tZ) • .$)1. 

xSJ • X(Z)S1(Z). 

"'Inira' Illmlnts. 

trutt\ Yalu'" 

>"-co,.vI"lon. 

os)(. 

"O&TRUE • 

.. o-rALS£. 

-':'RUE.rAI.S£. 

O~IC,)' • O. 

T~U~:t.,y • X. 
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'.2 Ad'Quae)' 

W. n •• o to , •• that all t~. Inf.,.nc. rul •• 'n LC' .an •• 
ad'QUI'.I)' •• Dr •••• d In the pt.,.nt ealcylu. In thl 'or. of ,h •• , ••• 
or o.rlv.d rul •• , whIch ••• ". that w. do no' 10 ••• "~'hlnl ., 
chanl'n, the 10;lc, In other wordl •• 1 at. d.a,I"t .,," In 
'.""110" of LCF In that w. can DrOv, a th.or •• A In th. ".w ca'iulu. 
If A '1 a th.or.~ I" LCr. and, ~or.ov.r. W. Cln " •• a")' rul. of LCr 
In the Dr.,.nt ealculul, W. have onlr to •• a.ln. thO •• rul •• th.t .r. 
n,lth., of the natu,. of Droooiltlo"a' calculu. no, •• pr ••••• a. ,n. 
0' the logloa' or "onlogieal a.'o~,. 

Jl. IDI'raotlo" ,UI' (LCrl, 

tLa~ S uCa~ 
••• - •••••• -.... <a) 

D·'lvatlon. 
tta~ S uta~ ..... -_ ........ -.-..... . 

•••••••• ------••• --••••• - •••••• ca> 

... _ ..... _-_ ........•. ---.. ----
J2, fu~ctIO" rul. CLCr,. 

\ 

•••••••••• 

CI'r 1'Iltion. 

.---.---_ •• -.-.-.----.. <z> 

------... -.-.-.-.------
J3. ca ••• rul' CLCr'. 

(t-O) 
A 

(t-TR"E) 
A 

Y-I ntroau.t Ion 

.xt.ntlonalltr 

).-conv.,.lon 
v-I n'roauet' on 

(,.fALSE) 
A ...... -.-.. -............•..• 

A 
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Dlrivatlon. 
(t=U) 

taO v t-THUl v ~.rA~St • 
(taTAU£) 

A 
(t.rALS[) 

A 
.---•• -------.--•• -.-.-.--.--.-.---.-.-------.--- v-I';MI"atiln A Ctwl,,) 

J4. Inauctlon rull CLCr" It lufflCI. to Show that an~ co"Jyno~'on 
of lef awff, admits Induction s~ntlctlc.ll~ I" thl I'n" of ,.otlon 
6.1. for LCF is I for~al I~stl~ that carrl., out 'I'atlvll.d 
dld~ttlon for t~ISI II~t'"CII. EaCh Icf awff ad~ltl Induction 
,tro"alr w,r.t, ar.~ vartaall Ctabll 11. 6,1) .ubJlct to thl trD' 
co~for.lt~, So dOls anY conJunctlu n 0' thl~ (tael, 12. 6.1). 

7.3 Lxa.pll takln from proof of cO~QI Ilr corrlctnl'l 

Thl fol lOWing ._ampll 
Hccarthr-Palnt.r', thIOrl~[5J. 
discu"ld In e8l and t13~. 

Is takln from an r~T.1 Ikl aroof of 
T~I D~oof of thll thlorl~ In LCf I. 

hi prl'UODOII thlr. ar. tnr., t~p •• cal lid I.ntuet.i. 
IlnguaOl2. and thl m'anlni 'Daci. Th"1 nl,d not b. ba,. t~D'" In 
particular thl m'anlng SPICI can DI thO t~PI (Itat'I,."ta',,'. 
Na~.1~ thl m.lnlnO spac' I. thl Sit 0' oartlal funotlon, of (,~.t •• , 
Into It,llf, A cOnclotual compl ii, clrri'l out a tranll.tlon Of 
languaOll Into lanQuaglZ, In Ixprl •• lon x In lanaula'l btlng .aDDld 
onto obJCx), WI n'td not as.u~t cantlnult~ of thl .,anlna ID.,I .nd 
'unctlo~ abJ 'or the pr.Sln, .rgu~tnt. WhIch I,. however. not .n 
I~oorta"t point. N' ~I' thl fol 10~ln; con,tants •• ach of th •• blln, 
.Ithlr In IndiVIdual constant or I function In t~1 u,u., l,n,I, Th. 
aaterlskld constants arl .'Ium.d to havi b.ln glY'n IDarCDrl.'1 
aKloWI. 

constant .-._---. 
rlconl~ 
I,ya, 
1.1.0 
arQl 
ar02 
obj 
• 'a"l 
~.ar.c 

• 
• 
• 
• 
• 
• 
• 

-.-. 
'lanquI;.14~a)0 
(l'nQuagI1 4ao)0 
Cl anQuag.l·do)o 
ClanQul ,114 Ia"guagll)o 
C'lnQua;'1 4 Ian;uagl l)o 
'anQu.Oll·l aniuagI2 
'an;u.gI1·~.a"lnQ .pac • 
Ilngu.g.2.~lanlno spaCI 

co~~.nt _._----
IIConl'(9).TRU[, 
'IvarCa'·TRuE. 
'.IXDCCS.I)·C'.b)'8TRUE. 
.'al(CS •• '.C'.b" •• ·., 
.rg2(S.a'·., 

w. w •• a Clang~ag.l, lanluag.2)-prldlcat. CorrlctC •• ~' to •• an ~ ,. a 
corrlet ODJect pr~gr.~ for IKprllllon X. Corrlct(-.~) I. not 
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oontinuoul In Olnl'al, bleau.1 It Is u.ua'l~ alflnla br an a.'.~ Ilkl 

Ux.2 J ISlxoaMln ~f ~x(l.con.tCxJ~TRUE, CI.varCx'.T~U[, 

('(arQ1(.J)~(f(arg2Cx')~TRu£,rA~S£"FA~SE"', 

Thl tnlO,lm WI want to Drovi I. 

eorrlctCx,ObJ(IC" I., how,vlr, not suUlcllnt a. an Induo,Ion 
hrDothl,l, 'n gln"II, ,0 that WI prove flr.t a 'orMula 0' thl 'or. 

C 2' WxC',lxpCx,aTRUE 4 A', 

u,ulilr. whir. A II thl conJunwtlon of a clrtaln a,n,ra,II."on of 
eorrlctCIC,obJ'IC,' and additional condition. Dloull.r to I.Oh 
comDI IlnQ aIQorlth~. Mor. co"erltll~, w. snal I con.'d'r • c •• ,II.r 
_hle h Work' with a coyntlr. n. Indlca"ng thlt the .ddr..... Who •• 
Mn.wonlc nam •• a" T$(l), I.' , T5(n' ar. occuDI'd a. tIM,or.rr 
.torl;'I, we dlflnl thl 'ollowlng con'tlntl, thl la.t thr •• ,II"'d 
to thl load'no or alloCI,'on. Thl 'It 0' 'n' ••• r., or .ddr ••••• ' I. 
I bl" trpl. vlrsnoCx' I. thl number of dl.tlnct varllbl •• oClurr'", 
In X, varnOCI,X) rtlnotl' SO~I numb,rlng 0' 'ucn vlrl.bll., 

con. tint 
--_ ... _-. 
compl 
TS 
vI,no 
varlno 
loe 

• 
• 
• 

(languagll,l~t.g.rl'4IangUlg.2 

Intlg'r,-'nt.qlr. 
(langUIOll,languIOI1)41nt l ;lrs 
Il noul ol1-In,lglr' 
clang ua;ll,lan;UIQll)-l ntlglr. 

com"".nt ._._---
varnoca,(e·"·C9.~'J.1. 
var.noce S.a)·C'·b),·2, 

In thIs C.SI. obJ(x, II alflnd br the '01 low'ng 1.lom. 

Ch .3) 

, trolCII form of A II 

(3) 'n(n~e - COrrlct, •• comDIC.,n') & Un.f'lctldCx'".CO~DI(.,"»), 

whirl U~lfflctld Is I ClangUagll,lntl;lr.,Ianau.gIZ)-Orldlcltl ',', 
Unaff.CtldC.,n,r' ~Ian. thl obJlct program r do,. not dl.',or thl 
oontlnt. 0' thl storaGls corrl.pondlng to t~. DrOg,am vI,'a~I'. 
occ~rr'rg 'n the sourCI program x Or an~ of TS(1), '" • TS("' • 

. _-----.---_._._-.-. 
• ) Tn, r.ad.r mar rlc.,1 that i mlan, 10gi0Il eaulvllenoe, whl I, • 
IQuII It~ ,n t~, strong ,In," that Is. : In LeF, 
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If _. Mak. thl .d~r'lll. a"lolut. b1 the "'Iow .xloM, wh'oh 
corr'IDondl to • D.rtlcullr loading O.,VIOUI11, tn. ObJlct "oar •• 
bleo •• 1 " fig. 1 niIOIll. O,cur(z,.) rl.d, I occur, In x. 

(Ax, 4) YZYxCllvl,(Z'.TPut·Occur(z,x).IOoCZ,x'.v.,noCI,.), 

CI",t'l.Ictlon) --_. __ .. -.... 
LI tt 
'00 1 
HO n+3 
Ll C; 

AUD 2 
!lrO "+. 
LI "+3 
AUO "+4 

'x'"CICcCTSC"".V"I"OCx'+"', 

CIII"I."o"IcI) -------_._ .... -... _._-... 
-.----_.-.- I~ I.cCYlllul.tor 

1---------------_._._· .. , 
It 11 I. I 
T5(n+l' 12 II) I 

1-------------_·_._._· .. , 
b 13 IT5Cl) 
Tscn+2' • • • • • • •••• T5(n+l' 1"+2 ITS(n' 
T5C"+2' t----------------------·1 1,,+3 IT5'"+1) 

I ,,+4 I TS, "+4.0 

1--------------···_·_··-1 
flO, 1 LX''''DII of obJC.t prOlr,III 

I"d mlm:" 1 "'.C) 

L.t Atx] dl"otl (3) nl, •• ftlr, W' natl th.t n.1th., "IXD 
for"'ula (2, .dmltl 1of nor" OCC,",'I f'''1 '" ACxJ, Tnl", thl 

I"d~ctlon w".t. "1,lxo" .,·foIIOWS. 

, ... .,Cx,.TAut 

&C .) 
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Thu. WI can Inf.r (2) fro~ (4) ana (5) D'low. 

(4) ~xCO(x).TRUE • AtX]). 

(5) ~XC'(.)cTRUE • A[x]) •• 
~.«15~onst(x)~TRUE.Clsyar(x).TRUE. 

efeargl(x)~("arg2Cx».TRUE. 
FALSE).rALSE»)eTRU£ • Atx]). 

~, een I~proYI the r.adabl IIt~ b~ tn, followlna 
consideration. L.t p be an (~.Bo).t.,~. Thin WI 'It D and -I .tand 
for tne for~~lal p=TRUE and parALSE, r'IPlctlvllr. Tnl. cau." no 
comfuslcn bleaus, of tn. s~ntax WI Imploy,d. ODvlou'l~ 

p y .p 

Is ~et yal Id. wnl Ie DV~P I •• we notlc. thl relatlon.nlD 

whlc~ II proYable in rLT, Iinc' tnls for~ula II an abbr.ylatlon of 

(p~Q,r)aTRUE = g=TRUE ~ a-TRUE Y p=rALSE & r-TRU[. 

ThuS wi can rlwrlte (4) and (~) a. '01 lows, 
(4') ~x(OCx). ACxJ), 

(!oil) h(f(x). ACx]) •• 
•• ClsconltCx)vlsvar(K}y-l.constCx)'-lsyarCx, 

& fca,glCx);& 'Carg~e.» • Atx];. 

It must b8 noted t~at t~.r. are some sub,'I,utl, In LCr fOr 
'0 rll'I," a. lIke (1).(4), thQugh th'S' 'ormulas arl not allowed II 
Ilgltlmatl formulas In It and thl Intlr~r.tatlon bICO •• , d ff.r,nt. 
By the dedUction thearl~ In flrst-ord" 100Ic Wi oan al.o IXDr ••• 'hi 
.Int.nel (5') t~ a fOrmula of FLT, rlDlaclnG •• b~ • and blndl"g f by 
unlyerlal Quantifier, ObtaininG 

r ~, , ) YfCYx(f(x) • A[xJ) • 
Yx(IIconilteX) v Isva,ex) v -I.conlte.) & 
-tlvare.) , f(.r01(x') & f(ar02(x» • Ae_",. 

ror sucn a formUla there s •• m to be no natural lubstltut'l 'n thl 
forw of LCf for~ul.s • 

. --..... -.----_.-.- . 
• , It Is • ,Itt,. Interestl";, and allo us.ful. that t~Is old 
'ilatlo"snip It I I I holdl In a caloulus that I"cIUd •• the undtfl"'d 
trut~ valu'. Stt. e.O., t2~. 
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"Th' ~rlt'r ha, b"n motlvatld toward the .tud~ ~.,c;I~ld I~ 
thIs DaD.r throuO~ an att.mot to tran,Iatl hi, fOr~al .r.il~ 
r'Dre •• ntln; the 'Q~Ivallncl of Alaol.1 Ik. ,tatIM.nt[2. 'l f~tl Ler. 
rOr tnat DUrpOSI havIng ,om. or.Olcatl caloulUI·llkl facl11tr ••••• 
to bl "'Intlal, fOr WI ~ •• d to I.Orll' IMolloatlo~ b"w.,n ""n, 
'Qulvallnc. In t~1 fOrM of formula. 

From thl WrIter'. point of vllw, tnl fol lowIng arl aMon, thl 
Dos,IDII adVantaOls of navlng '0.' Drldlcatl ,alculu.-Ilk, thl~I' 
within logic for comoutable funo~lon •• 

1. (huwan Inglnllrln,) In not a flw ca,I" the oo~vlntlonal lo"oal 
operator' make the wrItIng and unOlr,tandlng 0' de.orlDtl,". 1 •• 11;, 
BIsldl., Many 010011 arl '.ml liar ~Itn I.orl •• lon, and dlrlvatlon In 
Dr.Oleatl calculus, e,olclall~, 0' flr't-ordlr. 

2. C~nalrlrlng thlorll.' In thl Draotlcal '1IId of aDDI'cat'o~ of 
such a loolc, 'or In.tanc. ~rovl"O oorrlctnl •• Of COMDII';I. w. ~a¥1 
to nandll undlrlylng theorll' wno,1 rlorl"n'atlon, In Drldloatl 
caleulu, .llm to b' natural, Ilk. IIIMlntar~ ,.t th.o,~. W. do not 
carl If .OMI of thl •• t, Involvld In OUr Droof ar' not cO.luta_'1 Or 
contlnuou.. eYln If they mlaht bl In fact cO.Dutabl', Thlrl atl al'o 
t~.orll' of eQulvallncl and oOrrlctn.,. of orOlra., whloh .r' r.la,.d 
to Drldlcatl ealeulul. 

3. (mlta-tnlorlm.' Thlr' wi II bl manr faot' about the obJlct, of LCF 
that can bl Itatld only In thl form of mlta-th.Or'.' of LeF• whll • 
• Ignlflcant portion of th.m could bt Itatld a, ,hIOrl.' I~ an 
I.tlndla logic. Thin ha~dl In; dlrlvld rull' and aDDI~I~1 alr'a'~ 
Grovld th.Orlm. wi', b'coml Morl oon~.nll"t. 

ObYloull~ t~I'1 dl.lrabl' ~roDlrtll' will not b. o~,aln'd 
b.forl con.ldlrabll I.Dlrlmlnt,; MorIOVI; tn.r. MU.t bl , ••• 
comproml... rOr In'tanCI, f WI u.I Intlrl cla"Ical orldloatl 
calculut as In thl arl.lnt paol" ~. arl out of thl Ler-Ilkl wo;ld 
that conllst, 0' .0'11~ continuous 'unction,. lo.'ng ,o~. "Iatnl" Of 
tnl forwa,'.m and riiativi ".Dllolty of ImDII.ln,atlon, E.Dlo~lna 
IlconO Or hlghlr o;dlr Drldlca'i oaloulu, .Ilht Ilv. u. .or. 
oomDI •• ltr a. wII I a. DOWlr. 

It must bl notld that J. ~cCarth~C4~ .UII •• t.d that 1" '0.' 
;Inlra' Izatlon 0' Scott" 10gie u,'na Drldlcatl oaloulu, _ •• nould bl 
abll to orovi thl contlnult~ 0' function,. It , •• m, ihat rLT I. 
caOable Of doln , that In 'Dlt. of tnl limitation tnat no or,"OI" 
varlaDII' arl allOwld, fOr we haVI Quantlfllr, ranoln, OVI, l~,'d 
'lis In Ifflet, A fl.ld-DOI"t InOuctlon ba,.d ~alnlr on Monoton 0 t~ 
within Ilcond-orOlr Drldloatl oalculu, ha. b.ln dIIDU.,.d b~ D. 
Parke,]. 
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