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N1OO.!RICAL CALCULATION OF TRAl'iSOltIC FLQI PATTEmfS 

by 

Stefan Ber~n, .Tohn G. Herrio-; and Thomas G. Kurtz 

1. Introduction. 

In order to obtair- flow pattE. ••• s of incompressible f1'.1i4s, ODe otten 

uses the well-known fact that the real ano. 111l8g1nary Il"""s of an anal7tic 

function fez), ~ -" x + ly, are ~ulutiOl"ltl of the Laplace equation. In 

particular 1m fez) is the stream f_.cLion ,(x,y, of a posslr'e £low 

"att~rn. If on< 'Wi.shes to investigate methods for de+.e'r.alnlng the analy-L1C' 

t',md :ion !'(:t.) 'oIllich gives a fl<.,; 1n a presl:rlbed channf"' or '1ro,md a 

giv~n :)r.:J1'lle, oue ill led to ~ boundary value problem which 8S a rule _s 

a solutiun. 

As a first stl::P in tht. calculation 01' desired flow pat"erns it is 

instructive to compute the flow pe!.tterns which Coon !8~, to various 
\. 

known functions f(z), These flow patterns mB¥ prov~de ~si&ht which 

suggests how to form combinations of stream 1"Unetions wb1eh yle.Ld a de-

sired flow. For example R. Legendre (11, 12) shoued that variOUS trans-

cendental functions generate interesting flow patterns and he uS"!d t.hese 

in the solution at certain flay proble.a. 

In some methodl:l for the numerical ,"olution ot lxNDdary value pl"Clb~_.s, 

one first obtains & set ot particular solutiOlUl, tv' o~ U'e I\1ffflt:t",!~tial 

equation and then one detel"llines a set ot coetficier.ta Av eo ~hat 
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(1.1) 

approx1_tes in SOllIe ''best'' sense tt.'! prescribed boundary values. 

The aim of the present paper is to d'cr.i.-.)c procedures for computing 

families 0: transor.ic flow patter!. .ompressi""· fluid. The partial 

differential ~quation for the stream function of such flows is nonlinear 

wher. cOdsidered in the physical plane but is linear if the equat.ion is 

considered in the so-called hodograph plane (or in the H, e plane ~hich 

is related to the hodcgraph plane "s described belOtJ). For this reason 

we shall determine a number of solutions of the d1fferential equation 

... ~ ... the stream functll.1.1 in the H) e plane and we Jhall also calculate 

the correspo~ding tlow patterns in the physical plane. It appears to be 

even more important t~ determine famllies of transonic flow patterns t!1S.n 

it was to determ1~e incompress10le fluid flows because it can be shown 

that a flow pat,tern with boundary C does not necessarily exist for a 

given contour C. Moreover, while the determination of solutio~s vf ~he 

Laplace equa~ion is immediate, the determination of solutions of the 

compreFBibility eQ:I.l&t1on in t.he H, f- ~lane (equation (1.6) or (1.7») 

req,ulres the use -.If methods wh1ch have been developed during the last 

tventy-flve yeRrs. The numeriCa.l. eYaJllatlon of these solutions poses 

pr0blems which are only now being inVtDt18Bted. 

We proceed now to a more detailed description of the method to be 

.... sed in the pI ~eent pBpE'!'. As noted above, it is well-known that the 

partial differential ~quation satisfied b,y the stream function, of a 

tW0-dimensional compressible fluid flow when considered in the physical 
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plane (i.e. when ... is co.ls1.df're.i fll.S a function ot the coor41D&tes x,y 

of the plane 1n wh1ch the flow takea place) 16 DOIl-U,Mar. It, heNner, 

we consider the equation 1n the bodosraph plene, i.e. it we consider ... 

as a function ot the speed v and the anale 6 which the velocity 

vector makes with. tixed direction (aay with the X-axil), then as 

Chaplygin (9] and Molenbroek [lb] have ahown, t .. tietiee the linear 

partial differential equatioD 

(1.2) 

Here () denotes the dens 1 t;y which ia relatecl to the pressure p b7 the 

relation p .. opt." where 0 and It are constanta (it. 1." tor air). 

The Mach number M and the density p are related to the velocity v 

according to the relations 

(1.3) 

(1.4) 

k-l 2 11 (k-l) 
p • (1 - 2"" v ) 

k 1 2 1/2 
M .. '1/(1 .. -j- v ) 

The denominator in (1.4) be1D8 the local veloci't7 at sound, M wUl be 

smal.ler or laraer than one accordiDe .. the tlow 1s sub.onic or super-

son1c. Instead ot the velocity v we ~ introduce the w.r1able 

1 v J v k-l 2 1/(k-1) 4v 
H.;' dv .. (1 - 2' v ) y 

Tl v1 
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vhere "1 denotes the velocity COI'1"esp0n41J1c to M· 1. It one iDtro­

••• the poteDt1a1 • as well .. the stream: tunction.1 then the 

41tterent1al equat10ft8 ocanectiDs these quant1t1e. as8U1Dl the t01'll 

(1.6) ~. ~ a. ~ or • OR I Oif· - J(a) ar .. 

(See [11 31 4, 61 13].) 

Prca (1.6) we deduce at once that the difterential equation for • 

may be written in tbe t01'll 

2 2 a + I(a) g", 0 ar 08 

Equation (1.7) 18 a d1tterent1a1 equation of lIlixed type since '&(H) > 0 

for H < 0 (i.e. for v < v1' M < 1) while .&(H) < 0 for H> 0 

(i.e. tor v> vl ' M> 1). 

A representation of the solutions of equations (1.6) was obtained 

bY' Bergaan [1, 2J. In a joint investigation Bers and Gelbart [7, 8] 

obtained independently of Bergman the same solutions. In their work the 

existence ot these solutions follows as a consequence of their approach 

to more general partial differential equations bY' complex variable met,hods. 

Bers and Gelbart call the complex functions which theY' introduced bY' the 

name ot Siga-Monogenic functions. This method tor obtain1na; a set at 

particular solutions ot (1.6) and (1.7) is a pneralization at the method 

of obtainiDs harmonic po~om1als by tak1na; real and i1ll&81narY' parts of 

the analytic functions (8 + 1B)n. These part1cular solut1ODs <P J(HIS) n, 
and t J{H,S), J c 1,2, n - 0,1, ••• which satisty (1.6) (and hence n, 



(1.7) in the case of • j(H,8» ~ be written in the form 
0, 

~ 1(H,9) + 1, 1(H,9) = (9+1H)[0] 
0, 0, 

8) 0 n .Jl-2 . 0 0.4 () ] (1. == (8 • 2f(2)tI P2(H) + 4f(4}S. P4 H + .•• 

+ 1(l!(~)90~1 sl(H) .' ,!(~)en-' .3(H) + ••• ) 

• 

~ 2(H,9) + 1, 2(H,9) == 10 (9+1H)[0] 
0, n, 

(1.9) == - [l!(~)en-l Pl(H) . 3!(,)90
-
3 P3{H) + ••• ) 

+ 1(en - 2!(~)gn-2 82(H) + 4!(4)en-4 84(H) - ••• ] 

where 

1Il • 2,3, .•• 

(1.11) 

• • 2,3, ••• 
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One eu~ deduce. tm.t p. (R) and s (R) satisty the recurrence • • 
relation. 

(1.10.) 

(1.11a) 

respectivel¥ • It wUl be convenient to choose He - 0 corresponding to 

M • 1. 

In Section 2 we approxi1llBte the function I(H) by polynomials and 

calculate approximations l. j to the stream functions t j. In Section n, n, 
3 we then fora approxImate streem functions which are linear combinations 

of these 1 j and we determine the flow patterns in the pnysical plane n, 
corresponding to these approxImte stream: functions. 

The method of integral operators [5, Chap. 5] provides another method 

for generat1ng particular solutions of the compressible flow equatIon. 

Some numerical calculations using this method have been carried out b,y 

Stark [18, 19]. 

Eaaenti&l.l.y the aame part1al differential equations ariae in the 

study of 'JII88D8'to~cs. For the case of potential flow in a 

magnetiC field perpendicular to the plane of the flow, and under some 

additional ~heses, Nazarov [15, 16] has shown that the differential 

equations are essent1al1y the same as the equation (1.2) for 1II1xed COlI-

pressible flow. Be then showed how to determine various flow patterns 

using the method of integral operators. 
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2. Calculation ot Stream Functions 

In order to calculate the stream functIons • 1 and • 2 gIven n, n, 

by (1.8) and (1.9) 1t 1s necessary to evaluate the functious s.(H) which 

are gIven by (loll) in terms of multiple integrals involving the tunction 

I(H). Because of the nature of the function .I(H) these integrals can-

not be evaluated exact~. One possible method for the evaluaticm of 

these integrals 1s to approx1mate I(H) in suItable intervals by polr-

nomials in H. The intervals chosen 'Were 

J 1 : -1.0 < H < 0 corresponding to .284 oS M S 1 

J 2: 0 oS H S 0.2 corresponding to 1 S M oS 1.78 

The polynomial used to approximate ICH) in J IC is denoted b7 

(2.2) 

In order to determine the coeffieients of the approximating ~-

nom1al in these intervals 'We need an algor1thm tor the calcul.e.tiOll at 

l( H) as a function ot H. We cClls1der the special cue at au tor which 

k ~ 1.4. Since p and M are functions ot v u shown b7 equatlC1D8 

(1.3) and (1.4), then I(H) can be expressed .s a tuDct101l at V a1DC 

its det1nIt100 in (1.6). In th1a special cue the intesral in (1.5) can 

be evaluated in closed tora and yields 
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where Yl • V5fb. From (2 • .3) we can devise an algorithm for the 

calculation of y corresponding to any value of H in J l or J 2 and 

then I(R) can be calculated at once. 

We then make use of the Remez alsorithm [17] as adapted tor the 

Burroushs B5500 computer by Golub and Smith [10] to determine the best 

tenth-degree polynomials which approximate l(H) in the Chebyshev sense 

separately on the intervals J l and J 2 , The values ot the coefficients 

A~K), K. 1,2, Y = 0,1".,,10 are given in Table 1. Values at H, 

v, M, 'I(H), l(H) and l,,(H) - l(H) are given in Table 2 for a repre­

sf!Dtative set ot values of H. From the approximation algorithm we know 

~2.4) 

max Il(B)-'12(H)1 S 2.6 X 10·.3 
J2 

The values given in Table 2 confirm. these bounds. 

The function .l(H) becomes very large and negative when H exceeds 

0.2. Indeed as H .... 0.25l.3, M .... !III, y .... {5 and .l(H) .... - •• It was 

therefore practically impossible to obtain a good polynomial approx1at1on 

for H > 0.2. 
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Table 1. Value. ot the coetticieDt. 

the approx1atiau to '(B). 

~ 1 2 

0 0.00011l.l222 -0 .0CJ25965,.," 

1 -9. 36819'J549' -1.'189B99T58 
2 -55.2~91.6968 -22.5986~8 , -24B.~051 280.04~1211 

4 -~.~8809 -2OCJi! .*5890 
5 -2052.0104~8 8142. 52780,a 

6 -,a.ee.0'11.2"'1 -202~.2'5641 

1· . -3982.8542755 '1196.920595 
8 -2896.295802' -29181.5685'5 

9 -1.201.8174204 15188.597028 
10 -219· '9926509 -,,ae.911B111 . 
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oum.. 2. VAWIS at 1 (B) AID ITS APPROXIMUDO POLDOIIALS 

SUlBc.IC 

B T II 

• 
I(B) 11(B) I (H).11(H) 

-1.0000 0.281675 0.283931 0.9959 29 0.995158 0.000171 
·0.9500 0.296755 0.299404 0.994943 0.99'945 -0.000002 
-0 .. 9000 0.312719 0.315823 0.993106 0.993550 0.000155 
-0.8500 0.32963l 0 .. 3332711 O.992U8 0.992223 -0.000074' 
-0.8000 0.347570 0.35t'J46 0.990181 0.990346 -0.000165 
-0.1500 0.366611 0.37l640 0.987685 0.987693 -0.000008 
-0.10()0 0.386848 0.392710 0.984504 0.984349 0.000155 
-0.6500 0 •• 06386 0.415372 0.960411 0.980299 0.000132 
-0 .. 6000 0.4313" 0.439600 0.975181 0.975218 -0.000031 
-0.'500 0.1&55859 0.465638 0.068369 0.968534 -0.000165 
-0.5000 0.482091 0.493701 0.959460 0.959579 -0.000119 
-0.4500 0.510227 0.524053 0.941697 0.941646 0.000051 
-0.4000 0.540492 0.557009 0.931997 0.931828 0,000169 
-0.3500 0.573154 0.592964 0.91071'2 0.910672 0.000100 
-0.3000 0.608'543 0.632414 0.881631 0.881721 -0.nOO089 
-0.2500 0.61&7071 0.675994 0.840877 0.841045 -0,000167 
-C.JOOO 0.669261 0.724542 0.782574 0.782571 -0.000003 
-0.1500 0.735800 0.179194 0.696715 0.696605 0.nOO170 
-0.1000 0.787612 0.841541& 0.565895 0.565909 -0,000015 
-0.0500 0.845996 0.913932 0.356635 0.356751 -0.000122 

0.0000 0.912871 1.000noo 0.000000 0.000171 -0.000171 

SUPERSCifIC 

H T M '(B) ' 2(B) I(B)-'2(H) 

0.0000 0.912871 1.000000 0.000000 -O.Cl02599 0,002599 
0.0200 0.942622 1.0]QSOO -0.214281 -0,216638 0.002351 
0.0400 0.97."65 1.0 82684 -0.493622 -0.491117 -0.002505 
0.0600 1.008744 1.130295 -0.865912 -0.868276 0.002365 
0.0800 1.045902 1.183327 -1.375578 -1.l74987 -0,000591 
0.1000 1.086529 1.2113155 -2.096940 -2.095146 -0.00179. 
0.1200 1.131437 1.31115. -3,162109 -3.164673 0.002565 
0.1400 10181796 1.392111 -4,825058 -4.823612 -0,001385 
0.1600 1.239389 1. 489049 -7.621815 -1.621813 -0.000002 
0.1800 1.307166 1.611131 -12.911118 -12. 910861 -0.n00257 
0.2000 1.390636 1.775837 -24.834790 -24,832192 -0,002596 
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We may now calculate exactly the solutions t 1 and l 2 of the n, n, 
differential equation 

which a.pproximates the differential equa.tion (1. 7). If we use (loll) and 

denote t>y 8 (H) the polynomials which a.pproximate s (H) ;.;e find that m m 

80(H) : 1 , Sl(H) = H 

82(H) = foH 1oH2 l(~)d~d~ 

83(H) = fH JH3 1{H2) 1H2 dl\d~d~ 
000 

If we make use of equat!on (2.2) and denote s (H) by S<K)(H) in J m m K 

we obt.ain 

K • 1,2 

K • 1,2 

The general expression for takes the form 
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IC 0: 1,2 

where 

(2.10) c(·,I() • 
" u 10 SIS 10, 

" 
Il Il m 11-1:'" .ote that (2'1 a 2' it • is even but [2'] .. 2'" it II is odd. 

The a'l'ft"lroxiate stre .... functions -t 1 and ':t can now be 
rr n, 'n,2 

c&lculated us1n8 equations (1.8) and (1.9) 'With slIl(H) replaced by 

e.(H). 

It i8 Been tram Table 1 that the coetticients at the polynOlllials 

l.c<R) are very large; they are ot constant sign in 1'l(R) vh1ch i8 used 

tor R < 0 and ot alternating sign in 1'2(R) vhich is used tor H> O. 

Hence in both cases the evaluation ot these functions and ot the functions 

.(K)(H) 'Will 1nvo1ve large terms ot alternating dsn and this lIllY result 
II 

1n loss at sev.eral. significant digits. The JII88llitude ot the error given 

in (2.4) indicates that single precision arithmetic (about 11 dec1al 

dicits) on the Stantord atrrougbs B5500 cOIIIpUter i8 adequate tor the 

calculationof l'k,(R). However, tor the evaluation of .~K)(B) and the 

subsequent calculation ott ", single precision arithmetic vas tound n,,, 
to be 1Dadequate. Hence theBe calculations 'Were carried out in double 

precision arithmetic (78 bit arithmetic equivalent to about 22 declal 

d1s1ts) on the B5500. SollIe typical values of 1 j are Biven in Table n, 

3. (SinCe 11,1" H, .2,1 .. 288, 11,2 • 6, these are not 1nc1udec1 in 

Table 3.) 
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It is important t.o investigate how 'Well the approximate solutions 

tnJ j satisfy the differential equation (L 6). We therefore study the 

behavior of SeW i) where 
n"J 

(2.11) s(~) :: d
2
'f + l( H) d

2j 
"If de 

If we choose ~ to be a solut:l.on of (2.5) then it follows at once that 

(2.12) snr) :: [l( H)- l( H)) 02~ 
09 

By formally differentiating equations (1.8) and (1. 9) we can find formulas 

for 02l j/oe2 and these can be used to evaluate s(l j)' These n, n, 

cal~ulations were carried out in double precision arithmetic on the B5500. 

Typical values are given in Table 3. 

It is seen that the values of S(t J) in Table 3 are small. It n, 

would be more meaningful to compare them with the magn1tude of 'n, j 

and still better to consider the average values over some reg10n G of 

the H,9 plane. We therefore introduce the quantity 

(2.13) 

If one chooses 

G : {H,el -1.0 < H < .2, 0 S e S 2} 
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rn fxtensive ealeulat1or, . haws that 

MGCI ,) oS 0.0:". J n,_ 

n S 5 
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'l'AIILI ,. - VALISS ar ·B,3 MJ) s(io,J) 
!'SIC 3, U 

THETA 0.50 1.00 1.00 

II t s(+) t s(.) t 8(t) 

·1.00 0.1613100 -O.OOIOU' -2.0166100 -0.0010165 -tl.016.,OO ·0.0010265 
-0.'0 -0.01'"'' -0.OOOll'7 -2,CU61§2 -0.0008397 -10 .... 6152 -0.00011.7 
-0,10 -0.lU •• ,6 0.00e7tll -I,h~'1156 O.OOu79h -'.IUtt56 0.0001911 
-0.70 -0,2307'71 -0.0006~lr -1,.05"71 -O.OOOUI1 -'.sr".71 -0,0001511 
-0.60 -0.2Fi20" O.OOOUU -I,UUOI6 O.OOOUII) -7.02120" O,OOOUU 
-0.50 -0.216501" o.ooona. -1.1J015697 o.OOOJ5I~ -5,.0156'1 0·0001,., 
-0,110 ·0.Uh522 -0.00011052 -I, UJl52t -0.0001052 -11.71115" -0,0001052 
-0.30 ·0.207J766 0.0001605 -0.11113766 0.0001605 ·3.5IU766 0.0001605 
-0,20 -0.11507101 0.0000051 -0,59571011 0.0000011 ·2.1'5,,011 O.OOOOOU 
-0.10 -0.07'6577 O.OOOC-OU ·0.2996577 0.0000011 -S.I",,77 0.00000 •• 
0.00 0.0000000 0.0000000 o.COOOOOO 0.0000000 0.0000000 0.0000000 
0.01 0.01500001 O.OO02U~ 0.0600001 0.000212. 0.2.0000, 0.0002'11 0.01 0.Oil507l1 O.ooonu O.l.oorss 0.0001511 0.7100711 0.0001511 
0.10 0.0157312 -0.00S01" O.JOO"12 -0.00101 •• 1.,00"11 ·0.00107 .. 
0.1' 0.1016199 -0.00tl~6' O"UUU -0.00US6' 1.6,,6399 -0.001156' O.tl 0.I".5U .0.0002.8. 0."Jl5U -0.00026'6 2.171I5U -0.00026.6 

!'SU II, II 

TIIETA 0.50 1,00 2.00 

H + 8(t) • B(t) • 8(t) 

-S.OO S,U67.00 -0.0020530 -0.3.65201 ":I.00UC6S ·U.~"OI02 -0.0012121 -0.90 0.160,.97 -0.0016"'5 -0.,714606 -o.OOUS'o -., \56'oUI -0.0067119 -0.10 0.50210'7 O.OO,58U -, ,1'57125 0,00UJ'26 ·11."1!1ne ".C0611" -0,70 0.1315057 -O.OOtJou -1.62291SS -0.0026067 -20,01'9770 -0.ODS2US -0,60 0,0575827 0.000261' -1.6"'U6 0.000SS?3 -., .''''66'' 0.0010" -o.!>o -0.05)13.1 0.0007169 ., .606arll O.OOaUI. ·1S.2I"57' 0.002U7&) 
-0.'0 -0. a 0610" -0.00011105 -1.U26011 -0.0016210 ·U.U52171 -0.001"20 -0.10 -0. It 47532 0.0001211 -1.12950 •• 0,0006122 -'.6S.0U· O.OOUI" -0.20 -0.0'1660' 0.0000063 -0.7'29216 0,0000116 -6.1651"1 o.ooooau -0.10 -o.onus' 0.00001" -0,J"610? o,oooons -',1"26" O,OOOO67t 0.00 0.0000000 0.0000000 0.0000000 0.0000000 0.0000000 0.0000000 O.Ol 0,0100016 0,0001656 o.O'OOOJJ o.OOIU12 0,,600065 0.0022626 0.06 0.0301561 0.0017026 0.2'0'121 0.00JlOS2 1 • .,061" 0.00611105 0.10 o,osa.'.11 -0,00"1" 0 •• 02"1' -0.00112976 1.105905. -0.0085952 
O.U 0,0772791 ·0.001312' 0.57USts ·0.00,6257 •• 50. .... -0.009lSts 0.11 0.1117026 -0.0005172 0.775I1OS2 -0.00,07'5 5 •• 701104 -0.00216" 

'Stt 5, U 

lHITA 0.50 1.00 1.00 
H • I(t) t 1(,,) t a(t) 

-1.00 I. UtnOO 0,0005,,, I.U210111 -o,ooru' • -".1.76"''' -0.0l1.31i -0.90 0.89171'1 -0.0000'10 l.s.onu -0.00n"1 • ... 21.0.01 -0.0115513 -0.'0 0.U11611 0.000"" 0."'0190 0.00,,.110. . ... , .. ,. .. 0.0102150 -0.70 0.1972)" -O,OO0716a -0,'771151 -0.0"61111 • ••• ' •• 51 .. -o.on1su -0.60 0.10'05" 0.0002011 -S.1615060 o.ooaro" ·.0 •••• .,.51 0.00521100 -0.50 0.OP1l6tO . 0.1'I0066Ot ·1.51"511 o.OOU'" AII.DI", ... O.OUlOl1 -0.-0 -o.OU"" -o.ooo.!. •• · -t.sa6191' -O.'OI19'J -'O.IIU"'~ -o.Oa60S16 -0.10 -o.o,. .. n o.COU ... ·I.u.n.,. 0.00157'0 ·1I •• '6OS6& 0.006ltO' -0.20 ·O.OSltl :u 0.0000077 ·0 •• sn9l0 0.00001'. -15.a2'10I. 0.0001261 -o.ao -O.OlOlt51 0.0000209 -O"'I!'" o.oooou. -7 .... ,." O.ooon51 0.00 0.0000000 0.0000000 0.0000000 0.00000-»0' O.OCOOOOO 0.0000000 0.02 0.00tl520 0.0007070 0.1000011 0.00211'0 ,.tOOon5 O.OllUIO C.06 0.011911" 0.0021'20 0.100710. o.oon," 1.lOutU O.OltOS60 0.10 O.OlUOO' -0.00,711' 0.507'170 -0.oa0170S 1.01'''.4 -'.OU0026 o.u 0.052t10' -O.C02··U O.7IU ... -O.OU"·' 11.1.5&1" -0.0""75 0,1' O.Utto .. -0.0'0"'0. 1.0195 ... -0.0027550 ","5D1U -0.0I0IU' 
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'rA!lLl ,. - VALUIB at 'n,,, MD S('n,j) 
,.. t •• U 

""'':oil O.!O 1.00 2.00 

V. t a(t) t S(t) t set) 

-I." -O.U • ., •• 0.00'''0 •• ., .,nlUI -0 .00 17710 -5~.5'90U' .o.u,,,,.,. ".M 4.",,,01 0.00.0157 4.'2.1",. -0.00.561" ."'.500HU .. 0. lOt .... ..... O.U'l!U' -O.OO~."O 2 ."121113 0.00691" ,. ••. JI.u •• 0.10'0"1 .... r. 0.14'410' 0.0011l02 0 ••• ., .... "0.00"'18 • ••. ."u.,., "O.O'uu' 
-0." 0.'"21" -0.0000.'5 -0.UI690' 0.001'''1 -11.210"'2 0.0191'24 
-0.110 ••••• "5. 0.0001'05 ·1.I.U,." 0.005"16 ·'0.41'50116 0.05.,,11 "0." O.026UOI "0.00051'5 -1.4 •••• 21 -0.00H5S7 -69.",,115 -o.o.! •• o' 
-0.11 -0.0151670 0.000l071 -1.45''''31 0.00J0223 .' •• 71'15'1 0.0251&01 "".It -O.OlfOln 0.0000072 ·1.1un04 0.00006U -n."ft07' 0.00050Z' 
-O.lI -0.OU'''5 0.0000207 -0.5""00 0.0001"2 -19 ... """ 0.00t'40' 0 ... 0.0000000 0.0000000 0.4)000000 0.0000000 0.0000000 0.0000000 

11.1. 0.00"520 0.0007071 0.1200IlJ 0.0056'61 '.'40U02 0.0.~2.U 
II ... 0.01l .. n O.002UU O. ""'21 0.0170 .. , 11.5U,lll 0.aJ.2'l' 
11.10 0.020'111 -0.002765' 0.'1'7". -0.OU646' l'.3&U

'
" -0.a7222,-

0.,. 0.015611' -O.oon." 0." ,,.11 -0.02J1300 21.16!"'5 -O.1 .. 2UO 
0." 0.07"122 -0.0001712 1.,63211' -0.0057857 '6.71",,117 -O.O.lIlO,' 

'"I r. II 
, .. ", 0.50 '.00 2.00 

.. • s(t) t 8(t) • a(.) 

-1.00 -1.6601979 0.001lU25 1.6363088 o.on8747 -,.".916& ·O.U ..... 
-O~" -0.77.6.116 O,OO'IIJU '.2Z88U5 0,010""5 .7 •• 7'UIZ2 -0.5020606 
·0.10 -0.262,:uO ·O.OOUIIOl 5.1.,'063 -0.001832' -t26.UU,.2 0.:1206572 -o.ro .0,onO'2' o.OO25eel 2.9).2525 -O.OO.'IZ" ·\58.11205.'. -0.2 •• 019. 
.0.60 0.07001" -0.0003261 O.9921Ul 0.00191102 -t

'
2,9IU'0. 0.0'.0997 

"O.SO 0.0661517 ·0.000'571 -0.U32510 0.0076'91\ -\'0.U~121. 0,11'065' 
·0 •• 0 0.05,,"0 -0.0000'33 -1.2704092 -0.01089116 -151,107"60 -0,2U6"a 
"0,10 0,000'116' 0.000U09 -1,501"" 0.00.,626 -124.6 .. IU. 0.0'726" 
·0.20 ·0,012tt01 0.000005' -1.25""10 0.000t0511 ·If.unU5 0.0017 .. 6 
-0.10 -0.010,"5 0.000017. "0,6111101111 O.OOOZ'15 .... 60113166 O.Oo .... s 
0.00 0.0000000 0.0000000 0.0000000 o.oooaooo 0.0000000 0.0000000 
0.01 0.00211193 0,000.'1111 0.1'002115 0.00.89111 11.'604557 0.15113705 
0,06 0.006.,UII 0,00t1116 0.U21U6 0,02'11733 26.92)12'11 ~."70'22 o.ao 0.01257" -0.002.11" 0,72591155 -0.0,e1597 .5.2ues'2 -0,.0,,,72 0.,. 0.02375U -0.0030611 1.10UOH -0.0.Z5150 ... .,6' ... ' -0.6'6026' 
0." 0.0551"" -0.000 •• 02 1.76652.0 -0.0101592 al •• u.,.. -0.15622,1 

,.11 ,. tJ 

'META 0.'0 1,00 2.00 

H • s(.) t 8(t) t I(t) 
·.,00 ·1,2'71519 -0.00'13'1 '.39"115 0.0701h2 ''',5''1 t61 -0."2621' 
-0.'0 -0.1603520 0.000690' 6.1n59l5 0.0'2'05. 50.' .... 92 -0.6ao06611 
-0.10 -0.15.9513 -0.002203' 6.11767,. -0.02537:16 -11 •• 21551'5 0.7108800 
-0,70 -0.1'.6217 0.0021311 ',5614791 O.OOUO'l -2"."2'13" -0."U06' 
·0,'0 ·0,0261269 -0.000"" 2,U92611 0.0006952 -:!IU •• 01I"15 O.alzn .. 
-0.50 0.0211\71 fOO.OOO ... , 0.195U\2 0.0016500 -,.".,,,.953 0.5'U575 
-0,'0 0.022'257 0.00024ee ·0.116696., -O.OIU'31 -UII,000,1I15 -0,6559212 
·0,10 0,0051'''' 0.000075. -, •• 6U'" 0.007iS'" ·176.062U92 0,2736715 
·0,20 -0.005630. 0.0000010 ••• unt51 0.000'''5 -''',''711526 o.OGS"." ·0 •• 0 ·0,0056'" 0,0000110 -0.7801911 0.000.'., -101.7870312 0.01,11.0 
0.00 0.0000000 0.0000000 0.0000000 0.0000000 0.0000000 0.0000000 
0,02 0,00125" 0.0001952 0.1600.56 0.0158389 20 •• 11 •• ,11 0.50619Z' 
0,06 0.00311'" 0.00,5157 0.11113776 0.0.,880. 61.579,526 1.lurl96' 
'.10 0.007571' -0.0020661 0.84'6296 -0.06165C12 10','2~1'''' -1,937IS,. .... 0.015761' -0.002"" ,.UII93., -o.oro •••• .ao.9n'276 . -2.117J111 
0,11 0.0."116 -0,000"S7 2.27.0323 -0.0 ... 115 ,0',60'1726 -O,51U.,. 
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TABLE ~. • VALUES or ·n,J AND S(·n,J) • 
'Sit •• II 

'"ETa O.~O 1.00 2.00 

H t 8(.) t sC.) • sCt) 
-1.00 0.""215 -0.020·11l - •• 530"1~ 0.106.7611 IIU't .9""90rt -0.0115.0] 
-0.90 -0.U5UU -0.00867]' -0.C2952" 0.08094107 561.ntlO719 -O.U"023 
-0.10 -0.2!tlOft21 O.OO!HII~ '.llt7 .. ,! -0.061190. ,OJ.78"OUO ,.5e'5es, 
-0.70 -0.16Inl1 -O.OOOU63 5.0U2636 0.0321101 -,.n.2UP719 -,.""0'6 
-0.60 -0.06"'60 -0.000tl83 J.6'9'U6 -0.00'666' -522.7175"2 O.U.h., 
·0.50 -0.0016501 -0.00056'1 1.51195'" 0.00]111]2 -"!J'.""5955 , ... n6n 
-0.'0 0.0111051 0.000311417 ·0.307163' -0.Ot5'11' -610.2111>"" -1.165031' 
-0.]0 0.0052635 -0.OOOOO~8 -1.]'263'1 0.009,,8\ -5911.""2606 0./10025\0 
·0.20 -0.0020976 0.0000025 -1.115U6*2 0.0002313 -.,II.02t9l81 0.016525' 
·0.10 -0.0030751 0.0000103 -0.11 71'8'6 0.000"2. -'2'.5"'61' O.O'''Ul 

0,00 0.0000000 0.0000000 O.COOOOOO 0.0000000 0.00110000 0.0000000 
0.02 0.00070*2 0.0003715 0.11006,.. 0.0237599 .6.0U]7 •• '.51i1'Ol~ 
0,06 0.0022126 0.00\ lU~ 0.5'65705 0.071,75. \38. 6509UO '.~U07']O 
0,10 0.tO'5251 -0.00t6219 0.9626~]' -0.0935'50 ,.]II.],IIUZI -5.129]'" 
0,11 0.010'U8 -0.00U515 1.5772621 -0 .1099573 H2.3'1l"'1 -6.1,97150 
0 •• 1 0.0)3:1159 -0.0009'11 2.91611151 -0.031 6366 "1.2786311} -,.51152119 

~SIlIO' Il 

'"UA 0.50 1.00 ,.00 

H • S(t) • s(.) t 1m 
-,.00 2.0252775 -0.01982]' -25.69101'0 0.052U21 3035.11111157J 1.01A6!>62 
-0.90 0.67110'10 -0.0120396 -10.511.07'3 0.01158521 202' • Irt 71" 0.7"29'0 
-0.'0 0.1032102 0.0067658 -0.7645'110 -0.090'181 970.52,0'7, 1.172.059 
-0.70 -0.0563271 -0.002n3116 ).720J'U 0.06]6997 111.5105'24 -J.38.09110 
-0.60 -0.05no" 0.000(,811. _.20JU76 -0.OOBZn5 -726.'200.9, 1.063'6,1 
-0.50 -0.015'')02 -0.0002615 2.521069. -0.005]21, -11'5.232'''6 1.6"151' 
-0 •• 0 0.0030272 O.OOOJaOI 0.,.'02" -0.011l151 -U70.n51355 - •• 9 •• 5U' 
-O.SO 0.0036')91 -0.0000131 -S.U'5I1U 0.01171156 -1~73.2501'" 2.2160320 
-0.20 -0.0005634 0.0000011 -1.'l0U'U O.OOO32I~ -'59.11 'UOJ 0.0.670 .. 
-0.10 -0.0016409 0.0000071 -0.'592010 0.00098211 -506.750,." 0.1280116 

0.00 0.0000000 0.0000000 O.COOOOOO 0.0000000 0.0000000 0.0000000 
0.02 0.000'914 0.000265' 0.2000.76 O .• ouu" ,02.4U4'12 1.3"0911 
0.06 0.0012UI 0.0001127) 0.~09l9" 0.10]0185 J08.40000n 11.10" .. 2 
0.10 0.0011A67 -O.OOI2ZU 1.0191'66 -0.1356375 5n.,.0.,04 • ... 7164031 
O.la 0.00619" -0.00,'5UO len99"7 -0.1'1165'4 773,"22\0, ·,t.5760130 
0.11 0.02571150 -0.000'010 J.73UUI -0.050'&12 11'2.,.5307, -4.6919'36 

"It •• 2J 

THE" 0.50 1,00 1.00 

H t Ih) • 8(t) • ." .. 8(t) 

-1.00 -0.5216650 0.000h22 0.121"50 0.0003121 JoU'U50 0.00OU2iii! 
-0.'0 -0.'5'1IJ51 0.00Q]110 0.J9116 .. O.OOOU 10 I.I'U'" o.ooonio 
·0.10 -0.2151763 ·0.0001305 0."alU7 -O.OOOUO, '.5,.123' -O.OOOUO!! 
-O.TO -0.09z",9] 0.000310] 0.6572.07 0.0001101 I.U?I,.r 0.0001101 
-0.60 0.0107'S5!! -0.00007U. 0.16075" -0.0000116 J.7,07555 -0.0000716 
-0.50 0.09."., -0.0002390 0 .... '367 -0.00015'0 I .... "., -0.000']90 
-0.'0 0.1595162 0.0001377 0.'0'5462 0.000U77 '.'0'546' 0.000U77 
-0.'0 0.2057'50 -0.00017.a 0.'~57550 -0.001'117 •• "tS~'''O -0.00017" -0,20 o.n .. ou ·0.0000053 0 ..... 08. -0.000005, ' ..... 0 •• ·o.ooooo~, 
-0.10 0.2"5960 ·0.0000210 0.997591' -0.00002'0 1."7"'0 -0.0000280 
0,00 0.2500000 0.00519.0 1.0000000 0.0051910 1.0000000 0.005.980 
0,02 0.1500265 0.001',,, ~.'000265 0.0047IJI '.000026, 0.00471" 0.06 0.2501121 0.0017295 1.000112' 0.00.,." 4.000ellt 0.004172.5 o.to 0.2545577 -0.00U8U 1.oon5" -0.00'51" 1.00."" -0.OOJ5'U 0,,1 0.Z6U6S7 ·0.0011"4 1.US36" -0.0027514 '.015!.57 -0.002751' 
0.11 0.2921703 -0.0001'7' 1.0U'70J -0.000 •• 74 '.0,,.70, -0.000 .. ,. 
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WILl }. - VALla fir •• ,J AID 8(· •• 3) • 

"" J. IJ 

TNlta 0.50 , .00 2.00 .. • 1(9) t S(t) t 8(t) ..... • ••• 1, • .,5 O.OOO5lU -'.Jl6"~' 0.00102'S 3.J7nao .. 0.a020~30 .'." ·O.""SI' 0.00016" -O.U'50n 0.000'110 I. 3U'''' 1 0.001866, ..... -o.In .... -o.ooe .. " -0,""181 -O.OOO"U ~.20"IU -0.001912' • •• r. -o.Jltopto o.ooo •• n -O.028lS79 o.OOO'JlO ~."'6.U 0.0018620 ..... -o.nltt.' -0.000'"' O.lInln -0.000223. 6.s .. nn -o.ooou,. ... tt ..... '.HO ... oon, .. 0.'''2100 -0.0007169 '.01U201 -O.OOllne ..... -o·'CI .. ' 0.0005066 0.U8U85 O.OOIOtJI 7 •• 5U,71 0.0020262 ..... 
'.' III' ~0.00016" 0.""651 ·0.000US2 7."*5'03 -0,0010703 ".1' '."I'U5 -0.0000079 0.n32251 ·O.OOOOl~11 7.'OU501 -0.0000:'16 ..... '.uun. -0.00006,. 0.tt27119 -0.000013 • 7 •• n57S11 .0,0001677 .... ",150000 0.00"'70 1.0000000 0.OU5"0 8.00110000 0.0311880 '.11 O.UIOI •• 0.0010100 1.000079. 0.OUI399 1.00111592 0.02827911 .... '.11126 .. 0.0070'.2 1.002"6' O.OUIII'S 8.0069'21 0.021131611 .... • •• U.I •• -0.0053720 I.OU"U -0.01076410 1I.02n663 -0.0210111111 0.,. ' •• UOU' -0.006UO, \ .0 .. 097\ ·0.00112602 11.092\"1 ·0.016'520!o ' .. ' ••• ~tJos~ -0.0007.61 1.1216.01 -0.00141923 I.U72217 -0.0029116 

"II h .J 

'MlfA o.SO 1.00 2.00 .. • 8(t) t 8(t) t 8(t) -.. " .0.'16"1' -0.0010710 -3.00952'5 O.OOOUIII -1.8n •••• 0.0066H9 "." .......... -0.0006696 -2.266916' 0.0007299 1.1760'13 0.0063212 -'." -0 •• 07.,11 0.000'211 -1.5667~51 -0.00105'1 5.0.,.7tA -0.007001. -0.'. -o.1I'09It -0.000\726 -0.Ull355 1).00122:18 7.8991173 0.0061097 
-0." -O.USIl51 -0.00000'1 -0.116)2') -0.000U07 In.JlO2rJ. -0.0016"0 -O.M -1.lUI.7. -o.ooouse 0.09641175 -0.0012112 12.2996777 -0.00'5125 
-0." -0.0161'17 o.ooonu 0,U.20', 0.00111"0 13 • .,803" o.oonlte 
- •• M -0.00 .. .,. -0.0002202 0.n66911 -0.0010219 1 •• 9.0:-111. -0.00'2U' ... " 0.0Itl"9 -o.ooooou 0 •• 0.7245 -O.OOOOS11 15.U60nl -0.000125. 
-o.ao 0.OSl900' -0.0000." 0.91155115 -0.0001673 15.962]Otll -0.000610' 0.00 O,062saOO 0.00""0 1.0000000 0.0111880 16.0000000 0.U61520 ','. 0.061S391 0.0070707 1.0001"2 0.0212806 16 .000'3611 0,1131201 0.06 0,0'17"0 0.007U7I 1.00"93' 0.0211.005 16.0100711 0.IU53l2 
'.10 0.06"610 -0.005"00 1.02111'2' ·0.02l5860 16.\0 .. ,,6 -0.0860502 
0,,1 0.0".5.' -0.00.,860 1.0925050 -0.016"':' 16.369011" -0.0 .. 3357 0 ••• ~,lI"510 -0.0001"1 1.2597673 -0.00]1126 17.0U'32' -0.0120661 

,IU I. IJ 

'NITA O.to 1.00 2.00 

.. • BCt) t 8(t) • B(t) 
-'.00 0,1171101 -0.00)512' -1.61"66' -0.00 •• 996 -1].5285952 0.0115312 
-0.'0 O.I.O'IU -0.002'516 -I. I'" JOI -0.0025706 -U.I25"" O.Olnltll 
-0,'0 0,010,6U 0.00,1'61 -2.5I6U99 O.OOUI" -1.9'~076' -0.0171001 
-0.70 -0.01S'''0 ·0.00120U -1.IOU.01 -0.0000117. 5.117260. 0.011 .... 
-0.60 -0.UI'516 0.00017a5 -1.01"169 -0.0002107 11 • ., .. 569 -o.oo.e991 
-0,10 -0.091UI7 0.0002"1 -0.12266., -0.0012766 19.IU9011 -0.0168910 
-0 •• 0 -O.os'"'' -0.0000361 0.1'01011 0.002UO. 2 •• 1519750 O.025UI' 
-0.10 eO.O ... ,.1 -0.000l0" 0.561119' -0.0015'" .18.'110111 -O.OU7912 
-0,10 0,0111'" -0,0000051 0.",."3 -0.0000502 30.755'''' -0.000'161 
-0.10 0.OIU'17 -o.oooou. O.97S9911 -0.0001715 JI,8077'" -O.OO22U' 
0,0' 0.0311500 0,006"75 1.0000000 0.0519100 11.0000000 0"""0' 
0.0' 0.01l1U2 o.oose.,s 1.000165' 0.067136, U.OOl'SII' 0.177012' 
'.06 '.OJlI'21 0.005970' 1.00U2\5 0.0.,,,2. 1I.061S7I5 0."8591' 
'.10 0.0170111 -0,00"215 t .0'57091 -0.03UOJa II.' .... U -0.21'6110 
0.11 •• 0111161 -0.00.07 .. 1.1551& II -0.0281011 U.lln"1 -0.222111,S 
~.l. '.~1!01! -0.000'_" 1.'-16309 -0.OO56tU J'.U507l. -0.0410' __ 
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TABU }. - VALUES ~ i'.,,, AIIJ) s('i.,,,) • 
'IU 6, 2J 

'"I:TA 0.50 1.00 2.00 

" • Set) • set) t aCt) 

-1.00 l.lIU~" -0.002a )60 -t.713Un -0.015 .. 71 ••••• '''''5 -0.00.7500 
-0.'0 0."9221' ·0.002UA5 -2.562201' -0.010566a -5'.0.611" 0.00.2." 
-0.10 0.311']00 0.002'211 -2 •• 7U2112 0.0077166 ~".21].n6 -0.02~0210 
-0.70 0.IISta9O -0.0015226 -1..U95610 -0.00aU'6 ·an • .,.7." 0.0'17100 
-0.60 0.00 .... 2 0.00026" -1.617U" 0.000'1 90 to.Ul.0n -0.01l~S20 
-0.50 .0.0'6'''0 0.000\116 -0."1'101 -o.ooo"e. 21.29UOa, -O.OUOI11' 
-0,'0 -0.0365915 -0.0001255 ·0.22HI7, 0.0023616 '1 •• nU56 0.0700'1" 
-0.,0 -0.017,,.1 0.0000)115 0.,.11J&6 -0.00,,712 5'.5111711 -0.0'99,.7 
-0.20 0.0020U6 -o,ooooau 0.170215. -0.0000716 60.271"20 -0.0012n' 
-0.10 O.OIU96' -0,00002'7 0."'0]91 -O.OOO'IU ' •• 42'U21 -0.00 ... 51 
0.00 0.0156ne 0,00l1li7 H 1.COOOOOo 0.0'79700 6 •• 0000000 I.UnaO' 
0.02 0.0156'" 0.00"215 1.00U.IO 0.070710. la.OOAI.es I.IUUOI 
0.0. o.ollaOn 0,00'5225 I.CU"41 0.0712965 ".1""" 1.13'''U 
0.10 0.01'9970 -0.00"262 1.0'''611 -0.0551'07 6,.0'!5U55 -0.16'.00. 
0.1' 0.0112027 -O.OOn46, 1.2""" -0.0451218 67.70642U -0.6760627 
0.11 0.0655245 -0.000'''51 1.6.,.0" -0.00 •• 00. ,. ... ,1617 -o.uroUI 

'111 7, U 

'HET' 0.50 1.00 a.oo 

H t s(.) • Set) t 8(,) 

-t.OO 0 ..... 70' O.OO"lIO l.nU5U -0.025'1'4, -"21.'0771" -0.16907,. 
-0.'0 0.U7", •• 0,0015702 0.04015U -0.020560) -,7,.'167600 -0.0""09 -0.10 0.)0310" -0.0001'" -1."15561 ft. 017161' -tI2.61,,2U 0.020716' 
-0.70 0.I6U106 -0,0005601 -2.16213" ·0.0117616 -61.0965)76 0.OJ7975' 
-0.60 0.0'16002 0.000tl02 -1." •• 137 0.00,70)2 -n.""., .. -O.oaHIU 
-0.'0 0.00'1129 0.000.,,0 -1.)81'111 0.002no. )O.IIOUtO ·0.0''''6' -0.40 .. 0.01'''1' -0.00042,. -0."US6' 0.0001", ".701.2726 0.176U2' 
-0.'0 -O.012nOI 0.00006 •• 0.1459684 -0.00212'1 .1 •• " •••• -0.106 •• ,. 
-0.20 -o.ootu.r -0.000001' 0.6821'22 -0.0000'" U'.''',*,O -O.OOU'" ·0.10 o.OOUU' -0.00001'6 0 .... 76.2 -0.000'''0 lI6.'.U60) -0.0116132 
0.00 0.00raU5 0.00"112 1.0000000 0.10''''0 tI8.0000000 '.49l0' .. 0.02 0.0011299 0.0030964 1.0005'" 0.09900.8 12'.0171110 '.1"556) 0.06 0.001J6U O,OOU012 1.01750" O.tOOU'1 12'.55 •• ,6. ).1 .... ,.0 
0.10 0.01011'" -0.0021U7 1.(166).' -0.078"'0 tlt.01O,7" -2.U'10,5 
0.1' 0.0"219' -0.002961' ,.SU60S1 -0.066'.62 1'1 •• ,,1"1 ·1.9115505 
o.t. 0.0&11520 -0.000.,,0 1.9905,0) -0.0150590 "'.UJI"4 -0.)1'03111 

,SI( hU 

T"'" 0.'0 '.00 1.00 

" .. I(~) • .(t) t 1(,) 

-1.00 .0.7""22 0,010"" •• OU.02' -0.01'0070 ••• •• U.157l ··0.109a,aO 
·0 •• 0 .0.157650' 0.00stU6 a.15S71'1 -0.012lUI ·,a'.II"OO. .0''''5511 -D.IO 0.0'01951 -0.002"" 0.110'21' 0.0,.14', ·"' •••• 1 ••• 0.3165924 ·0.1'0 O.O,,.a,, 0.0010005 -1.15a'''' -o.oao."o ~1).'lua" .0.094101' 
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}. Exa1ll,Ples of Families of FlO\i Patterns in the H,e and Pb,ysical 

Planes. 

In this section ve construct a number of examples at particular 

solutions of equat10n (2.5) 1n the H,B plane and ve show how to obtain 

the corresponding flows in the physical plane. 

In order to transform a solution from the H,9 plane to the p~slcal 

plane ve make use of the relations 

x = J[<t-f-l)COS e, _ ~ , JdV + [cos e t _ ~ ... ]da 
2 a pv v p v pv a 

pv 

=J[(~-1)S1n B, + ~']dV + [s1n 6 t + ~ .. ]dB Y 2 e pv v p v pv a 
pv 

We observe that l'ydv + 'adB = 0 along a stl'eaml1ne. Hence when COlD­

puting a streamline V(x,y) = constant, if we integrate elona the stream­

line, the transformation equet10ns (}.l) simplify to 

x = J~ (~ -1 t dv + .. de] 
p 2 B v 

y 

We note that if the Jacobian of this transformation .Y8Dlshes at any 

point the transformation fails to be one-to-one in a ne1Shborhood at such 

a point and the flow may have no physical significance in the neiahborhood. 

See e.g. [6, p. 17] or [13, p. 311ft.]. 
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The following five particular solutions of the equat10n (2.5) were 

:2nvestigated: 

'):(1) _:y. :Y. ':Y. 
, - 5 '1,1 + T5,1 + '4,2 

1(2) = 5 ll11 + '4,1 + '3,2 

,(3) = 5 11,1 + '4,1 + W4,2 

w(4) = 5 '1 1 + ~2 1 + '3 1 + 'l\ 1 + l4 2 
I , , I , 

Table 4 gives sets of points in the H,e plane at which these solutions 

assume certain chosen values. The corresponding values of X,Y in the 

physical plane are also given in this table. The streamlines are drawn 

in both the hodograph or v, 9-plane and in the physical plane in Figures 

] -5-

As noted above the transformation from the H, a-plane to the 

physical plane may fail to be one-to-one. Consequently the flows 

represented by the above streamfunctions correspond to physically possible 

flows only in certain subdomains. This explains why some of the stream­

lines drawn intersect. It should also be observed that not all of the 

intersections of the streamlines with the sonic line (shown as a dotted 

line) correspond to transitions between subsonic and supersonic flow. 

Those intersections which do correspond to such transitions are indicated 

on the figures. 
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