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An NQTHM Mechanization of

“An Exercise in the Verification of Multi-Process Programs”

Misao Nagayama Carolyn Talcott
Stanford University St anford University
misao@cs.stanford.edu clt@sail.stanford.edu

1. Introduction

This report presents a formal verification of the local correctness of a mutex algorithm

using the Boyer-Moore theorem prover [ 1, 2]. The project arose out of a challenge given by
Amir Pnueli, in a lecture at Stanford, to obtain a computer checked version of a proof of

correctness presented in the lecture (cf. [4]).

The mutex algorithm is the following.

mutex : flag : array[l..n]of 0..4 where flag[l..n]=0

PJ|J...[| P[n]

where each process Pi], <i: < nm, is given by:

localj : [1..n]wherej = 0

lo loop forever do

begin

ly : Non Critical

ly : flag] = 1

[3 : wait until Vy : 1 <j <n: (flag [j] < 3)

Is if 3j : 1 <j <n: (agljl]=1) then

begin

lg :flagli] := 2

lz wait until 35: 1 <j <n: (flaglj] = 4)

end

ls : flagli] == 4

lg : wait until Vj: 1 <j <1: (flaglj] <2)

[1p :Critical

li; :wait until Vj: 0 <j <n :(flaglj] <2 Vv flaglj] > 3)

l12 :flagli] == 0
end

The correctness property to be proved is the mutual exclusion property that at any given

time in the execution of mutex at most one process is executing the statement [1g. The proof

method of Manna and Pnueli is to first extract from the program a set of states and induced
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transition system. One then formulates correctness in terms of invariants-properties that

must hold of states reachable from the initial state via any sequence of allowed transitions.

Using the INV rule of [4 &ckngcorrectness is reduced to checking local invariance, i.e.
that the initial state satisfies the invariants and that all allowed transitions preserve the

invariant s. As usual with inductive proofs, to prove the mutex property it is necessary

to analyse the transition system and discover a stronger invariant that implies the mutex

property. There are two variants of the proof. In the first (atomic) variant, compound tests

involving quantification over a finite set, for example (l3), are viewed as atomic operations.
In the second (molecular) variant, this assumption is removed, making the transitions and

proof somewhat more complicated.

Our formalization follows closely the proof given in [4]. We proceed as follows. We first
define a representation of states, the transistion relation, and the invariants to be proved in

the Boyer-Moore logic. The original Manna-Pnueli proof was formulated in terms of finite

sets. This led to a concise and elegant informal proof, however one that is not easy to

mechanize. Thus we use a dual isomorphic representation of program states based on finite

sequences. Then we outline the formal proof of each invariant, making explicit the case

analyses, assumptions and properties of operations used. The outline served as our guide

in developing the formal proof. What was required was to figure out how to state each

lemma in the Boyer-Moore logic. Most lemmas are presented in the form A; 4 ...4 A, — B

as that is the form required by the theorem prover for rewriting, and is the most natural

form for communicating with the theorem prover. There are, however, still a number of

technical difficulties in writing lemmas provable by the theorem prover. They are mainly

due to difficulty in controlling the rewriting process that is inference engine of the theorem

prover. This is done by use of hints, and controlling the set of rewrite lemmas available for
consideration.

The remainder of this report is organized as follows. In section 2. we present our
formalization of the atomic variant and section 3. contains our formalization of the non-

atomic variant. The complete formal proofs (input to the Boyer-Moore prover) appear as

appendices. The proof outlines include names of the corresponding events (lemmas) used in

the Boyer-Moore proof and are intended to serve as a reading guide for the fully formalized

proof. Event names have been chosen systematically to reflect the lemma, case, or property

being proved. Some comments on formalization techniques, difficulties, and alternatives are

included as comments in the theorem prover input.

The Boyer-Moore logic is a quantifier-free first-order logic of tree structured data and

functions defined by recursion on well-founded orderings. Properties are represented by

boolean valued functions, and existential statements must be represented using functions

that compute the quantity claimed to exist. A proof is a sequence of events. The events

of interest here are definition events and prove-lemma events. Lemmas are proved by using

propositional reasoning, rewriting, and induction on well-founded orderings. The user may

provide guidance in the form of hints for prove-lemma events. The Boyer-Moore prover is

implemented in Lisp and uses Lisp notation. We present several definitions and lemmas first

in ordinary mathematical notation, then in the Boyer-Moore notation. For more details we

refer the reader to [1, 2].
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2. Formalization of the Atomic Variant in the Boyer-Moore Logic

2.1. States-Atomic Case

We let Locs be the set of program counters, Flgs be the set of flag values, and for n

a positive integer, N,, is the set of positive integers less than or equal to n. An n process

state is a pair (I, ¢) such that ![ maps N, to Lors-Z(i) is the location (pc) of process 2, and
g maps N, to Flgs—g(2) is the flag value of process ¢. Ws[n] is the set of n-process states.

Locs ={0,...,12)

Flgs = {0,1,2,3,4}

N, ={1,...,n}

Ws [n] = [N, — Locs] x [N, — Flgs]

We let n denote the number of processes. We will use ¢, j, k to range over N,, and [, I’, . . .
to range over location maps, and g, ¢’, . . . to range over flag maps.

In the Boyer-Moore logic, finite sets are represented as lists and the membership relation

is represented by its characteristic function member. Thus N,, Locs, and Flgs are represented

as particular lists of numbers. Maps from N, are represented as lists. Application is
represented both as a relation at and as a function nth. Updating is accomplished by

move. We also define various forms of bounded quantification. Letting [ be the function

represented by 1, s be the set represented by s etc. we have (at 1 1 k) is true iff (equal

(nth 1 1) k) is true iff Zi) = k. (move 1 i k) represents the function | modified to have
value k at :. (union-at-n 1 i s) is true just if Z(i) € s and (all-union 1 n 8s) is true

just if (V2 € N,)(I(2) € s). (exists-union 1 n s) returns some ¢ € N, such that Z(i) € s,
if such an 2 exists, and returns false otherwise. Thus states are recognized by the function
WS.

(defn ws (n1lg)
(and (numberp n)

(listp 1)

(listp g)
(equal (length 1) n)
(equal (length g) n)
(all-union 1 n (01 23 4567 89 10 11 12))

(all-union gn (0 1 2 3 4))))

The initial state (init , init) has each process at location 0 with flag value O.

2.2. Transition Relation-Atomic Case

A transition is the execution of a local transition (statement) by one of the processes.

The local transition relation p and the global transition relation R corresponding to the

mutex program with quantification treated as an atomic operation are defined as follows.!

1 Although the number of processes is fixed, we include this as an explicit parameter of the transition
relation and invariants to avoid having a free variable in the definition bodies. An alternative would be to
introduce a constant, constrained to be a number, but otherwise uninterpreted.
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Definition (transitions):

Rnl(l,9,1, ¢') © (3 € No)p[nl(i, Lg,U's 9)

p[n](e, 1,91 9") © \V pcln](i, 1,9, 9")
ceC

where C = {0, la, Ib, 2,3a, 3b, 4,5a,5b,6,7a, 7b, 8,9,10, lla, 1b, 12) and the component
transitions pc[n](¢, 1, g, I', g) are defined by

po[n](3,0,9,0',9") & ZG) = 0 Ag = g Al' = I{i := 1}

p1aln](i,0, 0,09") © Zi) =1 Ag =g Al =1

pv[n)(i,0,9, go (i) =1 Ag =g Al' = {i := 2)

pa[n)(i,1,9,0, 9") 1()=2A g' = gi := 1}AI' = I{i := 3)

p3aln](i,1,9,0',9") © 1(i) = 3A d3[n](l,g)A g' = ¢ Al'= {i := 4)

pab[n](2,0,9,U',9") &1(1)=3 A —~¢s[n](l,9) A ¢' = g Al'= 1

¢3[n)(l,9) < (Vj € Npu)(9(4) # 3 A g(4) # 4) & (V5 € No)(g(5) € {0,1,2})

pa[n](e,1,9, g"Yel(i)=4A g = g{i :=3) Al =1{i:=5)

psa[n}(i,1,9,0',9") & 1(3) = 5A ¢5[n)(l,9)A g' = g Al'=I{i := ©)

psbln)(i,1,9,0, 9") 1(1)=5A —~¢s[n](l,g)A g = g Al'= I{i := 8)

¢s[n)(l,9) & (37 € Na)(g9(j) = 1)

pe[n](,0,9,0',g"Yol(i)=6A g =g{i :=2} Al' = {i := 7}

praln)(i,0,9,0',9")& 1(3) = TA é7[n](l,g)A ¢' = ¢ Al" = I{i:= 8)

pron)(3,1,9,0',9") I())=TA =¢7[n)(l,9)A ¢' = g Al =

¢r(n)(l,9) © (35 € Nu)(9(J) = 4)

pe[n](i,1, 9,0, g") &2()=8 A ¢' = gli: = 4) Al'= l{i:= 9}

poa[n](i,1,9,1',g")& 1(i) = 9 A ¢o[n](l,9)A ¢' = ¢ Al = I{i := 10}

pob[n](1,1,9,U',9") &1()=9A ~do[n](l,g)A g = g Al'=1

doln)(3, 1,9) & (Vj € Ni)(g(y) € {0,1})

pro[n](i,1,9,l',¢")(1) =10A ¢'= g Al' = I{i := 11}

p11a[n](3,0,9,0, 9") 1(4) =11A du[n)(l,g) Ag = g Al'= {i := 12)

piin[n)(i,1, 9,1, gD)=11 A —d11[n](l,9)A ¢' = g A I'= 1

é11[n](i,1,9) © (Vj € Np — Nip1)(g(4) # 2 A 9(4) # 3)

& (Vj € Nai < j= g(j) € {0,1,4})

p12[n](¢,1, 9,1, 9") 1(i)=12A g' = g{i := 0} Al' = l{i := 1}
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Representation of the transition relation in the Boyer-Moore logic is a direct translation of

the above definition. For example, letting 1p represent !’, etc., the components 2, and 3b
are given by:

(defn rhoi2 (n i 1 g 1p gp)
(and (at 1 i 2)

(equal 1p (move 1 i 3))

(equal gp (move g 1 1))))
(defn rhoi3b (n 1 1 g 1p gp)

(and (at 1 i 3)

(equal gp §)
(equal 1p 1)
(exist—-union g n ’(3 4))))

A key property of the transition model is that each transition involves only one process.

Since the flag for each process can only be modified by that process we have the following
useful lemma.

Lemma (rho!):

Wsn](l,g) A j. k € No A p[nl(k, Lg, lg") NiF k= 27) =U) Ag) = 9'())

This lemma is conveyed to the Boyer-Moore theorem prover using the prove-lemma com-

mand as follows. To facilitate use of the lemma as a rewriting rule the two conjuncts of the

conclusions are presented as separate lemmas.
(prove-lemma l-rholemma (rewrite)

(implies (and (ws n 1 g)
(memberj (nset n))
(member k (nset n))

(thoi n k 1 g 1p gp)
(not (equal k j)))

(equal (nth 1 j) (nth 1p j))))
(prove—-lemma g-rholemma (rewrite)

(implies (and (ws n 1 g)
(member Jj (nset n))
(memberk (nset n))

(thoi n k 1 g 1p gp)
(not (equal k j)))

(equal (nth g j) (nth gp j))))

2.3. Invariants-Atomic Case

We say that a state is accessible if it can be reached from the initial state by a finite

number (possibly zero) of transitions. The goal is to prove that in any accessible state at

most one process has location 10.

(Vi, JeNR)(I(i)=10A1 #j = 1(j) # 10)

To do this we prove a much stronger invariant composed of three parts. The first part says

that transitions preserve the property Ws[n](l,g) of bemgan n-state. In a strongly typed
world this is a consequence of typing (and can’t even be directly expressed), but in most

theorem provers it will be necessary to verify something depending on the representation

of the sets Locs, Flgs, N, and the finite maps from N, to Locs and Flys.
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In the second part the possible flag values at each program point are analyzed. This is

expressed by the invariant Lg.

Definition (Lg):

Lgi(i,l,g)& 1(2)=0A g(i) = OV

7(i) =1A g(i) = 0V

7(i) = 2 Ag(i) =0V

7(i) = 3 Ag(i) = 1V

Z(i) = 4 Ag(i) = 1V

(1) =5 Ag(i) =3V

Z()=6A ¢(i) = 3 V

I(i)=7 Ag(i) =2V

I(i)=8 Ag(i) =2V

I(i)=8 Agi) =3V

(2) =10 A g(i) =4V

[(7) =11A g(i) =4V

(1) = 12A g(i) = 4

This definition has a direct representation in the Boyer-Moore logic. The third part contains
the main invariants which refine the mutex constraints.

Definition (Atomic Invariants):

Ao[n)(l,9) & (Fi € NL )(I(3) € {8,.. . ,12}) = (Vi € N,)(I(i) # 4)

An], 9) & (Fe NIG) es... ,12}) = Bie No) € 8... .,12} A g (8) € {3,4}

As[n](l,9) & (Vi € No)(Vk € N)(I(3) € {10,11, 12}= I(k) & {5,.. . ,12})

As[n](l, 9) (Vike N,)(I(1)=12A Z(k) € (5,. . . ,12} = g(k) = 4)

From A, we conclude the desired mutex property.

(Vi, k€ No)(l(2) = 10 A Z(k) = 10 => k =i)

The representation of these invariants in the Boyer-Moore logic is given by the following

definitions, where the invariants with universal quantifiers are reduced to predicates with

free-variables (which are implicitly universally quantified in the Boyer-Moore logic). To

represent Ag we note that Ag [n]( I, g) is logically equivalent to

(Vk € No)((F1 € No)(U(2) € 8... ,12}) = Z(k) 7 4).

The universal quantifier is represented by the free variable k and the existential quantifier

is expressed by the predicate (exist-union 1 n ’ (8 9 10 11 12) ) which is defined by
recursion.
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(defn a0 (n 1 k)

(implies (and (memberk (nset n))
(exist-union 1 n ’(8 9 10 11 12)))

hot (at 1 k 4))))

To represent A,, the two existential quantifiers are expressed by predicates defined by
recursion.

(defn al (n 1 g)
(implies (exist-union 1 n ’(8 9 10 11 12))

(exist-intersect-8-12-3-4 n 1 g)))

If (z(i) € {10,11,12} = Z(k) & (5,. . ., 12)) is ¥(¢, k,1), then

A2[n](l,9) & (Vi € No)(Vk € N)¥U(i, k).

a2-at-n1-n2 (n1 n2 1) below expresses ¥(nl,n2, I). We obtain A, from a2-at-ni-n2
via a2-at-n2 by two recursions on nl and n2, each of which corresponds to a universal

quantifier.
(defn a2-at-ni-n2 (nl n2 1)

(if (union-at-n 1 nil {10 11 12))

(not (union-at-n 1 n2 (6 6 7 8 9 10 11 12))) TY)

(defn a2-at-n2 (nil n2 1)

(if (zerop n2) T

(if (not (lessp n2 ni))
(a2-at-n2 nl (subl n2) 1)

(and (a2-at-n1-n2 nl n2 1)

(a2-at-n2 ni (subi n2) 1)))))

(defn a2 (ni n2 1)

(if (zerop ni) T

(and (a2-at-n2 n1 n2 1)

(a2 (subl ni) n2 1))))

Si.milarly we obtain Aj.
(defn a3-at-ni-n2 (nil n2 1 g)

(if (and (at 1 ni 12)

(union-at-n 1 n2 (5 6 7 8 9 10 11 12)))

(at g n2 4) T))

(defn a3-at-n2 (n1 n2 1 g)
(if (zerop n2) T

(and (a3-at-n1-n2 nl n2 1 g)
(a3-at-n2 ni (subl n2) 1 g))))

(defn a3 (n1 n2 1 g)
(if (zerop nl) T

(and (a3-at-n2 nl n2 1 g)
(a3 (subl ni) n2 1 g)))))

2.4. Proving the Invariants-Atomic Case

According to the Manna-Pnueli proof rules, to prove invariance of some property

Iln](l,g) it suffices to prove

(i) I[n](linit, init), and

(ii) 1In](, 9) A Rn], 9,1, 9") = I[n](I'; ¢')

From the definition of RR it is clear that it suffices to prove
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ii’) I[n](l,g) A k € Ny A plnl(k, Lg,0, ¢') = I[n](V, ¢)

For our case [I is the conjunction of the three parts.

We focus on the proof of (i1i’). We assume

(ws) Ws[n|(l, g)

(Ig) Lg[n](i, 9)

(a0) Ao[n](l,9)

(al) Ain], g)

(kh) k € N,

and prove each of the conjuncts of I[n]( I’, g’). Since the Boyer-Moore logic is quantifier-
free, we cannot directly express the quantified invariants in the hypothesis. We note that

when proving a formula of the form @Q(I,1") A (V7)P(5, I) = (V7)P(4, U') it suffices to prove
QULINA P(ji,)A. . . A P(ju, 1!) = P(j,I'). Thus in for each quantified invariant we
submit to the Boyer-Moore prover a suitable lemma of the latter form. In the case analyses

for the main invariants we include a list of names of the main Boyer-Moore events for each

case. The indentation indicates dependence in outline form-each lemma depends on those

of lesser indentation listed just above it. Note that these events follow the informal outline

quite closely.

Proving Ws[n](l';g’) The proof for Ws is straightforward. The corresponding Boyer-
Moore event is

(prove—-lemma rho-preserves-ws (rewrite)

(implies (and (ws n 1 g)
(member k (nset n))

(rhoi n k 1 g 1p gp))
(ws n 1p gp))

( (use (lm-rho-preserves-ws))))

Proving Lg/n] (I’, g) The proof for Lg is also relatively simple straighforward. The
corresponding Boyer-Moore event is

(prove—-lemma rho-preserves-1g (rewrite)

(implies (and Cus n 1 g)
(member k (nset n))

(thoi n k 1 g 1p gp)
(gn 1g)

(1g n 1p gp))
((disable rhoi0 rhoila rhoilb rhoi2 rhoi3a rhoi3b rhoi4 rhoiba rhoibbd

rhoi6 rhoi7a rhoi7b rhoi8 rhoi9%a rhoi9b rhoil0 rhoiila rhoiiibdb

rhoil2)

(enable rhoi)))

Proving Ao/mj(l',g’) We further assume
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(a0h) (Fie No)(I'(5) € 8... .,12})

and show (Vj € N,)(I'(j) # 4). Thus we assume

(jh) J € Ny

and show Z’(j) # 4. Let i' be a witness for (ah). Thus

(iph) i'eN,Al'(ip)e 8,.. . ,12}.

We consider two cases.

Case (i): (Je € N,)(I(2) € (8,..., 12)). Then j # k => Z’(j) # 4 by (i), (tho!), and (a0).
If Z'(k) = 4 then by definition ofp Z(k) = 3 and —¢3(g), i.e. (Vi € N,)g(j) € {0,1, 2}),
which contradicts (al) and (1).

int-8-12-3-4-then-un34

day-1ckd

Jj—eq-k-18-112-nonemp

J-neqg-k-18-112-nonemp

18-112-nonemp

Case (ii): (Vi € Nnl(:)¢ {8,...,12)). Then i’ = k by (rtho!), (ih). By definition of p
Zk) = 5 and —¢s5 or Z(k) = 7 and ¢7. But ¢7 = (Ii € N,)(g(i) = 4) contradicts (Ig) and
(ii) and ~¢5 = g(j) # 1 = 1(j) # 4 by (lg).

exist-18-12

ex-1p8-12-in-1p8-12

k-in-1p8-12
k-not-in-18-12-then-157

J—ex-18-12

k—-1in-157

ex—-k-1in-157

J—ex-18-12

ox-1p8~12-in~1p8-12
exist-18-12

cond-rhoib

k-in-1p8-12
ex-cond-rhoib

cond-rhoi?

k-in-1p8-12

ex-cond-rhoi7

ex-1f4

15-only-1p8

lp4~-then-un34

Jj-neg-k-j-not-in-1p4

Jj—eq-k—-J-not-in-1p4

lp4-empty

134-empty
18-112-empty

Lao

The corresponding Boyer-Moore event is
(prove-lemma rho-preserves-al ()

(implies (and (ws n 1 g)
(memberJj (nset n))
(member k (nset n))

(rhoi n k 1 g 1p gp)
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(1g n1 g)
(a0 n 1 3)

(al n 1 g))
(a0 nlp j))

( (use (18-112-nonemp) (18-112-empty))))

Proving Ap [n](l’,g) We further assume

(alh) (Jie N)(I'G)E S.. ..,12})

and show (37 € Np)(I'(7) € 8... ., 12) A g’(j) € {3,4}). Thus we want to find some j’
such that (I'(j') € 8,. . .,12} A ¢'(j') € {3,4}). Let i’ be a witness for (alh). Thus

(iph) 7€ N, A U'(zp)€ (8. ..,12}

Again we consider two cases.

Case (i): (3i € N,)((2) € (8,. . ., 12)). Then by (al) we can choose j € N, such that
I(7)€e{8,..., 12) A g(j) €{3,4}. Ifj# k let j' = j and we are done by (rho!).

int-wtn

intersect-8-12-3-4-then-8-12

intersect-8-12-3-4-then-3-4

un8-12-and-un34-then-int

int-k-not-ex-int

intersect-8-12-3-4-then-8-12

al-k-not-in-18-12-nep-18-12

Ifj=kand Zk) € (8. .., 11} let 3' = j and we are done by definition of p.
if4

lp4-then-un34

Im-al-k-in-18-ii-nep-18-12

un8-12-and-un34-then-int

int-wtn

al-k-in-18-11-nep-18-12

Ifj = k and Z(k) = 12 then Z'(k) = 1 and k # i’ and g(¢') = ¢'(?') = 4 by (a3) and
(rho!).

k-in-1p9-12-or-1p8

un8-11-then-unb-12

1p9-12-k-in-18-11

k-in-1p9-12-then-15-12
unb7-then-unb-12

1p8-k-in-157

k—-in-1p8-then-15-12
k-in-15-12

un8-12-then-unb-12

k-neg-ex-1p8-12-in-15-12

ex-1p8-12-then-15-12

ex-1p8-12-in-gp4

ex-1p8-12-not-in-1p0
k-1in-1p0

k-not-ex-1p8-12

lp4-then-un34

ex-1p8-12-in-1p8-12
Im-al-k-in-112-nep-18-12

un8-12-and-un34-then-int

int-wtn
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al-k-in-112-nep-18-12

imi-al-nep-18-12
a3-ex-a3-at-ni-n2

Im-al-nep-18-12

al-nep-18-12

Case (ii): (Vi € Np)({(¢) € 8... .,12}). Then #' = k by (rho!) and (ih). By definition
of p either Z(k) = 5 and —¢5 or Z(k) = 7 and ¢7. Z(k) # 7 since ¢7 contradicts (Ig) and (ii).
Thus we take j' = i’ and note that gk) = g'(k) = 3 by (lg) and definition of p.

gp-rhoib

k-in-1p8-12

1g-15-g3

ex—-gp-rhoi

ex-cond-rhoi7

ex-1f4

k—1in-157

gp3-then-un34
exist-18-12

k-in-gp34

ex-1p8-12-in-1p8-12
un8-12~and-un34-then-int

exist-18-12

int-wtn

al-ep-18-12

rho-preserves-al

Cai

The corresponding Boyer-Moore event is
(prove—-lemma rho-preserves-al 0

(implies (and (ws n 1 g)
(member k (nset n))

(thoi n k 1 g 1p gp)
(1g n1 g)
(alin 1g)
(a3 nn lg)

(ali n 1p gp))
((use (al-nep-18-12))

(use (al-ep-18-12))))

Proving Ay [n](I',g’) We further assume

(a2h) i,jEN, Aj < iA Z@G)e€ {10,11,12}

and show Z(G) € (5,. . .,12}. We consider cases according to the relation of i, j, k

Case (i): i,j # k follows by (a2) and (rho!).
lm-i-j-neqg-k

az2-i-j=-a2-at-ni-n2

1-J-neqg-k

Case (ii): i # k j = k Then Z(@{) = Z'(i) € {10,11, 12) by (tho!), Z(k) & (5,. . ., 12) by
(a2), I(k) # 4 by (a0), and by definition of p we are done.

k—-in-1p5-7-not-14-then-15-7

unb5-7-then-unb-11

k—-in-1p5-7-or-1p8-or-1p9%-12

unb7-~then-unb5-11
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1p8-k-in-157

k-in-1lp8-then-15-11

1p9-12-k-in-18-11
un8-1i-then-unb-11

k-in-1p9-12-then-15-11

k-in-1lp5-7-then-15-11
k-in-15-11

unb-11-then-unb-12

k-not-in-14

un10~-12-then-un8~12

k-not-in-1p5-12

Iml-i-neg-k-j-eq-k

lm-i-neg-k-j-eg-k

a2-i-j-a2-at-ni-n2
i-neg-k-j-eq-k

i-neqg-k

Case (iii): j # k i = k. Then Z(k) € {9,10,11} by definition of p. If Z(k) € (10, 11} we

are done by (a2) and (tho!). If Z(k) = 9 then ¢o(n](¢, {,9), ie. (Vi € N;)(g(y) € {0,1}) and
we are done by (lg).

phi9~j-in-g01
if1

case-k-in-phi9

uni0-1i-then-uni0-12

case-k-in-110-11

k-in-110-11-or-phi9
Iml-i-eg-k-J-neq-k

lm-1-eq-k-j-neg-k

a2-i-j-a2-at-ni-n2
i-eg-k-J-neqg-k

i-eqg-k

rho-preserves-az

Laz

The corresponding Boyer-Moore event is
(prove-lemma rho-preserves-a2 ()

(implies (and (ws n 1 g)
(memberk (nset n))

(memberi (nset n))

(memberJj (nset n))

(rhoi n k 1 g 1p gp)
(lessp J 1)
(1g n1 g)
(a0 n 1 k)

(a2 nn 1))

(a2-at-ni-n2 i j 1p)
( (use (i-neq-k) (i-eq-k))))

Proving As/nj(l',g’) We further assume

(a3h) 1L,jEN,AZ(i) = 2A Z (j) € (5,...,12)

and show g’(j) = 4. We consider cases according to the relation of i, J, k

Case (i): 1, j # k follows by (a3), (tho!).
lm-a3-1-j-neqg-k
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a3-i-j-a3-at-ni-n2

a3-i-j-neq-k

Case (ii): 1 =] follows by (lg).
1f4

1l12-then-un9-12

Im-a3-1-j-eqg-k

a3-i-j-a3-at-nl-n2

a3-1-j-eq-k

Case (iii): 1 # k j =k Then Z(k) € {4,5,. . ., 11} by definition of p and (a3h), and
Z(i) = Z'(i) = 12 by (rho!). Z(k) # 4 by (a0) and g(k) = 4 by (a3). Thus Z(k) € {9,10,11}
by (1g). Zk) € {9,10,11,12} and g'(k) = 4 by definition of p.

unS-11-then-unb-12

k-in-15-1i-g4-then-19-11
Im-k-1in-19-11

112-then-un8-12

k-in-15-11

k-in-19-11

k-in-1p9-12
1f4

Iml-a3-i—-neg-k-j-eqg-k

lm-a3~i-neq-k-j-eq-k

a3-i-j-a3-at-nl-n2

a3-1-neq-k-j-eq-k

a3-i-neq-k

Case (iv): Jj # k, i = k. We need only show g(j) = 4. By (a3h) and definition of p,
{(i) = 11 and ¢u1[n](3,0,9), ie. (Vi € Np — Nip1)(g(d) # 2 A 9G) # 3). IJ) = I'(J) €
(ey. .-5 12) by (tho!). If Z(j) € (9,. . . , 12) then g(j) = 4 by (lg). If Z(G) € G,. . .,8} the
g(7) € {2,3} so j< ¢, which contradicts (a2).

k-1t-7

phill-Jj-not-in-g23

Iml-j-not-in-g23

l1ii-then-uni0-12

cond-rhoill

lm2-j-not-in-g23
a2-n-a2-at-n2

j-not-in-g23
if4

15-12-eq-15-8-0r-19-12
if3

j-in-g4

a3-j-in-15-12
k-in-111

lmi-a3-i-eq-k~j=-neq-k
lm-a3-1i-eg-k-J—-neg-k

a3-i-j=-a3-at-ni-n2

a3-i-eq-k-j-neq-k

a3-i-eq-k
rho-preserves—a3

Clas

The corresponding Boyer-Moore event is
(prove-lemma rho-preserves-a3 ()
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(implies (and (ws n 1 g)
(member k (nset n))

(member 1 (nset n))

(member j (nset n))

(thoi n k 1 g 1p gp)
(gn 1 g)
(a0 n 1 k)

(a2 nn 1)

(a3 nn lg)
(a3-at-n1i-n2i j 1p gp))

((use (a3-i-neq-k) (a3-i-eq-k))))

3. Formalization of the Molecular Variant in the Boyer-Moore Logic

In the molecular case, we introduce an additional map Ah, called a counter map. If a

condition at location Z(i) given by a universal or an existential sentence, which is involved

the states of all processes, then it is no longer evaluated in one transition. In each transition

the truth of such a sentence is examined for only A(:¢)’s process. Thus an n-process state
is a triple (I, g, h) where (/,g) is as for the atomic case, » maps N, to N,y1—h(7) is the
counter value of process i, and Ws™[n] is the set of n-process states.

Ws™[n] = [N, — Locs] x [N, — Flgs] x [N, = N41]

We fix the number of processes n, and we will use i, j, k to range over N,, and I, l', . . . to
range over location maps, and ¢,¢’, . . . to range over flag maps, and h, h’, . . . to range over
counter maps.

3.1. Transition Relation-Molecular Case

The transition relation for molecular case corresponding to the mutex program is
defined as follows.

Definition (transitions for molecular case):

R™[nl(, 9,1, 9") & (3 € No)p™[n](i, 1, 9, bh, U's 9, I)

p"[n)(i,1, 9,h,lg", Rh) & \ pc [n)(é,1,9, h, 1 g's 1)
ceC

where C = {0, la, 1b,2, 3a, 3b,4, 5a, 5b, 5c, 6, 7a, 7b, 8,9a, 9b, 10, lla, 11b, 12) and the com-
ponent transitions p7*(n](7, I, g, h l', g’ h’) are defined by

psn],9, hg" Bh) © I(i)= 0A g=gAR=hAl'=s {i :=1)

pli[n](i,1, g, hI, gh) Z(i)=1Ag =g AR=hAl=1

piulnl(i,lg, hl gh) Zi) =1A g = g Al=hAl=1l{1 = 2)

pr n)(i, lg, hg", WY ZO) =2 Ag =¢gli:=DA n=hfi=1)Al'= l{t:= 3)

pr [n)(i, Lg, hl g' hn) Z(i)=3A hi)=n+1Ag =¢g Ah=nAl'= {i = 4}

p3n[nl(3, 1,9, U'sg', h) & Z(i) = 3 A h(i) <n +1 A gh(i)) €{0,1,2) A ¢" = ¢
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ah =h{i:=ni)+1} al =1

pn)(il, g,h, 0" g", KY © Ii) = 44 g'=g{i:=3}A rR =h{i:=1} A I" = I{i := 5}

pT n)(i, lL, gh, Ug" 0) SI) =5A h(i) <n + 1A gh(i)) =1A g =g AR =h

Al'=l{i:=6)

piln)(i, Lg, h Ug’, hw) © li) =5A hi) =n+1Ag =gA h=hAI'=[{i:=8}

pEen(ilg. hy Ug’ h) & 1) = 5 A h(i) <n + 1A gh(i)) 1A ¢' = g

Ah = hfi=h(i) +1} A 1’ =]

pn],0, g, hg", KW) 1) =6 A g' = g{i:=2}A mw =hfi =1} A l' =l{i = 7)

pt n)(i, Lg, h Ug, h) & Ui) =7 A gh(i)) =4A g = 9g Ah=hAI'=Ki=8}

po [nl(i, 1,9, hg",0) © Ui) = 7 A g(h(D)) #4 A g'=g

Ah’ = hfi == (h(i) — 1 modn) + 1} A I’ =1

oR [nl(i, l,g,h, Ug", 0) li) =8A g = g{i:= HA =hfi=1}A 1I"'=l{1:=9}

paulnl(i,l,g,h, Ug", hi’) © Ui) = 9 A hi) =iA ¢g =g Ar=hAl =[{i=10}

pap n](i, 0,9, h, Ug", 0) © Ui) = 9 A h(i) <i A g(h(i)) €{0,1} A g° = ¢

Ak="h{i:=hi) +1}A I" =1

pn], l,g, nh Ug",hn) © l()=10A ¢' = g A =h{i=i+1} A I"=Il{t = 11}

pin),lg,h Ug’,h) © li)=11 A hi)=n+1A g = g AR=hA I'=Il{t:=12)

puna, lg, h Ug’, hb) © 16) = 11 A gh(i)) € {2,3} A hi) <n+1A g =g

Ah=h{i =hi)+1}A I'=1

painl(i,Lg, nl g' hn) li)=12A ¢' = g{i := 0} Arw=hAl = 1{i:= 0}

The lemma for molecular case corresponding to (rho!) is the following.

Lemma (mrhol):

Ws™[n](l,g,hA i, k € NA p™[n](k,l,g,h,Ug", )A i # k

=i) =0()A g(1) = g (1) A hi)=nh'(i)

3.2. Invariants-Molecular Case

As in the atomic case, the invariants decompose into three parts. The first part says that

statehood is preserved, i.e. Ws™[n|(l, ¢g, h) is invariant. The second part is the analysis of
possible flag values at each location and is identical to the atomic case. The main invariants
refine those of the atomic case as follows.

Bi[n)(l,h) & (Vi,j € No)(U(d) = 5 Aj < hi) = Ij) # 4)

Byrl(I,h) & (Vi, € NI) =5 A § < hi) A Ij) =3 = hij) <i)

BY [nl(l) © (Vi,5€ Np)(I(¢) € (8,...,12} = Ij) # 4)
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Bl[n])(l,g,h) © (Vi,j€ N,)(I(i) € 8... . ,12} A Ij) = 3 =

(Ir € N,)(U(r) € 8... ., 12} A g(r) € {3,4} A h(r) <9)

Biln](l,9,h) ©

(Vi € No)(I(1) € 8... .,12} A g(i) € {3,4} = (h(i) € Np A g(h(i)) = 4))

Binl(l,h) © (vi € N,)(I(i) = 7 = h(i) € N,)

Bi[n)(l) © (Vi,j € No)(J <i Ali) € {10,11, 12) = Ij) & (5. . ., la)>

Bn), h) & (Vi, j € No)(G <4 ALG) = 9A§ < h(i)=1()&(5. ..,12})
Bi[n](l,g9) & (Vi, € Np)({(Z) = 12 A 1(j) € (5... +» 12) = g(j) = 4)

b . . . .

Bs[n|(l,9,h) « (Vi,j € Np)(I(éi) = 11 Aj < hl)A I) €45,...,12}=> g(j) = 4)

As before, from Bs we conclude

(Vi,k € Np)(I(7) = 10 A Ik) = 10 = k = 1).

We note that the invariants Bf and B turned out to be necessary, though they do not ap-
pear in [4]. Bf and B¢ are used in the proofs of B? and B; respectively. The representation
of these invariants in the Boyer-Moore logic is given by the following definitions.

(defn b0a (n 1 h i j)
(implies (and (at 1 i 5)

(lessp j (nth h i)))

(not Cat 1 § 4))))

(defn bOb (n 1 h i j)
(implies (and (at 1 i 5)

(lessp j (nth h i))

(at 1 § 3))

(not (lessp i (nth h j)))))
(defn bia (1 i j)

(implies (union-at-n 1 1 °(8 9 10 11 12))

(not (at 1 J 4))))

(defn hint-8-12-3-4-at-n (n 1 g h j)
(and (intersect-8-12-3-4-at-n n 1 g)

(not (lessp n (nth h j)))))
(defn exist-hint-8-12-3-4 (n 1 g h j)

(1f (zerop n) F
(if (hint-8-12-3-4-at-nn 1 g h j) n

(exist-hint-8-12-3-4 (subi n) 1 g h j))))
(defn bib (n 1 g h 1 j)

(implies (and (union-at-n 1 i ’°(8 9 10 11 12))
(at 1 j 3))

(exist-hint-8-12-3-4 n 1 g h j)))
(defn bic (n 1 g h 1)

(implies (and (union-at-n 1 1 °(8 9 10 11 12))

(not (union-at-n g 1 ’(3 4))))
(and (member (nth h i) (nset n))

(at g (nth h 1) 4))))
(defn bid (n 1 h i)

(implies Cat 1 1 7)
(member (nth h i) (nset n))))
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(defn b2a (1 1 j)
(implies (and (lessp j 1)

(union-at-n 1 i? (10 11 12)))

(not (union-at-n 1 j (5 6 7 8 9 10 11 12)))))

(defn b2b (1 h i j)
(implies (and (lessp J 1)

(at 1 i 9)

(lessp j (nth h 1)))

(not (union-at-n 1 j ’(5 6 7 8 9 10 11 12)))))

(defn b3a (1 g i j)
(implies (and (at 1 i 12)

(union-at-n 1 3 (5 6 7 8 9 10 11 12)))

(at g 5 4)

(defn ®3b (1 g h 1 j)
(implies (and (at 1 i 11)

(lessp j (nth h i))

(union-at-n 1 7 (5 6 7 8 9 10 11 12)))

(at g J ©»

3.3. Proving the invariants

As in the atomic case, to prove invariance of some property I[n](l,g,h)it suffices to
prove:

(i) I[n](linit, Ginit, init), and

Gi) I[n](l,9)A k € Np A p™[n](k,l,g,n U',g'A")=>I[n)(l',q',0)

For our case I[n|(l,g, h) is the following conjunction.

Ws™(nl(l,g)A Lo(nl(l,g) A BEInl(L,k) A Belnl(L, b) A

B2[n]() A BY(n](l,g, hb) A Bilnl(l,g, h) A BE[x](l, h) A

Bi [n](1) A B3[n](, h) A B§[n](l,9) A B3[n](l,g, h)

We focus on the proof of (i1). Thus we assume

(molws)  Ws™[n](l,g, h)

(Ig) Lg[n](l, g)

(bOa) Bg[n](l, h)

(bOb) Bg[n](l, Rh)

(bla) Bin] (I)

(blb) By[n](l,9,h)

(ble) Bf[n](l,g,h)

(b1d) Bf[n](l, kh)

(b2a) BZ[n|(l)

(b2b) B3[n](l, h)

(b3a) Bf[ni(l, g)
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(b3b)  B3[n](l, g,h)

(kh) £ € N,

(mrho) p™[n](k,l,g,h,l,¢',h")

and prove each of the conjuncts. The proofs for Ws™ and Lg are just as for the atomic

case. As in the atomic case we replace the quantified invariants in the hypothesis by a

suitable finite collection of instances. BY is the hardest invariant to prove, since it involves
an existential statement in a fundamental way.

Proving B§[n](l', hi, j) We further assume

| (bOah) '(¢) = 5 A h(i) > j

and show [(j) # 4. Thus we assume

(ih) ie N, A Ii) =5A h(i) >]

(jh) J € Nn.

We consider four cases according to the relation of 1, j, k.

Case (i): i =k,j = k. Obvious.
bla-i-j-eq-k

Case (ii): i j # k The case follows by (mrho!) and (b0a).
bla-i-j-neq-k

Case (iii): i # k j = k. Then h(i) = h(i) > k by definition of (bOah) and (mrho!)
and [(i) = Ii) = 5 by (mrho!). I(k) # 3 or h(k) <i by (bOb). Hence by definition of p™,
I'(k) # 4.

cond-1p4

not-13-then-1p4
i-1n-15

lm-bO0a-i-neq-k-j-eq-k

bOa-i-neq-k-j-eq-k

bO0a-i-neq-k

Case (iv): i = k,7 # k. We need only show I(j) # 4. Then I'(k) = 5 A h'(k) > j
by (boah) and (mrho!). I(k) # 4 since otherwise h’(k) < j by definition of p™. Hence
i(k) = 5 A h'(k) = h(k) + 1 A g(h(k))# 1.

If h(k) = j, then g(j) # 1, hence Ij) # 4 by (lg).

If h(k) > j, then I(j) # 4 by (b0a).
bOa-1f1

ifl-nth-h-k

15-not-g1i
15-nth-h-k-eq-]

15-j-1t-nth-k
nth-k-1lt-j-or-eq—j

Im-j-not-in-14
cond-15

j-not-in-14
k-in-15

1m-bOa-i-eq-k-j-neq-k

bOa-i-eq-k-j-neq-k

bla-i-eq-k
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[boa

The corresponding Boyer-Moore event is
(prove-lemma rho-preserves-boa 0

(implies (and (molws n 1 g h)
(memberi (nset n))

(member7j (nset n))
(member k (nset n))

(mrhoi n k 1 g h 1p gp hp)
(gn 1g
(b0a n 1 h i j)
(bObn 1 h i j))

(bO0a n 1p hp i j))
( (use (bOa-i-neq-k) (bOa-i-eq-k))))

Proving BS[n](l', 4’, %,j) We further assume

(bObh) ZG) =5 A h(i) >ja Z(j) = 3

and show Ah’(j) < :. Thus we assume

(ih) ¢:€ N, A Z(G =5.

(jh) je Ny az (j) = 3.

We consider four cases according to the relation of ¢, j, k.

Case (i): 1 =k j = k Obvious.
bOb-i-j~eq-k

Case (ii): 4, j # k The case follows by (mrho!) and (bOb).
bOb-i-j-neq-k

Case (iil): 1 # k j =k Then Z(G) = Z’(1) = 5 and h’(i) = h(i) > k by definition of

(bO0ah) and (mrho!). Since Z'(k) = 3 by (b0Obh), definition of p™ implies that either Z(k) = 2
or Z(k) = 3 holds.

If Zk) = 2, then h'(k) = 1 < 1, hence the claim holds.
k-in-12-imp

If Z(k) = 3, then g(h(k)) < 3 A hk) <1 A h'(k) = hk) + 1. By (Ig) h(k) # © because
Z({) = 5. Now h'(k) < t follows from hk) <1 A Wk) #1 A h'(k) = h(k) + 1.

bOb-if3

lm-i-neg-h-k

h-k-g02
i-neq-h-k

n-k-leg-subl-i

Iml-k-in-13-imp

Im-k-in-13-1imp
cond-13

k—-in-13-1imp
bob-i-in-15

lm-bOb-i-neq-k~j-eq-k
bOb-i-neq-k-j-eq-k

bOb-i-neq-k

Case (iv): t = k, j # k. We need only Ai(j) < k. Then Z(G) = Z’(G) = 3 by (mrho!)

and (bObh). Since Z(k) # 4 by definition of p™ and hk) > j, Z’(k) = 5 implies Z(k) =
5 A g(h(k)) #1 A h(k) <n A h(k) = h(k) + 1 A h'(k) > j. By (Ig), g(h(k)) # 1 and
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Z(G) = 3 imply h(k) # j, and so h(k) > j. Finally i(k) = 5 A hk) >j A Z(j) = 3 implies
h(j) < k by (bOb).

bOb-1if1

lm-j-neg-h-k

h-k-not-gi
Jj-neqg-h-k

Iml-j-in-13
cond-15

lm-j-in-13

k-in-15

J—in-13

lm-bOb-i-eq-k-j-neq-k
bOb-i~eq-k-j-neq-k

bOb-i-j-eq-k
bob-1-eq-k

rho-preserves-bob

(hob

The corresponding Boyer-Moore event is
(prove-lemma rho-preserves-bob ()

(implies (and (molws n 1 g h)

(memberi (nset n))

(memberJ (nset n))
(memberk (nset n))

(mrhoi n k 1 g h 1p gp hp)
(1g n 1g)
(bObn 1h i j))

(bOb n 1p hp i j))
( (use (bOb-i-neq-k) (bOb-i-eq-k))))

Proving Bf[n](l’, ¢,j) We further assume

(blah) Z’G) €(8,...,12}

and show Z’°(j) # 4.

(ihy 1eN, A Z@()€e (8, ..,12}

We consider four cases according to the relation of i, j, k

Case (i): i =k J = k Obvious.
bla-i1-J-eg-k

Case (ii): i, j # k. The case follows by (mrho!) and (bla).
bla-i-J-neg-k

Case (iii): i#kj=k Zi) € 8, ..,12} by (mrho!).

If i(k) 2 n + 1, then Z'(k) # 4 because of definition of p™.
h-k-neg-addl-n

If h(k) = n + 1, then there is no r such that Atk) = n+ 1 <r, hence by (blb), Z(k) # 3.
By definition of p™, I'( kj # 4.

lm-h-k-eg-addl-n—-nex-hint

h-k-eg-addl-n—nex-hint

h-k-eg-addl-n-k-not-in-13

not-13-then-not-1p4

h-k-eg-addl-n
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Im-bla-i-neg-k-j-eg-k

bla-i-neg-k-j-eg-k

bla-i-neg-k

Case (iv): i =k j # k We only need show Z(G) # 4. Z'(k) € (8,. . ., 12) by (blbh),

hence there are three cases: Either Z(k) € (8. . ., 12}, Z(k) = 5 or Z(k) = 7.

If Zk) € (8. ..,12}, then Z() # 4 by (bla).
1p9-12-k-in-18-12

k-in-1p9-12-then-j-not-14

If Z(k) = 5, then h(k) = n + 1. Hence Z(k) = 5 A h(k) > j implies Z(j) # 4 by (b0a).
15-j-1t-h-k

k-in-15-then-j-not-14

k-not-in-17-then-1p9-12-or-15

k-in-not-17-imp

Im-bla-1-eqg-k-j-neg-k

bla-1i-eq-k-j-neg-k

bla-i-eg-k

mrho-preserves-bla

| If Z(k) = 7, then h(k) < n A g(h(k)) = 4 by definition of p™. By (Ig), I(h(k)) €
{9,10,11,12}, hence by (bla), Z(j) # 4.

| cond-17

bla-1f4

k-in-17-1imp

Im-bla-1-eqg-k-j-neg-k

bla-1i-eq-k-j-neg-k

Ub1a

The corresponding Boyer-Moore event is
(prove-lemma mrho-preserves-bla ()

(implies (and (molws n 1 g h)
(memberi (nset n))

(memberj (nset n))
(member k (nset n))

(mrhoi n k 1 g h 1p gp hp)
(bid n 1 h 1)

(1g nl g
(b0a n 1 h ij)
(bia 1 i j)
(bia 1 (ath h i) j)

(bibn 1 gh i jM»

(bla 1p i j))

((use (bla-i-neg-k) (bla-i-eq-k))))

Proving B{[n](I,¢’, h’, i, j) We further assume

(blbh) ZG) €(S,. ..,12} A Z’(G) = 3

and show (Ire N, )(I'(r)€@8,...,12) A g’(r) € {3,4}A nh’ (j) £1).

(ih) ieN,A1 (i) €48,...,12}.

Gh) je N, A Z°(G) = 3.

We consider four cases according to the relation of 1, j, k
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Case (i): i = k J = k Obvious.
bib-1-j-eqg-k

Case (ii): 1, j # k Then ZG) € (8,. . . ,12} A Z(j) = 3 by (blbh) and (mrho!). Hence by
(blb), there exists r such that I(r) € (8,. . . ,12} A g(r) € {3,4} A hj) <r.

If I(r) # 12, then the same r satisfies Z'(T) € (8,. . . ,12} A g(r) € {3,4} A hj) <r
by (mrho!) and definition of p™.

hint-wtn

ex-hint-not-in-112

ex-hint-1-g-h

i-neg-k-ex-hint-not-in-112

Iml-bib-1-j-neg-k

J-neqg-k-then-hp-eg-h

Im-blb-1-j-neg-k

blb-1-j-neg-k

If I(r) = 12, then by (b3a) g(i) = 4. Hence by (mrho!) Z'(i)) € 8,. . . , la) A g’ (i) €
{3,4}. Moreover r < i by (b2a) since I(r) € {10,11, 12) A Z@{) € (5,. . . ,12}. Hence
h(j) <r <1 by definition of r, which implies A’(j)) = h(j) < 1 by (mrho!). It shows that i

satisfies Z’(1)€ {8,...,12} A g’ (i) € {3,4}A nj <.
k-neg-u-in-1p8-12

Ilm-i-neg-k-in-int-8-12-3-4

un8-12-then-unb-12

1-neg-k-in-int-8-12-3-4

112-then-uni0-12

un8-12-then-unb-12

ex-hint-1-g-h

h-j-leg-1i
hint-wtn

1-neg-k-ex-hint-in-112

Case (iii): i #k,7 =k Z(G) € (8. .., 12) by (mrho!). Since (blb) implies Z’(k) = 3,
either Z(k) = 2 or Z(k) = 3.

If Zk) = 2, then h'(k) = 1. There are two cases:

If ZG) € 8,...,12}A g(i) €{3,4}, then by (mrho!), ZG) €(8,...,12}A g’ (i) € {3,4}.
[et 7=2.

hint-wtn

i-in-int-8-12-3-4

hp-k-leg-1

1-1in-g34

Ifz(i) €(,...,12) A g@{) € {3,4}, then by (ble) g(h(i)) = 4. By (lg), I(h(?)) €
{8,...,12) A g(h(i)) € {3,4}. Since h(i) # k U(h(i)) € (8. . ., 12} A ¢'(h(i)) € {3,4}.
Hence let r = h(i).

u-1if4

bib-u-neqg-k
Im-u-in-int-8-12-3-4

bla-1f4

k-neg-u-in-1p8-12
Iml-u-in-int-8-12-3-4

u-in-int-8-12-3-4

hint-wtn

hp-k-leg-1
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h-i-in-g34-imp

i-not-in-g34
k-in-12

lp3-then-13-or-12
lm-k-not-in-13

k-not-in-13

If Zk) = 3, then g(h(k)) < 3 A h'(k) = h(k)+1 by definition of p™. On the other hand,
by (blb) there exists r such that [(7) € (8,. . . ,12} A g(r) € {3,4} A h(k) <r. Since k # r,
by (mrho!) the same r satisfies Z’(r) € (8,. . . ,12} A g’(r) € {3,4}. Moreover h(k) # r
since g(r) € {3,4} A g(h(k)) < 3. Combined h'(k) = h(k) + 1 A h(k) < r, it implies that
h’(k) < r. Hence the same r works.

ex-hint-not-in-g02

h-k-g02

ex-hint-neqg-h-k

ex-hint-leqg-h-k

h-k-leg-subl-ex-hint

lm-hp-k-leg-ex-1-g-h

cond-13

ex—-cond-13

hint-member

hp-k-leg-ex-1-g-h

ex-hint-in-18-12

ex-hint-neg-k-in-13

ex-hint-neg-k-imp

ex-hint-1-g-h-in-int-8-12-3-4
hint-wtn

ex-1-g-h-k-in-13
Ilm-k-1in-13

k-in-13

bib-i1-neg-k-j-eg-k

Case (iv): t = k, j # k. First of all, we have Z(j) = 3 by (mrho!). Since Z’(k) €

{8,...,12}, there are three cases: Either Z(k) € {8,9,10,11}, Z(k) = 5 or Z(k) = 7.

If Zk) € {8,9,10,11}, then by (blb) there exists 7 such that [(r)e (8, .., 12) A g(r) €
{3,4} A h(j) <r. This generates the following two cases:

If there exists 7 such that I(r) € {8,9,10,11} A g(r) € {3,4} A h(j) < r, then by
definition of p™, Z’(r) € (8,.. .12} A g'(r) € {3,4} A h(j) <r. Since j # k h'(j) <r
follows from (mrho!).

r-eq-k-18-II-k-in-1p8-12

un8-11-then-un8-12

r-eq-k-18-II-k-in-1p8-12

18-11-k-in-1p8-12

18-11-k-in-gp34
hint-in-18-11

ex-hint-in-18-12

case-k

ex-hint-not-in-112

If there exists r such that I(r) = 12 A g(r) € {3,4} A h(j) <r, then l'(r)=(8,...,12} A
g’(r) € {3,4} A hj) <r by (mrho!) since r # k and j # k

r-neqg-k

ex-hint-neg-k-imp



24

ex-hint-in-112

ex-hint-in-int-8-12-3-4-18-11

ex-hint-1-g-h
hint-wtn

ex-hint-wtn-18-11

un8-11-then-un8-12

k-in-18-II-imp

m-1p9-12-k-in-18-11

k-in-1p9-12-imp

If Z(k) = 5, then by definition of p™, h(k) = n+ 1 > j. By (bOb) A(j) < k Sincej # k
by (mrho!) h’(j) < k. Moreover g’(k) = 3 by (lg) and definition of p™. Hence let r =

lm-1p8-then-k-in-g34
lp8-then-k~in-g34

1lp9~-12-then-k-in-g34
un8-12-then-18-or-19-12

Im-k-1in-g34

mrho-preserves-1g

k-in-g34
k-in-int

15-j-1t-h-k
h-j-leg-k
hint-wtn

k—-in-15-1imp

k-not-in-17-then-1p9-12-o0r-15

k-not-in-17-imp

If Z(k) = 71, then by definition of p™, g¢(h(k)) = 4. By (lg) I(h(k)) € {9,10,11,12}. Now
by (blb) there exists r such that Z(r) € (8,. . ., 12) A g(r) € {3,4} A h(j) < r. Because
r # k andj # k the same r satisfies Z'(r) € {8,...,12} A g(r) € {3,4} A n,“(j) < r.

ex-hint-in-g34
ex-hint-in-18-12

ex-hint-neg-k-imp
ex-hint-in-18-12

ex-hint-neg-k-in-17
ex-hint-in-int-8-12-3-4-17

ex-hint-1-g-h
hint-wtn

ex-hint-wtn-17

cond-17

bla-1f4

lm-k-in-17-1imp

bib-k-in-17-1imp

Iml-bib-i-eg-k-J-neq-k

ex-hint-lp-gp-h-leq-h-]

ex-hint-lp-gp-h-legq-hp-]j

ex-hint-lp-gp-h-in-int-8-12-3-4
hint-wtn

J-neqg-k-then-hp-eg-h

Im-bib-1-eqg-k-j-neg-k

bib-1-eq-k-j-neg-k

blb-1-eq-k

mrho-preserves-blb

Ubib
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The corresponding Boyer-Moore event is
(prove-lemma mrho-preserves-bib ()

(implies (and (molws n 1 g h)
(memberi (nset n))

(memberj (nset n))
(member k (nset n))

(mrhoi n k 1 g h 1p gp hp)
(bid n 1 h k)

(1g n1 g)
(0b n 1h ij)
(bibn 1 gh (nth h k)j)

(bibn 1 g h i j)
(bic n 1 gh 1)

(b2a 1 (exist-hint-8-12-3-4 n 1 g h j) i)

(b3a 1 g

(exist-hint-8-12-3-4 n 1 g h j) i))
(bib n 1p gp hp i j))

( (use (blb-i-neq-k) (bilb-i-eq-k))))

Proving Bf[n](I', g’, kh’, i) We further assume

(blch) ZG) eS, ..,12} Aa gi) € {3,4}

and show h(i) € No, A ¢'( h(i) = 4.

(ih) ie N,AT(DE B,...,12)a gi) & {3,4}.

We consider four cases according to the relation of i h(i), k.

Case (i): 1 =k, h(i) = k. By definition of p™, Z(k) = 7 A g(h(i)) = g(k) = 4. This

contradicts (lg) since g(k) = 4 is equivalent to Z(k) € (9, . . . ,12}.
contra-if4

Iml-i-eg-k-then-h-k-neg-k

h-k-g4

lm-i-eg-k-then-h-k-neg-k
k-in-17

h-k-g4

1-eg-k-then-h-k-neg-k

Case (ii): i # k h(i) # k. By (blch) and (mrho!), ZG) € (8,. . ., 12} a gi) €& {3,4}.
(blc) implies h(i) € N,, hence h'(i) € N, by (mrho!) since i # k Similarly (blc) implies
g(h(?)) = 4, hence ¢'( h'( i)) = 4 by (mrho!) since i # k, h(i) # k.

Im-blc-i-h-i-neg-k

blc-i-h-i-neg-k

Case (iii): i # k h(i) = k. By (blch) and (mrho!), Z(i) € 8,. . ., 12) A ei) & {3,4}.
(blc) implies k € N,. Since i # k and (mrho!) imply h’(i) = h(i) = k, h’(i) € N,.
Moreover (blc) implies g(k) = 4. On the other hand Z(k) # 12 by (b3a), hence Z(k) €
{9,10, 11} by (Ig). By definition of p™ g'(k) € (9,. . . ,12}, which, by (lg), is equivalent to
g'(k) = g'(h'(2)) = 4.

contra-if4

19-11-then-in-1p9-12

k-in-1p9-12
if4

Im-k-not-in-112-imp

mrho-preserves-1g

k-not-in-112-imp
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un8-12-then-unb-12

not-g34-then-not-g4
k-not-in-112

Iml-blc-i-neg-k-h-i-eg-k

lm-blc-i-neg-k-h-i-eg-k

b3a-h-rholemma

blc-i-neg-k-h-i-eg-k

blc-i-neg-k

Case (iv): 1 = k,h(2) # k By (blch), Zk) € (8. . ., 12} A ¢'(k) ¢€ {3,4}. By
definition of p™ and (mrho!), Z(k) = 7 A g¢'(h(k)) = g(h(k)) = 4 A h'(k) = h(k). Clearly
g'(h'(k)) = ¢'(h(k)) = 4 follows. (bld) implies i(k) € N,, hence h'(k) € N..

lp8-not-15-then-17

lp8~then-k-in-g34
lp8-not-g34-then-k-in-17
un8-12-then-18-0r-19-12

1p9-12-then-k-in-g34
Im-k-in-17

mrho-preserves-1g

k-in-17

cond-17

h-k-cond-17

lm-h-k-g4

k-in-17

cond-17

h-k-g4

blc-i-eg-k-hp-k-neg-k

blc-i-eg-k

mrho-preserves-blc

bic

The corresponding Boyer-Moore event is
(prove-lemma mrho-preserves-blc ()

(implies (and (molws n 1 g h)

(member1 (nset n))
(member k (nset n))

(mrhoi n k 1 g h 1p gp hp)
(bidn 1 h k)

(gn 1g)
(bic nl gh i)

(b3a 1 g (nth h i) i))

(bic n 1p gp hp i))

( (use (blc-i-neq-k))
(use (blc-i-eq-k))))

Proving Bf[n](l', h’, i) We further assume

(bldh) Z'1) = 7

and show h’(i) € N,.

(ih) 1e€N, A ZH = 7.

We consider cases according to the relation of 1, k

Case (i): 1 # k Obvious.
17-th-i-neq-k
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Case (ii): 1 = k. By (bldh) and definition of p™, either Z(k) = 6 or Z(k) = 7.

If Z(k) = 6, then h'(k) = 1 € N,.

If Z(k) = 7, then by (bld) hk) € N, and by definition of p™ h'(k) = (h(k)- 1 mod n)+
I. By elementary number theory, h’(k) € N,.

remainder—quotient
Iml-member-remainder

lm-member-remainder

member-remainder

one-nset

Im-bid-1-eq-k

bld-1-eq-k

bid-i-neg-k

mrho-preserves-bld

Ubid

The corresponding Boyer-Moore event is
(prove—-lemma mrhoi-preserves-bid (rewrite)

(implies (and (molws n 1 g h)

(memberi (nset n))

(member k (nset n))

(mrhoi n k 1 g h 1p gp hp)
(bid n 1 h 1i))

(bid n 1p hp 1i))
((disable bid)

(use (bid-i-neg-k))

(use (bld-i-eq-k))))

Proving B§[n]|(l’, i, j) We further assume

(b2ah) ]<1A Z(Q)€ {10, 11, 12)

and show Z’(j) € {5,...,12}. We consider cases according to the relation of i, j, k.

Case (i): 1,J # k follows by (b2a), (mrho!).
b2a-i-j-neq-k

Case (ii): i #k j=k Then k <i aA Z(i) ¢€ {10,11,12} by (mrho!). By (h2a)
i(k) ¢{5,..., 12). Since by (bla) Z(k) # 4, by definition of p™ Z'(k) & (5. . ., 12}.

unb7-then-unb-11

m-1p8-k-1in-157

m-k-in-1p8-then-15-11

m-k—-in-1p5-7-not-14-then-15-7

unb5-7-then-unb-11

m-k-in-1p5-7-then-15-11

1p9-12-k-in-18-11
un8-11-then-unb-11

m-k-in-1p9-12-then-15-11

k—-in-1p5-7-or-1p8-or-1p9%-12

m-k-in-15-11

unl0~12-then-un8-12

m-k-not-in-14

unb-11-then-unb-12

m-k-not-in-1p5-12

lm-b2a-i-neq-k-j-eq-k

b2a-i-neq-k-j-eq-k
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b2a-i-neq-k

Case (iii): j#k i =k We need only show ZG) € (5,. . .,12}. By (b2ah)j< k A Z'(k) €
{10,11,12}, hence by definition of p™, either Z(k) = 9 or Z(k) € (10, 11}.

If Z(k) = 9, then by definition of p™ h(k) = k Since j < k j < h(k). By (b2b)
1G) ¢ {5,12}.

If Z(k) € {10,11}, then by (b2a) Z(j) € (3.. . ., 12).
j-1t-h-k
lm-case-k-in-19

case-k-1in-19

k-in-110-II-or-19

case-k-in-110-11

lm-b2a-i-eq-k-j-neq-k

b2a-i-eq-k-j-neq-k
b2a-i-eq-k

mrho-preserves-b2a

Cb2a

The corresponding Boyer-Moore event is
(prove-lemma mrho-preserves-b2a ()

(implies (and (molws n 1 g h)

(member1 (nset n))

(memberj (nset m))

(member k (nset n))

(mrhoi n k 1 g h 1p gp hp)

(lessp J i)

(1g n1 g
(bla 1 1 j)
(b2a 1 1 j)
(b2b 1 h i JN)

(b2a 1p i j))
( (use (b2a-i-neq-k) (b2a-i-eq-k))))

Proving BZ[n](!’, h’, i,j) We further assume

(b2bh) j <iA Z@G) = 9 a h(i) >

and show Z’(j) €{ 5, ..., 12). We consider cases according to the relation of i, j, k

Case (i): i, j # k follows by (b2b), (mrho!).
b2b-1-j-neq-k

Case (ii): i # k,7 = k Then by (mrho!) k <i A Z3G) = 9 A h(i) > k (b2b)
implies k € { 5, ..., 12). On the other hand (bla) implies Z(k) # 4. by definition of p™,
Zk) & (5,...,12}.

19-then-un8-12

m-k-not-in-14

not-k-in-15-12-imp

lm-b2b-i~neq~k-j-eq-k

b2b-i~-j-neq-k

b2b-i-neq-k-j-eq-k

b2b~-i-neq-k

Case (iii): j # k,7 = k. We need only show Z(G) € (5,. . ., 12}. Since Z'(k) = 9 by
definition of p™, either Z(k) = 8 or Z(k) = 9.
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If Z(k) = 8 then h'(k) = 1 by definition of p™, and so it contradicts h’(k) > J.

If Z(k) = 9, then by definition of p™, g(h(k)) < 2 A h'(k) = h(k) + 1. Since h'(k) > j

by (b2bh), there are two cases:

If hk) > j, then (b2b) implies Z(G) € (5,. . . , 12} because j < k follows from (b2bh).

If hk) = j, then g(j) < 2. By (Ig) Z(G) € (5,. . ., 12).
if1

lg-nth-h-k

19-g01

19-nth-h-k-eq-j

nth-k-1lt-j-or-eq-]

Im-j-not-in-15-12
cond-19

J-not-in-15-12
k-in-19

Im~b2b-i-eq-k-j-neq-k

b2b-i-eq-k-j-neq-k

b2b-i-eq-k

mrho-preserves-b2b

bab

The corresponding Boyer-Moore event is
(prove-lemma mrho-preserves-b2b ()

(implies (and (molws n 1 g h)

(memberi (nset n))

(memberJj (nset n))
(member k (nset n))

(mrhoi n k 1 g h 1p gp hp)
(lessp j 1)

(1g nl g)
(bia 1 i j)

(b2b 1 h i I)

(b2b 1p hp i j))
( (use (b2b-i-neq-k) (b2b-i-eq-k))))

Proving Bf[n](lI',g’,i, j) We further assume

(b3ah) i, JENA(i) = 12A1'(j) € (5,...,12)

and show g’(j) = 4. We consider cases according to the relation of i j, k.

Case (i): i j # k follows by (b3a), (mrho!).
b3a-i-j-neq-k

Case (ii): i = j follows from (lg).
1f4

112-then-un9-12

b3a-i1-j-neq-k

Case (iii): i #k,j =k

Then Z(k) € {4,5,.. .,11} by definition of p™ and (b3ah), and Z(i) = Z'(i) = 12 by
(mrho!). Since Z(k) # 4 by (bla) and g(k) = 4 by (b3a), Zk) € {9,10,11} by (Ig). By
definition of p™, l'(k) € {9,10,11,12}, and so g’(k) = 4 by (Ig).

unb-1i~then-unb-12

k-in-15-II-g4-then-19-11
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lm-b3a-k-in-19-11

112-then-un8-12

m-k-in-15-11

b3a-k-in-19-11

m-k-in-1p9-12
1f4

Im-b3a-i-neq-k-j-eq-k
mrho-preserves-1g

b3a-i-neq-k-j-eq-k

b3a-i-neq-k~j-eq-k
b3a-i-neq-k

Case (iv): Jj # k,7 = k. We need only show g(j) = 4. By (b3ah) and definition of p™,

Zk) = 11 and hk) =n + 1 > j. Z(G) = 2°(G) € (5,. . . ,12} by (mrho!). By (b3b) gj) = 4.
cond-1pi2

b3a-j-in-15-12
m-k-in-111

lm-b3a-i-eq-k-j-neq-k

b3a-i-eq-k-j-neq-k

b3a-i-j-eq-k

b3a-i-eq-k
mrho-preserves-b3a

Ch3a

The corresponding Boyer-Moore event is
(prove-lemma mrho-preserves-b3a ()

(implies (and (molws n 1 g h)

(member 1 (nset n))

(memberj (nset n))
(member k (nset n))

(mrhoi n k 1 g h 1p gp hp)
(1g n1 g
(bla 1 i j)

(b3a 1 g i j)
(b3b 1 g h i jN

(b3a 1p gp i j))
( (use (b3a-i-neq-k) (b3a-i-eq-k))))

Proving BI[n](I',g', h’, i, j) We further assume

(b3bh) 1,j € NyAZ(i) = LIA R()>jAZ(j) €(5,. . . ,12}

and show g’(j) = 4. We consider cases according to the relation of i, j, &.

Case (i): i, j# k follows by (b3b), (mrho!).
b3b-1-j-neq-k

Case (ii): 1 = j follows from (lg).
if4

111-then-un9-12

b3b-i-j-eq-k

Case (iii): i # k,7 = k Then Z(i) = 11 A h(i) > k by (mrho!). Since (bla) implies
Z(k) # 4, by definition of p™ Z(k) € {5,..., 11}. Hence by (b3b) gk) = 4. It follows from
(Ig) that Zk) € {9,10,11}. Again by definition of p™, Z’(k) € {9,10,11,12}, which is, by
(Ig), equivalent to g'(k) = 4.
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unb-11-then-unb-12

k-in-15-II-g4-then-19-11

Im-b3b-k-1n-19-11

111-then-un8-12

m-k-in-15-11

b3b-k-in-19-11

m-k-in-1p9-12
if4

Im-b3b-1-neq-k-j-eq-k

mrho-preserves-1g

b3b-i-neq-k-j-eq-k
b3b-i-neq-k

Case (iv): j # k i = k We need only show g(j) = 4. By (b3bh) and definition of p™,
[(7)€{5,...,12). Since Z'(k) = 11, by definition of p™, either Z(k) = 10 or Z(k) = 11.

If Z(k) = 10, then by definition of p™, h'(k) = k + 1 > j. Since k # j, k > j. This
contradicts (b2a).

110-then-uni0-12

j-leg-addlk-then-k-not-in-110

not-j-leg-addlk-then-k-not-in-110
k-not-in-110

If Z(k) = 11, then by definition of p™, h’(k) = h(k) + 1 A g(h(k)) € {0,1,4}. Since
(b3bh) implies h'(k) > j, there are two cases:

If hk) = j, then g(j) € {0,1,4} A Z(G) € (5... ., 12). It follows form (lg) that g(j) = 4.
if4

15-12-6q-15-8-0r-19-12
i1f3

j-in-g4

111-gi4
1ii-nth-h-k-eq-j

If hk) > j, then by (b3b) g(j) = 4.
nth-k-lt-j-or-eq-]

Im-j-in-15-12
cond-111

j-in-15-12
k-not-in-110

lpii-then-111-or-110
b3b-k-in-111

1m-b3b-i~-eq-k-j-neq-k
b3b-i-eq-k-j-neq-k

b3b-i-eq-k

mrho-preserves-b3b

db3b

The corresponding Boyer-Moore event is
(prove-lemma mrho-preserves-b3b ()

(implies (and (molws n 1 g h)
(memberi (nset n))

(memberJ (nset n))
(member k (nset n))

(mrhoi n k 1 g h 1p gp hp)

(1g n 1 g)
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(bia 1 i j)
(b3b 1 g h i 3)

(b2a 1 1 j))

(b3b 1p gp hp 130)
( (use (b3b-i-neq-k) (b3b-i-eq-k))))

4. Remarks

The formalization of the Manna-Pnueli proof in the Boyer-Moore logic is fairly direct

modulo small details of quantifier manipulation. The informal outline was developed prior

to attempting to present the proof to the theorem prover. The resulting sequence of events

follows the informal plan quite closely. The main difficulties encountered were in discovering

the precise form of the lemmas and hints necessary for the theorem prover.

This experiment was carried out entirely in the basic quantifier free logic. Since many

of the quantifiers involved are bounded (for example (Vi € N,)) it is possible that a more

compact formalization could be obtained by using the bounded quantifier facilities of the

latest version of the theorem prover. A further experiment would be to use the full quantifier

extension of the prover developed by Kaufmann [3] to formalize and prove Ziveness properties
of the algorithm, such as “a process waiting at lg to enter the critical section [;g will

eventually do so”.
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6. Appendix-Listing of Events

This appendix contains a listing of the input to the Boyer-Moore prover. The page-

header is the event set name. Below is a list of the event-sets and a brief description of the

contents. Comments in the input are signaled by one or more ;s.

Common Events

com.ev Definitions and lemmas common to atomic and molecular cases-manipulation of

finite sets and arrays, flag invariants.

Atomic Case Events

defn.ev Definitions of transition relation and invariants.

basic.ev Properties of well-formed states are turned into rewrite rules. Several formulations

of the rho! lemma are proved for use in different circumstances. Basic properties of

the A-invariants are proved.

ws.ev Proof that transitions preserve the well-formedness invariant Ws.

lg.ev Proof that transitions preserve the flag invariant Lg.

al.ev Proof that transitions preserve Ag.

al.ev Proof that transitions preserve Aj.

a2.ev Proof that transitions preserve As.

ad.ev Proof that transitions preserve As.

Molecular Case Events

moldefn.ev Definitions of molecular transition relation and invariants.

molbasic.ev More properties of finite sets. Properties of well-formed states are turned into

rewrite rules. Several formulations of the molecular rho! lemma are proved for use in
different circumst ances.

mollg.ev Proof that molecular transitions preserve the flag invariant Lg.

b0.ev Proof that molecular transitions preserve BE, Bf.

bl.ev Proof that molecular transitions preserve Bf, BY, Bf, B{.

b2.ev Proof that molecular transitions preserve Bf, BJ.

b3.ev Proof that molecular transitions preserve BY, BY.
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; *sequence and finite set utilities (and (lg-at-n n 1 gq)
(1g (subl n) 1 g))))

;:3The ith entry in 1. (disable 1g)
(defn nth (1 i)

(if (listp 1)

(if (equal 1 1) (car 1) (nth (cdr 1) (subl 1))) **The set {l...n}.
(if (numberp 1) (defn nset (n)

(if (equal i 1) 1 F) F))) (if (zerop n) NIL

(disable nth) (cons n (nset (subl nj)))))
(disable nset)

;;;update ith entry of 1 to be k

(defn move (1 1 k) ;1:n belongs to nset.

(if (equal i 0) 1 (prove—lemma n-in-nset (rewrite)

(if (nlistp 1) (implies (not (zerop n))
(if (equal i 1) k 1) (member n (nset nj))}

(if (equal i 1) ( (enable nset)))

(cons k (cdr 1))

(cons (car 1) ;;:Any element in nset is a number.

(move (cdr 1) (subl 1) k)))))) (prove-lemma nset-number (rewrite)
(disable move) (implies (member k (nset n))

(numberp k))

(defn at (1 1 k) ( (enable nset)))

(equal (nth 1 i) k))

(disable at) :+: If a nonzero number plus one belongs to nset,
;:then so does the nonzero number itself.

(defn length (1) (prove—-lemma addl-nset (rewrite)

(if (listp 1) (addl (length (cdr 1))) (zero))) (implies (and (not (zerop k))

(disable length) (member (addl k) (nset nj))}

(member k (nset n)))

;3:The nth entry in 1 is in the list i. ( (enable nset)))

(defn union-at-n (1 n i)

(member (nth 1 n) 1)) :2;Any list has its length at least nonzero.
(disable union-at-n) (prove—-lemma list-1n (rewrite)

(implies (listp 1)

:2;Any entry in 1 is in the list i. (not (equal (length 1) 0)))

(defn all-union (1 n i) ( (enable length)))

(if (zerop n) T

(and (union-at-n 1 n 1) ;7¢ (move 1 k i) is again a list if 1 is a list.
(all-union 1 (subl n) 1)))) (prove—-lemma move-is—-list (rewrite)

(disable all-union) (implies (listp 1)
(listp (move 1 k 1)))

; +2 There exists an entry in 1 which belongs to ( (enable move)))

:::the list i, moreover when exists, some such

:;:J 1s returned. (enable length)
(defn exist-union (1 n 1)

(if (zerop n) F :;; (move 1 k i) has 1 as its kth entry.

(if (union-at-n 1 n 1) n :?:! (enable length) is critical to prove this lemma.
(exist-union 1 (subl n) 1})))) (prove-lemma move-nth (rewrite)

(disable exist-union) (implies (and (listp 1)

(member k (nset (length 1))))

;;:n is in the intersection of 18-12 and g34. (equal (nth (move 1 k 1) k) 1))

(defn intersect-8-12-3-4-at-n (n 1 gq) ((enable nth move nset)})
(and (union-at-n 1 n "(8 9 10 11 12))

(union-at-n g n "(3 4)))) (prove-lemma zero-not-member-nset (rewrite)
(not (member 0 (nset nj))

(disable intersect-8-12-3-4-at-n) ((enable nset)))

;7 i There exists n in the intersection of 18-12 and g34 ;2:Lists 1 and (move 1 k 1) have the same length.
(defn exist-intersect-8-12-3-4 (n 1 ¢) (prove-lemma move-unchange-length (rewrite)

(if (zerop n) F (implies (and (listp 1)

(if (intersect-8-12-3~4-at-n n 1 @g) n (member k (nset (length 1))))
(exist-intersect-E-12-3-4 (subl n) 1 ¢)))) (equal (length (move 1 k 1)) (length 1)))

(disable exist—-intersect-8-12-3-4) ( (enable move nset)))

:*Flag invariant. s7sLists 1 and (move 1 k i) have the same entries

: 7; except kth one.

(defn lg-l-at-n (n 1 qg) (prove-lemma move—-unchange-other-than—-nth (rewrite)
(or (and (at 1 n 0) (at g n 0)) (implies (and (listp 1)

(and (at 1 n 1) (at g n 0)) (member k (nset (length 1)))

(and (at 1 n 2) (at g n 0)) (not (equal J k)))

(and (at 1 n 3) (at g n 1)) (equal (nth (move 1 k 1) J) (nth 1 J)))
(and (at 1 n 4) (at g n 1}))) ( (enable move nth nset)))

(disable lg-l-at-n) (prove—-lemma member—-ex—-union (rewrite)

(implies (exist-union 1 n 1)

(defn lg-2-at-n (n 1 gq) (member (exist-union 1 n i) (nset n)))

(or (and (at 1 n 5) (at g n 3)) ((enable nset exist-union)))

(and (at 1 n 6) (at g n 3))

(and (at 1 n 7) (at g n 2)) ;32 (exist-union 1 n 1) is a number.

(and (at 1 n 8) (at g n 3)) (prove-lemma number-ex—-union (rewrite)

(and (at 1 n 8) (at g n 2)))) (implies (exist-union 1 n 1)
(disable 1lg-2-at-n) (numberp (exist-union 1 n 1i)))

( (enable exist-union)))

(defn lg-3-at-n (n 1 qg)

(or (and (at 1 n 9) (at g n 4)) J: (exist—-intersect-E-12-3-4 n 1 g) belongs to nset.

(and (at 1 n 10) (at g n 4)) (prove—-lemma member—-intersect (rewrite)

(and (at 1 n 11) (at g n 4)) (implies (exist-intersect-E-12-3-4 n 1 gq)

(and (at 1 n 12) (at g n 4)))) (member (exist-intersect-E-12-3-4 n 1 g) (nset n)))

(disable 1lg-3-at-n) ((enable nset exist-intersect-8-12-3-4
intersect-8-~12-3-4-at-n ))}

(defn lg-at-n (n 1 g)

(and (lg-l-at-n n 1 qg) 1+! (exist-intersect-E-12-3-4 n 1 g) is a number.

(lg-2-at-n n 1 qg) (prove-lemma number—-intersect (rewrite)

{lg=3-at-n n 1 qg))) (implies (exist-intersect-E-12-3-4 n 1 gq)

(disable lg-at-n) (numberp (exist-intersect-E-12-3-4 n 1 g)}))
( (enable exist-intersect-8-12-3-4) 1})

(defn 1g (n 1 9)
(if (zerop n) T ; 2 rany member of nset is nonzero.
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(prove—-lemma k-not-0O (rewrite) ( (enable union-at-n at)))

(implies (member k (nset n))

(not (zerop k))) ;::nep-18-12
( (enable nset)))

$1; If the k's entry in 1 is between 8,..12 then

;*lemmas for al ;2:1t is either between 8..11 or equal to 12.
(prove-lemma case-k (rewrite)

;;;If J's entry in 1 is between 8,.12 then (implies (and (union-at-n 1 k '(8 9 10 11 12))
$1: (exist-union 1 n "(8 9 10 11 12)) holds. (not (union-at-n 1 k 7 (8 9 10 11))))

(prove—-lemma J-ex—-18-12 (rewrite) (at 1 k 12))

(implies (and (member J (nset n)) ( (enable union-at-n at)))

(union—-at-n 1 Jj "(8 9 10 11 12)))

(exist-union 1 n (8 9 10 11 12))) :::1:k-not-18-12
((enable nset exist-union union-at-n at)))

22: If (exist-intersect-E-12-3-4 n 1 g) holds
;;:Witness of (exist-union lp n '(8 9 10 11 12)) ;2:then the witness has its entry in g either equal
;:;;has in lp its entry between 8...12, :2:t0 3 or 4.

(prove-lemma ex-1p8-12-in-1p8~12 (rewrite) (prove-lemma intersect-8-12-3-4-then-3-4 (rewrite)

(implies (exist-union 1p n "(8 9 10 11 12)) (implies (exist-intersect-E-12-3-4 n 1 gq)
(union-at-n 1p (exist-union 1p n (union—-at-n g

"(8 9 10 11 12)) '(8 9 10 11 12))) (exist-intersect-E-12-3-4 n 1 gq) '(3 4)))
((enable exist-union union-at-n at))) ((enable  exist-intersect-8-12-3-4

intersect-8-12-3-4-at-n

22: If (not (exist-union 1 n "(8 9 10 11 12))) union-at-n at)))

::;holds, then (not (exist-union g n '(4))) by lg.

(prove—-lemma ex-ifd (rewrite) 2:3 If (exist-intersect-E-12-3-4 n 1 g) holds,

(implies (and (not (exist-union 1 n '(8 9 10 11 12)) 77: then the witness has its entry in g between 8 and 12.
(lg n 1 g)) (prove-lemma intersect-8-12-3-4-then-8-12 (rewrite)

(not (exist-union g n '(4)))) (implies (exist-intersect-E-12-3-4 n 1 q)

((enable exist-union union-at-n 1g (union-at-n 1 (exist-intersect-E-12-3-4 n 1 gq)
lg-at-n lg-2-at-n at))) "(8 9 10 11 12)))

( (enable exist—-intersect-8-12-3-4

;:: If (not (exist-union g n '(1))) holds, intersect~-8-12-3-4-at-n

2: then there is no entry either 3 or 4. union-at-n at)))
(prove-lemma 134-empty (rewrite)

(implies (and (member J (nset n)) ;;:k-in-18-11

(lg n 1 q)

(not (exist-union g n ’ (1)))) ;;;If k's entry in 1p is between 9 and 12,
(not (union-at-n 1 J '(3 4)))) ;::;then it is certainly between 8 and 12.

((enable at nset exist-union union-at-n lg (prove—lemma un%-12-then-un8-12 (rewrite)

lg-at-n 1lg-l-at-n))) (implies (union-at-n ip k '(9 10 11 12))
(union-at-n lp k "(8 9 10 11 12)))

12; If J's entry in 1p is 4, then (certainly) ( (enable union-at-n at)))
::;1t is either 3 or 4.

(prove-lemma lpd-then-un3d (rewrite) 32; If the i's entry in 1 is between 9 and 12,
(implies (at 1p J 4) ;::then the k's entry in g is 4.

(union-at-n 1p j 7 (3 4))) (prove-lemma if4 (rewrite)
((enable union-at-n at))) (implies (and (member Jj (nset n))

(lg n 1 gq)
::: If (exist-intersect-E-12-3-4 n 1 g@) holds, (union-at-n 1 3 "(9 10 11 12)))
then so does (exist-union g n * (3 4)). (at g J 4))
(prove-lemma int-8-12-3-4-then-un34 (rewrite) ((enable nset union-at-n at 1g lg-at-n lg-3-at-n)))

(implies (exist-intersect-E-12-3-4 n 1 gq)

(exist-union g n '(3 4))) :;:k-in-112
( (enable exist—-intersect-8-12-3-4

intersect-8-12-3-4-at-n $2: If (exist-union lp n "(8 9 10 11 12)) holds then
union-at-n exist-union at))) ;;:1ts witness does not have its entry in 1lp equal to 1.

(prove-lemma ex~1p8-12-not-in-lp0 (rewrite)
;*lemmas for al (implies (exist-union lp n '(8 9 10 11 12))

(not (at lp (exist-union lp n *{(8 9 10 11 12)) 0)))
;::1 is the witness of ( (enable exist-union union-at-n at)))
;;; (exist-intersect-E-12-3-4 n 1p gp).

(prove-lemma int-wtn (rewrite) 3::If K’8 entry in lp is between 8 and 12,
(implies (and (member J (nset n})) $2; then it is either between 8 and 11 or 12.

(intersect-8-12-3-4-at~-n 3 1p gp)) (prove-lemma k-in-1p9-12-or-1p8 (rewrite)

(exist-intersect-E-12-3-4 n 1p gp)) (implies (and (union-at-n lp k '(8 9 10 11 12))
((enable nset exist-intersect-E-12-3-4))) (not (union-at-n lp k '(9 10 11 12))))

(at 1p k 8))
;:: If there exists J such that j’s entry in 1p ( (enable union-at-n at)))
;::18 between 8.. 12 and entry in gp is either 3 or 4

:::;then (intersect-8-12-3-4-at-n j lp gp) holds. $+: If the k's entry is either 5 or 7.
(prove—lemma un8-l12-and-un34-then-int (rewrite) r::then it is between 5 and 7.

(implies (and (union-at-n lp J '(8 9 10 11 12)) (prove-lemma un57-then-un5-12 (rewrite)

(union—-at-n gp J "(3 4))) (implies (union-at-n 1 k "(5 7))
(intersect-~8-12-~3-4-at-n j lp gp)) (union-at-n 1 k "(5 6 7 8 9 10 11 12)))

((enable intersect-8-12-3-4-at-n))) ((enable union-at-n at)))

;;:By the two lemmas above, $:;1If the k's entry in 1 is between 8 and 11,

;s; (exist-intersect-E-12-3-4 n 1p gp) holds provided y::then it is between 5 and 12.

::;that there exists Jj such that 3’s entry in lp is (prove-lemma un8-ll-then-un5-12 (rewrite)
:: between 8.. 12 and entry in gp is either 3 or 4. (implies (union-at-n 1 k '(8 9 10 11))

(union-at-n 1 k (5 6 7 8 9 10 11 12)))

:* ep-18-12 ((enable union-at-n at)))

3:3 If the k's entry in 1 is 5, then the k's entry :::If the k's entry in 1 is between 8 and 12,

;2:in g is 3 by lg. gy:then it is between 5 and 12.

(prove-lemma 1g-15-g3 (rewrite) (prove—-lemma un8-12-then-unb5-=12 (rewrite)

(implies (and (member k (nset n)) (implies (union-at-n 1 k ¢ (8 9 10 11 12))

{lg nl qg) (union-at-n 1 k '(5 6 7 8 9 10 11 12)))

(at 1 k 5)) ((enable union-at-n at)))

(at g kx 3))

((enable lg lg-at-n lg-2-at-n nset at)))
;*lemmas for a2

:::If the k's entry in gp is 3 then certainly

;2:1lt is either 3 or 4. :;:1i-eq-k-j-neqg-k

(prove-lemma ¢gp3-then-un34 (rewrite)

(implies (at gp k 3) :::If the k's entry in 1 is either 10 or 11,

(union—-at-n gp k '(3 4))) ;;:then the k's entry in 1 is between 10 and 12.
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(prove-lemma unl0~ll-then-unl0-12 (rewrite) (prove—-lemma k-in-15-11-g4-then-19-11 (rewrite)
(implies (union-at-n 1 k '(10 11)) (implies (and (member k (nset n))

(union-at-n 1 k "(10 11 12))) (lgn lg)
((enable union-at-n at))) (union-at-n 1 k "(5 6 7 8 9 10 11))

(at 9 k 4))

$23 If the j's entry in g is either 0 or 1 then (union-at-n 1 k "(9 10 11)))

:::the J's entry in 1 is not between 5 and 12. ((use (a3-ifd))

(prove-lemma 1fl (rewrite) (use (un5-ll-eqg-un58-or-ung-11)))}
(implies (and (member Jj (nset n))

(lg n 1 gq) 1::1f the i's entry in 1 is 12,
(union-at-n g Jj {0 1))) ;2:then the i's entry in 1 is between 8 and 12.

(not (union-at-n 1 J (prove-lemma ll2-then-un8-12 (rewrite)

"(5 6 7 8 9 10 11 12)))) (implies (at 1 1 12)
((enable nset union-at-n at lg lg-at-n (union-at-n 1 1 "(8 9 10 11 12)))

lg-l-at-n))) ((enable at union-at-n)))

;::j-eq-k~-i-neq-k ;2:If (exist-union 1 n '(8 9 10 11 12)) does not hold,
;s:then the i's entry in 1 is 12.

}::If the k'8 entry in 1 is between 5 and 7. (prove-lemma i-not-in-112 (rewrite)
::;then it is certainly between 5 and 12. (implies (and (member 1 (nset n))
(prove-lemma unS=-7-then-und~11 (rewrite) (not (exist—union 1 n '(8 9 10 11 12))))

(implies (union-at-n 1 k "(5 6 7)) (not (at 1 1 12)))

(union-at-n 1 k "(5 6 7 8 9 10 11))) ((enable exist-union nset at union-at-n)))

( (enable union-at-n at nset)))

} 7: J-neg-k-i-eg-k

;:;If the k's entry in 1p is between 5 and 7 then

;::1t is certain between 5 and 11. ;::1f the k's entry in 1 is 11,
(prove-lemma und7-then-un3-11 (rewrite) :;: then the k's entry in 1 is between 10 and 12.

(implies (union-at-n 1 k "(5 7)) (prove-lemma lll=-then-unl0-12 (rewrite)

(union-at-n 1 k "(5 6 7 8 9 10 11))) (implies (at 1 k 11)
((enable union-at-n at))) (union-at-n 1 k 7 (10 11 12)))

( (enable union-at-n at)))

$22 If the k's entry in 1 is between 8 and 11,

;;sthen it is certainly between 5 and 11. ;;:If the j's entry in g is either 2 or 3,

(prove-lemma un8-ll-then-unb5-11 (rewrite) ;;:then the j’8 entry in 1 is between 5 and 8 by lg.
(implies (union-at-n 1 k '(8 9 10 11)) (prove-lemma 1if3 (rewrite)

(union-at-n 1 k "(5 6 7 8 9 10 11))) (implies (and (member J (nset n))

( (enable union-at-n at))) (lg n 1 q)
(not (union-at-n g J "(2 3))))

;2:If the k's entry in 1p is between 5 and 12 and (not (union-at-n 1 J (5 6 7 8))))
;;ithe k's entry in lp is between 5 and 7. then ((enable union-at-n at nset 1g lg-at-n lg-2-at-n)))
;::the k's entry in lp in fact is between 9 and 12.

(prove-lemma k-in-1pb5-7-or-1lp8-or-1p9-12 (rewrite)

(implies (and (union-at-n lp k "(5 6 7 8 9 10 11 12)) 3:3 If the j’8 entry in 1 is between 5 and 12 and
(not (union-at-n 1p k (5 6 7))) :;;the j's entry in 1 is between 5 and 8, then
(not (at 1p k 8))) ;iithe J's entry in 1 is 9 and 12.

(union-at-n 1p k '(9 10 11 12))) (prove-lemma 15-12-eq-15-8-0r-19-12 (rewrite)
((enable union-at-n at))) (implies (and (union-at-n 1 Jj *(5 6 7 8 9 10 11 12))

(not (union-at-n 1 J ?(5 6 7 8))))

:2: If the k's entry in 1 is between 5 and 11, (union-at-n 1 Jj "(9 10 11 12)))
;72 then it is certainly between 5 and 12. ( (enable union-at-n at)))
(prove-lemma unb5-ll-then-unb-12 (rewrite)

(implies (union-at-n 1 k "(5 6 7 8 9 10 11)) ii i-J-eg-k
(union-at-n 1 k "(5 6 7 8 9 10 11 12)))

((enable wunion-at-n at))) $2; If the k's entry in 1p is 12,
;;2then it is certainly between $§ and 12.

;2;If the k's entry in 1 is between 10 and 12, (prove-lemma 1ll2-then-un9-12 (rewrite)

:;; then it is certainly between 8 and 12. (implies (at lp k 12)
(prove-lemma unl0-12-then-unB-12 (rewrite) (union-at-n 1p k '(9 10 11 12)))

(implies (union-at-n 1 i '(10 11 12)) ( (enable union-at-n at)))
(union-at-n 1 i "(8 9 10 11 12)))

( (enable union-at-n at))) :*lemmas for bla

; 7: J-egq-k-i-neg-k $7: If the u's entry in g is 4,
;;+ithen the u's entry in 1 is between 8 and 12 by lg.

pr: If (exist-union 1 n "(8 9 10 11 12)) does not hold, (prove-lemma bla-if4 (rewrite)

:;:then the i's entry in 1 is not between 10 and 12. (implies (and (member u (nset n))

(prove-lemma i-not-110-12 (rewrite) (lg nlag
(implies (and (member i (nset n)) (at g u 4))

(not (exist-union 1 n "(8 9 10 11 12)))) (union-at-n 1 u '(8 9 10 11 12)))

(not (union-at-n 1 1 '(10 11 12)))) ( (enable nset union-at-n at lg lg-at-n
((enable exist-union union-at-n at nset))) lg-3-at-n)))

:*lemmas for blb

;*lemmas for a3

1521If the k's entry in 1p is between 9 and 12,

: 2: j-eq-k-i-neq-k ;2ithen the k's entry in gp is iether 3 or 4 by lg.

(prove-lemma lp9-12~then~k-in-qg34 (rewrite)
$2:If the k's entry in 1 is between 5 and 11, (implies (and (member k (nset n))

s22then the k's entry in 1 is between 9 and 11. (union-at-n 1p k * (9 10 11 12))
(prove-lemma unS-~lil-eg-un58-or-un8-1l1 (rewrite) (lg n 1p gpl}

(implies (and (union-at-n 1 k "(5 6 7 8 9 10 11)) (union—-at-n gp k "(3 4)))

(not (union-at-n 1 k "(5 6 7 8)))) ((enable nset at union-at-n 1g lg-at-n
(union—-at-n 1 k "(9 10 11))) lg-3-at-n)))

( (enable union-at-n at)))

;::If the k's entry in 1p is between 8 and 12, and
:2:If the k's entry in g is 4, :::it is not 8. then it is certainly between 9 and 12.

;::then the k’8 entry in 1 is between 5 and 8. (prove-lemma ung-l2-then-18-or-19-12 (rewrite)

(prove—lemma a3-if4 (rewrite) (implies (and (union-at-n 1p k '(8 9 10 11 12))
(implies (and (member k (nset n)) (not (at 1p k 8)))

{lg n 1 q) (union-at-n 1p k * (9 10 11 12)))

(at g k 4)) ( (enable at union-at-n)))

(not (union-at-n 1 k (5 6 7 8))))

((enable nset union-at-n at 1g lg-at-n 1lg-3-at-n)))

$32 If the k's entry in 1 is between 5 and 11,

sand the k's entry in 1 is between 5 and 12,

;2:then the k's entry in 1 is 9 and 11.
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;;;Well-formed-state. (equal gp gq)
(defn ws (n 1 gq) (phi9 i n g)

(and (numberp n) (equal lp (move 1 i 10))))

(listp 1)
(listp g) (defn rhoi%b (n i 1 g 1p gp)
(equal (length 1) n) (and (at 1 1 9)

(equal (length g) n) (equal gp 4g)

(all-union 1 n (not (phi9 1 n @))
'O 12 3 4 5 6 78 9 10 11 12)) (equal 1p 1)))

(all-union g n “(0 1 2 3 4))))
(disable wa} (defn rhoil0 (n i 1 g 1p gp)

(and (at 1 i 10)

;:: Transitions. (equal lp (move 1 i 11))
(equal gp g}))

(defn rhoi0 (n i 1 g 1p gp)

(and (at 1 i 0) (defn phill (1 n qg)
(equal gp g) (equal lp (move 1 i 1)))) (if (or (nlistp q)

(not (numberp i))

(defn rhoila (n i 1 g lp gp) (not (numberp n))) F
(and (at 1 i 1) (if (equal n 0) T

(equal gp Qq) (or (and (not (lessp i nj}

(equal 1p (move 1 i 2)))) (phill i (subl mn) g))
(and (not (union-at-n g n f{2 3)))

(defn rhoilb (n i 1 g lp gp) (phill i (subl n) g9))))))
(and (at 1 1 1)

(equal 1 gp) (disable phill)
(equal 1p 1)))

(defn rhoilla (n i 1 g 1p gp)
(defn rhei2 (n 1 1 g 1p gp) (and (at 1 1 11)

(and (at 1 i 2) (equal gp g)
(equal 1p (move 1 i 3)) (phi.11 i n q)
(equal gP (move § i 1)))) (equal 1p (move 1 i 12))))

(defn rhoi3a (n i 1 g 1p gp) (defn rhoillb (n i 1 g 1p gp)
(and (at 1 1 3) (and (at 1 i 11)

(equal gp q) (equal gp 9)
(equal 1p (move 1 i 4)) (not (phill 1 n q))
(not (exist-union g n "(3 4))))) (equal 1p 1)))

(defn rhoi3db (n i 1 g 1p gp) (defn rhoil2 (n i 1 g 1p gp)
(and (at 1 i 3) (and (at 1 1 12)

(equal gp 9) (equal gp (move g i 0))

(equal 1p 1) (equal 1p (move 1 i 0))))
(exist-union g n "(3 4))))

::: The transition operates on 17th,

(defn rhoid (n 1 1 g 1p gp) (defn rhol (n 1 1 g 1p gp)
(and (at 1 i 4) (or {rhoi0 n 1 1 g 1p gp)

(equal gp (move g 1 3)) (rheila ni 1 g 1p gp)
(equal 1p (move 1 i 5)))) (rhoilb n 1 1 g 1p gp)

(rheiz ni 1 ¢g 1p gp)
(defn rhoiSa (n 1 1 g 1p gp) (rhoi3a n i 1 g lp gp)

(and (at 1 1 5) {(rhoi3b n i 1 g lp gp)
(equal gp g) (rhoid n 1 1 g 1p gp)
(exist-union g n '(1)) (rhoiSa n i 1 g lp gp)
(equal 1p (move 1 i 6)))) (rhoiSb n 1 1 g 1p gp)

(rholé n 1 1 g 1p gp)
(defn rhoiSb (n 1 1 g 1p gp) (rhoi7a n 1 1 g 1p gp)

(and (at 1 i 5) (rhoi?b n 1 1 9 1p gp)
(equal gp G) (rhoi8 n i 1 g 1p gp)
(not (exist-union g n '(1))) (rhei%a n i 1 g 1p gp)
(equal 1p (move 1 i 8)))) (rhei9b n 1 1 g 1p gp)

{(rhoil0 n i 1 g lp gp)
(defn rhoié (n 1 1 g 1p gp) (rhoilla n i 1 g 1p gp)

(and (at 1 i 6) (rhoillb n i 1 g 1p gp)

(equal gp (move g i 2)) (rhoil2 n 1 1 g 1p gp)))
(equal 1p (move 1 i 7) })) (disable rhoi)

(defn rhoi7a (n i 1 g 1p gp) ::: Propositions
(and (at 1 1 7) ;ical

(exist—-union g n '(4))

(equal lp (move 1 i 8)) (defn a0 (n 1 Kk)

(equal gp 9))) (implies (and (member k (nset n))
(exist-union 1 n 7 (8 9 10 11 12)))

(defn rhoi?b (n i 1 g 1p gp) (not (at 1 k 4))))
(and (at 1 i 7) (disable a)

(not (exist-union g n '(4)))

(equal 1p 1) ;::al

(equal gp q)))
(defn al (n 1 gq)

(defn rhoig8 (n 1 1 g 1p gp) (implies (exist-union 1 n ?{(8 9 10 11 12))
(and (at 1 1 8) (exist—-intersect-E-12-3-4 n 1 qg)))

(equal gp (move g 1 4)) (disable al)

(equal 1p (move 1 i 9))))
seis az

(defn phi9 (1 n gq)
(if (or (nlistp gq) (defn a2=-at-nl-n2 (nl n2 1)

(not (numberp i)) (if (union-at-n 1 nl 7 (10 11 12))

(not (numberp n))) F (not (union-at-n 1 n2

(if (equal n 0) T (5 6 78 9 10 11 12))) T))

(or (and (not (lessp n 1))

(phi9 1 (subl n) qg)) (disable aZ2-at-nl-n2)

(and (union-at-n g n {0 1))

{phi% 1 (subl n) g)))))) (defn a2-at-n2 (nl n2 1)
(if {(zerop n2) T

(disable phi9} (if (not (lessp n2 nl))
(a2-at-n2 nl (subl n2) 1)

{defn rhoi%a (n i 1 g lp gp) (and (a2-at-nl-n2 nl n2 1)
(and (at 1 i 9) (a2-at-n2 nl (subl n2) 1)))))
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(disable a2-at-n2}

(defn a2 (nl n2 1)

(if (zerop nl) T

(and (a2-at-n2 nl n2 1)

la2 {subl nl) n2 1))))

(disable a2)

3::a3

(defn a3d=at-nl-n2 (nl n2 1 gq)

(if (and (at 1 nl 12)

(union—-at-n 1 n2

5 6 7 8 9 10 11 12)))

(at § n2 4) T))

(disable a3=-at-nl=-n2)

(defn ad-at-n2 (nl n2 1 g)

(if (zerop n2) T

(and (a3=at-nl-n2 nl n2 1 g)
(a3-at-n2 nl (subl n2) 1 g))))

(disable a3-at-n2)

(defn a3 (nl n2 1 qg)

(if (zerop nl) T

(and (a3=-at-n2 nl n2 1 g)

(a3 (subl nl) n2 1 g))l})
(disable a3)
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:::W8 implies that n is a number. (member Jj {nset n))
(prove—lemma WS-num-n (rewrite) (member k (nset n))

(implies (WS n 1 g) (thoi n k 1 g 1p gp)
(numberp n)) (not (equal k J) ))

( (enable us))) (equal (nth g J) (nth gp §)))
( (enable 1lm—-g-rholemma)

;;:wW8 implies that 1 is a list. (use (lm—g-rholemma))))

(prove-lemma us-list-1 (rewrite)

(implies (Ws n 1 gq) 3: lp—-gp-same-1-g

(1istp 1))
( (enable us))) ;: Another version of Rholemma for 1.

;::1It applies to (union-at-n 1 Jj m) in stead of

:;;:;ws implies that g is a list. $22 (nth 1 3).

(prove-lemma wWg=~list-g(rewrite) (prove-lemma lp-same-1 (rewrite)
(implies (ws n 1 gq) (implies (and (we n 1 qg)

(listp q@)) (listp m)
( (enable us))) (member Jj {nset n))

(member k (nset nl)

;;:Ws implies that length of 1 is n. {(rhoi n x 1 g 1p gp)
(prove-lemma Ws-ln-l (rewrite) (not (equal J k))

(implies (Ws n 1 @q) (union—at-n 1 J m))

(equal (length 1) n)) (union—-at-n lp J m))
( (enable ws))) ((enable union-at-n at)

(use (l-rholemma))))

;2:W8 implies that length of g is n.

(prove—lemma Ws=-1ln-g (rewrite) ;::Contrast to the one above,

(implies (ws n 1 gq) 22:the order of 1 and lp is reversed.
(equal (length g) n)) (prove-lemma l-same-lp (rewrite)

( (enable us))) (implies (and (ws n 1 qg)

(listp m)

;;:Ww8 and rho imply that lp is a list. (member Jj (nset nj)
(prove—-lemma Ws-1ln-lp (rewrite) (member k {nset nj)

(implies (and (ws n 1 gq) {rhel n kx 1 g 1p gp)

(member k {(nset n)) (not (equal J k))
(thoi n kx 1 g 1p gp)) (union-at-n 1p J m))

(listp 1p)) (union-at-n 1 J m))
((enable ws rhoi))) ((enable union-at-n at)

(use (l-rholemma))))

}2:W8 and rho imply that gp is a list.

(prove-lemma ws-ln-gp (rewrite) (prove-lemma lp-same-l-not (rewrite)

(implies (and (ws n 1 ¢g) (implies (and (ws n 1 gq)
(member k (nset n)) (listp m)
(rhein x 1 g 1p gp)) (member J (nset n))

{listp gp)) (member k (nset n))

((enable ws rhoi))) (rhoi n kx 1 g 1p gp)
(not (equal Jj k))

:::W8 implies that n is nonzera, (not (union-at-n 1 J m}}))

(prove—-lemma us-n-not-0 (rewrite) (not (union-at-n lp J m}))
(implies (ws n 1 gq) ((use (l-same-1p))))

(not (zerop n)))

( (enable wW8))) ;:sAnother version of Rholemma for g.

(prove—-lemma gp-same—-g (rewrite)

(prove-lemma n-not-0 (rewrite) (implies (and (ws n 1 gq)

(implies (Ws n 1 gq) (listp m)
(member n (nset n))) (member Jj (nset n))

((use (n—-in-nset)) (member k (nset n))

(use (us-n-not-o0)))) {rhol n kx 1 g 1p gp)
(not (equal J k))

:*the rho! lemmas (union-at-n g J m))

(union-at-n gp J m))

;;:Auxiliary lemma. ( (enable union-at-n at)

(prove-lemma lm-l-rholemma (rewrite) (use (g—-rholemma))))

(implies (and (listp 1)

(member Jj {nset (length 1))) ;;:;Contrast to the one above,

(member k {(nset (length 1))) ;;:the order of g and gp is reversed.

(rhoi n k 1 g 1p gp) {prove-lemma g-same-gp {rewrite)
(not (equal k 7J))) (implies (and (ws n 1 q)

(equal (nth 1 J) (nth 1p J))) (listp m)
((enable rhoi))) (member § (nset n))}

{member k (nset nj)

(disable 1m-l-rholemma) (rhoi n k 1 g 1p gp)
(not (equal J kJ)

;:;;Rholemma for list 1. (union-at-n gp Jj m))
(prove—-lemma l-rholemma (rewrite) (union-at-n g j m))

(implies (and (ws n 1 gq) ( (enable union-at-n at)

(member Jj (nset n)) {use {(g-rhclemma))))
(member k {nset n))

(rhoi n x 1 g 1p gp)
(not (equal k 3J))) :;: It applies to (at 1 j m) in stead of

(equal (nth 1 3) (nth 1p 9))) ;:; (nth 1 79).
( (enable 1m-l1-rholemma) (prove—-lemma l-same-lp-at (rewrite)

(use (lm-l-rholemma)))) (implies (and (ws n 1 Q)
(member J {nset n))

;:;Auxiliary lemma. (member k (nset n))

(prove-lemma lm-g-rholemma (rewrite) (numberp m)

(implies (and (listp gq) {rhoi n kx 1 g 1p gp)
(member J (nset (length g)}) (not (equal j k))

(member k {(nset (length qg))) (at ip J m))
(rhoi n kx 1 g 1p gp) (at 1 3 m))
(not (equal k j))) ((enable at)

(equal (nth g 3) (nth gp 9))) (use (l-rholemma))))
( (enable rhei)))

(prove—-lemma gp-same-g-at (rewrite)

(disable 1lm-g-rholemma) (implies (and (Ws n 1 q)
(member J (nset n))

;::Rholemma for list g. (member k (nset n))
(prove—-lemma g-rholemma (rewrite) (numberp m)

(implies (and (Ws n 1 gq) (rhol n x 1 g 1p gp)
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(not (equal Jj k)) i::::0:al a2 and a3.

(at g J m))

(at gp J m)) 2: (a2 nn 1) and (a3 n n 1 @) are involved
((enable at) ;::in double bounded quantifiers
(use (g-rholemma)))) ;::\forall i \leg n \forall j \leq n,

;;:;with their quantifier-free formulas

(prove-lemma  l-same-lp-at-not (rewrite) is: (a3-at-nl-n2 i § 1 g) and (a2-at-nl-n2 i J 1)
(implies (and (ws n 1 q) ; i: respectively. What follows are all instances of

(numberp m) ;:;the following type: If (a3 n n 1 @g) holds, then
(member j {(nset n)) ;::in particular, so its instance
(member k (nset n)) ;::(a3-at-nl-n2 i j 1 gq) does.
{rhoi n x 1 g 1p gp)

(not (equal J k)) :::;The instances are i and Jj.

(not (at 1 j m))) (prove—lemma a3-i-j-a3-at-nl-n2 (rewrite)
(not (at 1p Jj m})) (implies (and (ws n 1 q)

((use (l-same-lp-at)))) (member i (nset n))

(member J (nset n))

‘basic properties of a2 (a3 nn 19))
(a3-at-nl-n2 i J 1 qg))

js; Auxiliary lemma. ((use (a3-a3-at-n2 (u i) (1 n })))

(prove-lemma lm-aZ2-at-n2-a2-at-nl-n2 (rewrite) (use {(a3=-at-n2-a3-at-nl-n2 (u i)))))
(implies (and (numberp n)

(numberp k) 2; The instances are k and

(member j (nset n)) ;:: (exist-union lp n ? (8 9 10 11 12)).
(lessp J k) (prove-lemma a3-ex-a3-at-nl-n2 (rewrite)
{a2-at-n2 k n 1)) (implies (and (ws n 1 g)

(a2-at-nl-n2 k j 1)) (member k (nset n))

((enable nset a2=at-n2 a2-at-nl-n2))) (a3 nn 1g)
(exist-union lp n '(8 9 10 11 12)))

(disable lm-a2-~at-n2-a2-at-nl-n2) (a3-at-nl-n2 k

(exist-union 1p n ? (8 9 10 11 12)) 1 qg))
(prove-lemma az2-at-n2-aZ2-at-nl-n2 (rewrite) ((use (a3-a3-at-n2 (u k) (1 n)))

(implies (and (we n 1 qg) (use (a3-at-n2-a3~at-nl-n2 (u k)

(member k (nset n)) (J (exist—union 1p n *(8 9 10 11 12)))))))
(member J (nset n))

(lessp J kx) (prove—-lemma a2-n~a2-at-n2 (rewrite)
(a2-at-nz k n 1)) (implies (and (ws n 1 gq)

(a2-at-nl-n2 k j 1)) (member k {(nset n))
( (enable 1lm-a2-at-n2-a2-at-nl-n2) (a2 nn 1))
(use (lm-a2-at-n2-aZ2-at-nl-n2))))} (a2=at=-n2 k n 1))

((use (a2=a2-at-nz (1 n)))))
(prove-lemma lm=-a2-a2-at-n2 (rewrite)

(implies (and (numberp n) ;2: The instances are 1 and 7.

(numberp i) (prove-lemma a2-ji-j~a2-at-nl-n2 (rewrite)
(member k (nset n)) (implies (and (ws n 1 q)
(a2 n 1 1)) (member i (nset n))

(a2-at-n2 k i 1)) (member Jj {(nset n))
((enable nset a2))} (a2 n n 1)

(lessp j 1))
(prove-lemma a2-a2-at-n2 (rewrite) (a2-at-nl-n2 i § 1))

(implies (and (Ws n 1 gq) ((use (a2-a2-at-n2 (1 n)))
(member i (nset n)) (use (a2=-at-n2-a2-at-nl-n2 (k 1)))))
(member k (nset n))

(a2 n 1 1))

{a2-at-n2 k i 1))

((use (lm-a2-a2-at-n2))))

;*baslic properties of a3

(prove-lemma lm—ad=-at-n2-ald-at-nl-n2 (rewrite)

(implies (and (numberp n)

(numberp u)

(member Jj (nset n))

{(al3-at-n2 un 1 q))

{a3-at-nl-n2 u J 1 g))
((enable nset a3-at-n2 ald-at-nl-n2)))

(disable Im-a3-at—-n2-a3-at-nl-n2)

(prove-lemma a3-at-n2-a3-at-nl-n2 (rewrite)

(implies (and (ws n 1 gq)

(member u (nset n))

(member j {nset n))

(a3~at-n2 un 1 qg))

(a3-at-nl=n2 u j 1 g))

((enable lm~-a3-at-n2-a3-at-nl-nz2)

(use (lm-a3~at-n2-a3-at-nl-n2))))

(prove-lemma lm-a3-ald=-at-n2 (rewrite)

(implies (and (numberp n)

(numberp 1)

(member u (nset n))

(a3 n i 1 qg))

(a3-at-n2 u i 1 g))

( (enable nset a3)))

(disable lm-a3-al3-at-n2)

(prove-lemma a3-ald-at=-n2 (rewrite)

(implies (and (ws n 1 gq)

(member 1 (nset n))

(member u (nset n))

(a3 nil gqg))
(a3-at-n2 vu 1 1 g))

((enable lm—ald-~al=-at~n2)

(use (lm—a3-a3=-at-n2j))))

$222: Instances used in the proofs of
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(prove—-lemma Jj-eg-k-move-member—-g (rewrite) ((enable nset all-union union-at-n at)))

(implies (and (listp qg)

(listp m) (prove—lemma rhod-preserves-union-g (rewrite)
(member 1 m) (implies (and (ws n 1 gq)
(member k {(nset (length g}))) (member k (nset n))

(member (nth (move g k 1) k) m)}) (rhoi4 n k 1 g 1p gp))
(all-union gp n (0 1 2 3 4)))

(prove—lemma Jj-neg-k-move-member-g (rewrite) ((disable rhoi4)

(implies (and (listp gq) (use (lm-rhod-preserves-union-g (j n)))))
(listp m)

(member k (nset (length g})) (prove—lemma rhoSa-preserves-union-qg (rewrite)
(not (equal J k)) (implies (and (ws n 1 g)
(member 1 m) (member k (nset n))

(member (nth g Jj) m)) {rhoiSa n kx 1 g 1p gp))
(member (nth (move g k i) J) m))) (all-union gp n {0 1 2 3 4))))

(prove-lemma move-member—-g (rewrite) (prove—lemma rhoSb-~preserves-union-g (rewrite)
(implies (and (listp qg) (implies (and (ws n 1 q)

(listp m) (member k (nset n))

(member i m) (rhoiSb n kx 1 g lp gp))
(member k (nset (length qg))) (all-union gp n (0 1 2 3 4))))
(member (nth g Jj) m))

(member (nth (move g k 1) 3) m)) (prove-lemma lm-rhoé-preserves-union-g (rewrite)
( (use (j-neg-k-move-member-g) (j—eg-k-move-member-g)))) (implies (and (listp @)

(equal (length @g) n)
(prove—-lemma move-member—-1 (rewrite) (member k (nset n))

(implies (and (listp 1) (all-union g J {0 1 2 3 4))

(listp m) (rhoié n kx 1 g 1p gp))
(numberp J) (all-union gp J (0 1 2 3 4)))

(member i m) ((enable nset all-union union-at-n at)))

(member k (nset (length 1)))

(member (nth 1 Jj) m)) (prove-lemma rhoé-preserves-union-g (rewrite)
(member (nth (move 1 k i) 3) m))) (implies (and (Ws n 1 gq)

(member k (nset n))

(prove—-lemma us-union-g (rewrite) {(rholé n kx 1 g 1p gp))
(implies (ws n 1 gq) (all-union gp n (0 1 2 3 4)))

(all-union gn {0 1 2 3 4))) ((disable rhoié)

((enable ws))) (use (lm-rhoé6-preserves-union-g (j n)))))

(prove-lemma us-union-1 (rewrite) (prove-lemma rho7a-preserves-union-g (rewrite)
(implies (ws n 1 g) (implies (and (ws n 1 qg)

(all-union 1 n (0 1 2 3 4 5 6 7 8 9 10 11 12))) (member k (nset n))

( (enable us))) (rhoi?7a n k 1 g 1p gp))
(all-union gp n "(0 1 2 3 4))))

(prove-lemma rho0-preserves-union-g (rewrite)

(implies (and (ws n 1 g) (prove-lemma rho7b-preserves-union~q (rewrite)
(member k {(nset nj) (implies (and (ws n 1 gq)
{rholO0 n kx 1 g 1p gp)) (member k (nset n))

(all-union gp n {0 1 2 3 4)))) {(rhoi7b n kx 1 g 1p gp))
(all-union gp n (CG 1 2 3 4))))

(prove-lemma rhola-preserves-union—-g (rewrite)

(implies (and (W8 n 1 gq) (prove-lemma lm-rho8-preserves-union-g (rewrite)
(member k (nset nj) (implies (and (listp gq)

{(rhoila n kx 1 g 1p gp)) (equal (length g} n)
(all-union gp n (0 1 2 3 4)))) (member k (nset n))

(all-union g J (0 1 2 3 4))

(prove—lemma rholb-preserves—-union-g (rewrite) (rhoi8 n k 1 g lp gp))
(implies (and (w8 n 1 q) (all-union gp J 7(Q@ 1 2 3 4)))

(member k (nset n)) ((enable nset all-union union-at-n at)))

(rhoilb n kx 1 g 1p gp))

(all-union gp n (0 1 2 3 4)))) (prove—-lemma rho8-preserves-union~g (rewrite)
(implies (and (Ws n 1 qg)

(prove—lemma lm=-rho2-preserves-union-g (rewrite) (member k (nset nj)

(implies (and (listp ¢) (rhoi8 n kx 1 g 1p gp))
(equal (length g) n) (all-union gp n {0 1 2 3 4)))
(member k (nset n)) ((disable rhoisg)

(all-union g 3 2 (0 1 2 3 4)) (use (lm-rho8-preservesgs-union~g (j n)))))
(rhoi2 n k¥ 1 g 1p gp))

(all-union gp Jj (0 1 2 3 4))) (prove-lemma rho9a-preserves-union-g (rewrite)
((enable nset all-union union-at-n at))) (implies (and (ws n 1 q)

(member k (nset n))

(prove-lemma rho2-preserves-union-g (rewrite) (rhoi%a n k 1 g 1p gp))
(implies (and (Ws n 1 qg) (all-union gp n (0 1 2 3 4))))

(member k (nset n))

(rhoi2 n kx 1 g 1p gp)) (prove-lemma rho%b-preserves-union-g (rewrite)
(all-union gp n (0 1 2 3 4))) (implies (and (w8 n 1 qg)

((disable rhoi2) (member k (nset n))

(use (lm~rho2-preserves-union-g (j n))))) (rhoi%b n kx 1 g 1p gp))
(all-union gp n "(0 1 2 3 4))))

(prove-lemma rho3a-preserves-union-g (rewrite)

(implies (and (Ws n 1 q) (prove-lemma lm~rholO=-preserves-union-g (rewrite)
(member k {nset n)) (implies (and (listp qg)

(rhoi3a n kk 1 g 1p gp)) (equal (length ¢g) n)
(all-union gp n (0 1 2 3 4)))) (member k {(nset n))

(all-union g J {0 1 2 3 4))

(prove-lemma rho3b-preserves~union-q (rewrite) (rhoil0 n k 1 g 1p gp))
(implies (and (W8 n 1 gq) (all-union gp 3 "(0 1 2 3 4)))

(member k (nset n)) ( (enable nset all-union wunion-at-n at)))

(rhoi3b n kx 1 g 1p gp))

(all-union gp n (0 1 2 3 4)))) (prove-lemma rholQ-preserves-unioen-g (rewrite)
(implies (and (Ws n 1 gq)

(prove-lemma lm-rho4-preserves-union-g (rewrite) (member k (nset n))
(implies (and (listp gq) (rhoil0 n k 1 g 1p gp))

(equal (length gg) n) (all-union gp n "(0 1 2 3 4)))
(member k {(nset n)) ((enable nset all-union union-at-n at)))

(all-union g J (0 1 2 3 4))

{rheid n kx 1 g 1p gp)) (prove-lemma rholla-preserves-union-g (rewrite)

(all-union gp J "40 1 2 3 4))) (implies (and (ws n 1 g)
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(member k (nset n)) (prove-lemma rho2-preserves-union-l (rewrite)

(rhoilla n k 1 g 1p gp)) (implies (and (ws n 1 q)
(all-union gp n (0 1 2 3 4)))) (member k (nset n))

(rhei2 n k 1 g 1p gp))
(prove—-lemma rhollb-preserves—-union—g (rewrite) (all-union lp n "(0 1 2 3 4 3 6 7 8 9 10 11 12)))

(implies (and (ws n 1 gq) ((disable rhoi2)

(member k (nset n)) (use (lm~-rho2-preserves-union-1l (j n)))))
(rhoillb n k 1 g lp gp))

(all-union gp n “(0 1 2 3 4)))) (prove-lemma lm-rho3a-preserves-union-1 (rewrite)
(implies (and (listp 1)

(prove—lemma lm-rhol2-preserves-union-g (rewrite) (equal (length 1) n)
(implies (and (listp gq) (member k (nset nj)

(equal (length g) n) (all-union 1 § "(0 1 2 3 4 5 6 78 9 10 11 12))

(member k (nset n)) (rhoi3a n kx 1 g 1p gp))
(all-union g J ?(0 1 2 3 4)) (all-union lp J '(0 1 2 3 4 5 6 7 8 9 10 11 12)))
(rhoil2 n k 1 g 1p gp)} ((enable nset all-union union-at-n at)))

(all-union gp J "(0 1 2 3 4)))

((enable nset all-union union-at-n at))) (prove-lemma rho3a-preserves-union-1 (rewrite)

(implies (and (ws n 1 g)
(prove-lemma rhol2-preserves-union-g (rewrite) (member k (nset n))

(implies (and (ws n 1 q) (rhei3a n kx 1 g 1p gp))
(member k (nset n)) (all-union lp n "(0 1 2 345 6 7 8 9 10 11 12)))

(rhoil2 n k 1 g 1p gp)) ((disable rhoi3la)

(all-union gp n "(0 1 2 3 4))) (use {lm=rhol3apreserves~union=-l (J n)))))
((disable rhoil2)

(use (lm-rhol2-preserves-union-g (j nj))))) (prove-lemma lm-rho3b-preserves-union-1l (rewrite)
(implies (and (listp 1)

(prove-lemma rho-preserves-union-g (rewrite) (equal (length 1) n)

(implies (and (w8 n 1 gq) (member k (nset n))

(member k (nset n)) (all-union 1 J "(0 12 3 4 56 7 8 9 10 11 2))

(rhoi n kx 1 g 1p gp)) (rhoi3b n k 1 g 1p gp))
(all-union gp n (0 1 2 3 4))) (all-union 1p j "(0 1 2 3 456 7 8 9 10 11 12)))

((disable rhol0 rhoila rhoilb rhoi2 rhoila ((enable nset all-union union-at-n at)))
rhoi3b rhoi4 rhois5a rhoisSb rhoié

rhoi7a rhei7b rhoi8 rhoi%a rhoi®b (prove—lemma rho3b-preserves-union-1 (rewrite)
rholl0 rhoilla rhoillb rhoil2) (implies (and (ws n 1 @)

(enable rhoi) )) (member k (nset n))

{rhei3b n k 1 g 1p gp))

(prove—lemma lm-rhoQ-preserves-union-1 (rewrite) (all-union lp n {0 1 2 3 45 6 7 8 9 10 11 12)))
(implies (and (listp 1) ((disable rhoilb)

(equal (length 1) n) (use {(lm-rho3b-preserves-union-1 (Jj n})))))
(member k (nset n))

(all-union 1 Jj ' (01234567 8 9 10 11 12)) (prove-lemma lm-rhod~preserves-union-l (rewrite)
(rhoi0 n k 1 g 1p gp)) (implies (and (listp 1)

(all-union 1p § "(0 1 2 3 4 5 6 7 8 9 10 11 12})) (equal (length 1) n)
((enable nset all-union union-at-n at))) (member k (nset n))

(all-union 1 J *(0 1 2 34 56 7 8 9 10 11 12))

(prove-lemma rho0-preserves-union-l (rewrite) (rhoid n k 1 g lp gp))
(implies (and (ws n 1 gq) (all-union 1p Jj "(0 1 2 3 4 5 6 7 8 9 10 11 12)))

(member k (nset n)) ((enable nset all-union union-at-n at)))

(rhoi0 n k 1 g lp gp))

(all-union 1p n * (0 1 2 3 4 5 6 7 8 9 10 11 12))) (prove-lemma rhod-preserves-union-l (rewrite)
((disable rhoi0) (implies (and (ws n 1 g)
(use (lm-rho0-preserves-union-l (J n))))) (member k (nset n))

{rhoid n k 1 g 1p gp))

(prove—-lemma Im-rhola-preserves—-union-1 (rewrite) (all-union lp n f{(0 1 2 3 4 5 6 7 8 9 10 11 12)))
(implies (and (listp 1) ((disable rhoi4d)

(equal (length 1) n) (use (lm-rhod-preserves-union=-1 (Jj n)))))
(member k (nset n))

(all-union 1 J " (0123456789 10 11 12)) (prove-lemma lm-rhoSa-preserves-union-1 (rewrite)
(rhoila n k 1 g 1p gp)) (implies (and (listp 1)

(all-union 1p j§ "(0 1 2 3 4 5 6 7 8 9 10 11 12))) (equal (length 1) n)
((enable nset all-union wunion-at-n at))) (member k (nset n))

(all-union 1 § '(0 1 2 3 4 5 6 7 8 9 10 11 12))

(prove-lemma rhola-preserves—-union-1 (rewrite) {rhoiSa n k 1 g 1p gp))

(implies (and (W8 n 1 gq) (all-union 1p J "(0 1 2 3 4 5 6 7 8 9 10 11 12)))
(member k (nset n)) ((enable nset all-union wunion-at-n at)))

(rhoila n k 1 g 1p gp))

(all-union 1p n "(0 1 2 3 4 5 6 7 8 9 10 11 12))) (prove-lemma rhoS5a-preserves-union-l (rewrite)
((disable rhoila) (implies (and (ws n 1 gq)

(use (Im-rhola-preserves—-union-1 (J n))))) (member k (nset n))

(rhoib5a n k 1 g 1p gp))

(prove—-lemma Im-rholb-preserves—-union-1 (rewrite) (all-union lp n "(0 1 2 3 4 5 6 7 8 9 10 11 12)))
(implies (and (listp 1) ((disable rhoibSa)

(equal (length 1) n) (use (lm-rhoba-preserves-union-1 (Jj n))))}
(member k (nset n))

(all-union 1 3 "(0 1 2 3 45 6 7 8 9 10 11 12)) (prove-lemma lm-rhoSb-preserves-union-1 (rewrite)

(rhoilb n k 1 g 1p gp)) (implies (and (listp 1)

(all-union 1p 3 "(0 1 2 3 45 6 7 8 9 10 11 12))) (equal (length 1) n)
((enable nset all-union union-at-n at))) (member k (nset n))

(all-union 1 j "(0 1 2 3 4 5 6 7 8 9 10 11 12))

(prove-lemma rholb-preserves—-union-1 (rewrite) (rhoiSb n k 1 g 1p gp))
(implies (and (ws n 1 gq) (all-union 1p Jj '(0 12 3 4 5 6 7 8 9 10 11 12)))

(member k (nset n)) ((enable nset all-union wunion-at-n at)))

(rhoilb n k 1 g 1p gp))

(all-union 1p n "(0 1 2 3 4 56 7 8 9 10 11 12))) (prove-lemma rhoSb-preserves-union-1 (rewrite)
((disable rhoilb) (implies (and (ws n 1 qg)

(use (lm-rholb-preserves—-union-1 (J n))))) (member k (nset n))

(rhoiSb n k 1 g 1p gp))

(prove—lemma lm-rho2-preserves-union-l (rewrite) (all-union 1p n '(0 1 2 3 4 5 6 7 8 9 10 11 12)))
(implies (and (listp 1) ((disable rhoiSb)

(equal (length 1) n) (use (lm~-rhoSb-preserves-union-1 (J n)))))
(member k (nset n))

(all-union 1 3 {0 1 2 3 4 5 6 7 8 9 10 11 12)) (prove-lemma lm~rhoé-preserves=-union-1 (rewrite)

(rhoi2 n k 1 g 1p gp)) (implies (and (listp 1)
(all-union 1p Jj *{0 1 2 3 4 5 6 7 8 9 10 11 12))) (equal (length 1) n)

( (enable nset all-union union-at-n at))) (member k (nset n))
(all-union 1 J "(0 1 2 3 4 5 6 7 8 9 10 11 12))
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{rhoi6 n k 1 g 1p gp)) (implies (and (listp 1)
(all-union 1p J "(0 1 2 3 4 5 6 7 8 9 10 11 12))) (equal (length 1) nj

((enable nset all-union union-at-n at))) (member k (nset nj)

(all-union 1 Jj '(0 1 2 3 4 5 6 7 8 9 10 11 12))

(prove—lemma rho6-preserves~union=-l (rewrite) (rhoil0 n Xx 1 g 1p gp))
(implies (and (Ws n 1 gq) (all-union 1p J (01 2 3 4 5 6 7 8 9 10 11 12)))

(member k (nset nj) ( (enable nset all-union wunion-at-n at)))

(rholé n k 1 g 1p gp))

(all-union lpn "(0 1 2 3 4 56 7 8 9 10 11 12})) (prove-lemma rhol0l-preserves-union-l (rewrite)

((disable rhoié) (implies (and (ws n 1 gq)
(use (lm=-rho6-preserves-union-1 (Jj n))))) (member k (nset nj)

{rholil0 n k¥ 1 g 1p gp))
(prove-lemma lm-rho7a-preserves-union-1 (rewrite) (all-union lpn (01 2 3 4 5 6 7 8 9 10 11 12)))

(implies (and (listp 1) ((disable rhoil0Q)

(equal (length 1) nj (use (lm-rholO-preserves-union-1 (Jj n)))))
(member k (nset n))

(all-union 1 J "(0 1 2 3 45 6 7 8 9 10 11 12)) (prove-lemma lm-rholla-preserves—union-1 (rewrite)

(rhoi7a n kx 1 g 1p gpj) (implies (and (listp 1)
(all-union 1p J "(0 12 3 4 5 6 7 8 9 10 11 12))) (equal (length 1) n)

((enable nset all-union union-at-n at))) (member k (nset n))

(all-union 1 3 {0 1 2 3 4 5 6 7 8 9 10 11 12))
(prove-lemma rho7a-preserves-union-l (rewrite) (rhoilla n k 1 g lp gp3j)

(implies (and (ws n 1 gj (all-union 1p J "40 1 2 3 4 5 6 7 8 9 10 11 12)))

(member k (nset nj) ( (enable nset all-union wunion-at-n at)))

(rhoi?a n k 1 g 1p gpj)

(all-union lp n "(0 1 2 3 4 5 6 7 8 9 10 11 12))) (prove-lemma rholla-preserves-union-1 (rewrite)
((disable rhoi7a) (implies (and (ws n 1 gj
(use (lm~rho7a-preserves-union-1 (J n)))})) (member k (nset njj

(rhoilla n k 1 g 1p gpl)

(prove-lemma lm~rho7b-preserves-union-1 (rewrite) (2ll-union lpn " (0123456789 10 11 12)))
(implies (and (listp 1) ((disable rhoilla)

(equal (length 1) nj (use (Ilm-rholla-preserves—-union-1 (j nji)))
(member k (nset Nh))

(all-union 1 § "(0 1 2 3 4 5 67 8 9 10 11 12)) (prove-lemma lm-rhollb-preserves—union-1 (rewrite)

(rhoi?7b n k 1 g 1p gpjJ (implies (and  (listp 1)
(all-union 1p J "(0 1 2 3 4 5 6 7 & 9 10 11 12))) (equal (length 1) n)

( (enable nset all-union union-at-n at))) (member k (nset nj)
(all-union 1 Jj "(0 1 2 3 4 5 6 7 8 9 10 11 12))

(prove-lemma rho7b-preserves-union=l (rewrite) (rhoillb n k 1 g 1p gp))
(implies (and (Ww8 n 1 gq) (all-union 1p 7 ?(0 1 2 3 4 5 6 7 8 9 10 11 12)))

(member k (nset n)) ((enable nset all-union union-at-n at)))

(rthoi7b n k¥ 1 g 1p gp))
(all-union 1p n '(0 12 3 4 5 6 7 8 9 10 11 12))) (prove—-lemma rhollb-preserves—-union-1 (rewrite)

( (disable rhol7b) (implies (and (ws n 1 gq)
(use (lm~rho7b-preserves-union-1 (J n))))) (member k (nset nj)

(rhoillb n k 1 g 1p gp))
(prove-lemma lm-rho8-preserves-union-1 (rewrite) (all-union 1p n "(0 1 2 3 4 56 7 8 9 10 11 12)))

(implies (and (listp 1) ((disable rhoillbj

(equal (length 1) n) (use (lm-rhollb-preserves-union-1 (J n)))))
(member k (nset nj)

(all-union 1 3 "(0 1 2 3 4 5 6 7 8 9 10 11 12)) (prove-lemma lm-rhol2-preserves-union-l (rewrite)
(rhol8 n k 1 g 1p gp)) (implies (and (listp 1)

(all-union 1p j "(0 1 2 3 4 5 6 7 8 9 10 11 12))) (equal (length 1) nj
((enable nset all-union union-at-n at))) (member k (nset nj)

(all-union 1 3 (0 1 2 3 4 5 6 7 8 9 10 11 12))

(prove-lemma rho8-preserves-union-1 (rewrite) (rheil2 n kx 1 g 1p gp))
(implies (and (ws n 1 gj (all-union 1p J '¢0 1 2 3 4 5 6 7 8 9 10 11 12)))

(member k (nset nijj ( (enable nset all-union union-at-n at)))
(rhoi8 n k 1 g lp gpJJ

(all-union lpn (0 1 2 3 45 6 7 8 9 10 11 12))) (prove—lemma rholZ2-preserves-union-l1 (rewrite)
((disable rhois8) (implies (and (w8 n 1 gj
(use (lm-rho8-preserves-union-1 (j nj))))) (member k (nset nj)

(rhoil2 n kx 1 g 1p gpjj

(prove-lemma Iim-rho%a-preserves-union-1 (rewrite) (all-union 1p n (0 1 2 3 4 5 6 7 8 9 10 11 12)))
(implies (and (listp 1) ((disable rhoil2)

(equal (length 1) nj (use (lm-rhol2-preserves-union-1 (J nJj))))
(member k (nset n))

(all-union 1 j "(0 1 2 3 4 5 6 7 8 9 10 11 12)) (prove-lemma rho-preserves—union-1 (rewrite)

(rhoi%a n kx 1 g lp gp)) (implies (and (Ws n 1 gq)
(all-union 1p Jj "(0 1 2 3 4 5 6 7 8 9 10 11 12))) (member k (nset nj)

((enable nset all-union wunion-at-n at))) (thoi n x 1 g 1p gp))
(all-union 1p n {0 1 2 3 4 5 6 7 8 9 10 11 12})))

(prove-lemma rho%a-preserves-union-l (rewrite) ((disable rhoiQ rhoila rhoilb rhei2 rhoi3a
(implies (and (W8 n 1 gj rhoi3b rhoi4 rhoiSa rhoiSb rhoié

(member k (nset n)) rhoi7a rhoi7b rhoi8 rhoi%a rhoid9b

(rhoi%a n k 1 g 1p gp)) rhoil0 rhoilla rhoillb rhoil2)
(all-union lp n "(0 1 2 3 4 5 6 7 8 9 10 11 12}))) (enable rhoi)))

((disable rhoi9a)

(use (lm-rho%a-preserves-union-1 (3 niin) (prove—-lemma lm-rho-preserves—-1n-1 (rewrite)
(implies (and (listp 1)

(prove-lemma lm-rho%b-preserves-union-l (rewrite) (equal (length 1) n)
(implies (and (listp 1) (member k (nset n))

(equal (length 1) nj (rhein x 1 g 1p gp))
(member k (nset n)) (equal (length 1lpj n))

(all-union 1 J '(0 1 2 3 45 6 7 8 9 10 11 12)) ((enable rhoi)})

(rhoi%b n kx 1 g 1p gp))
(all-union 1p § '(0 12 3 4 5 6 7 8 9 10 11 12))) (prove—lemma rho-preserves—ln-1 (rewrite)

((enable nset all-union union-at-n at))) (implies (and (Ws n 1 gq)
(member k (nset n))

(prove-lemma rhoSb-preserves-union-l (rewrite) {rhei n kx 1 g 1p gpiJ
(implies (and (W8 n 1 gj (equal (length 1p3j n))

(member k (nset nj) ( (use (lm-rho-preserves—-1n-1))))

(rhoiSb n k 1 g 1p gp))
(all-union Ip n "(01 2 3 45 6 7 8 9 10 11 12))) (prove-lemma lm-rho-preserves—-ln—-g (rewrite)

((disable rholi9b) (implies (and (listp g)

(use (lm-rhoSb-preserves-union-1 (3 n))))} (equal (length gj n)
(member k (nset nj)

(prove-lemma 1lm-rhol0-preserves-union-l (rewrite) (rhoi nk 1 g lp gp))
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(equal (length gp) n))

( (enable rhoijj

(prove—-lemma rho-preserves-ln—-g (rewrite)

(implies (and (w8 n 1 gj

(member k (nset nijj

(rhoi n k 1 g 1p gpjj
(equal (length gp] njj

( (use (lm-rho-preserves—1n-gjjjJ

(prove-lemma Im-rho-preserves-us (rewrite)

(implies (and (numberp nj

(listp 1p)

(listp gp;
(equal (length 1p) nj

(equal (length gpj nj

(all-union lp n "(0 1 2 3456 7 8 910 11 12))

(all-union gp n "(0 1 2 3 4)))

(ws n lp gpjj
((enable W8)))

(prove-lemma rho-preserves—-us (rewrite)

(implies (and (ws n 1 q)

(member k (nset n))

(rhoi n kx 1 g 1p gpij
(ws n 1p gpjj

( (use (lm—-rho-preserves-us))))
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;::rhoil (use (n-eg-k-rhoila))))
(prove-lemma n-neg-k-rhoi (rewrite)

(implies (and (listp 1) (disable 1lg-at-rhoila)

(listp qg)
(numberp n) (prove-lemma lg-rhoila (rewrite)

(member k (nset (length 1)}) (implies (and (listp 1)

(not (equal k n)) (listp q)
(at 1 k Q) (member k (nset (length 1)))
(lg-at-n n 1 @g)) (numberp nN)

(lg-at-n n (move 1 k 1) @q)) (at 1 k 1)

( (enable at lg-at-n 1lg-l-at-n 1lg-2-at-n (lg nl g))
lg-3-at-n))) (lg n (move 1 k 2) q))

((enable lg-at-rhoila 1g at)))
(disable n-neqg-k-rhoi0)

(disable lg-rhoila)

(prove-lemma n-eg-k-rhoi (rewrite)

(implies (and (listp 1) (prove-lemma rhoila-preserves-1g (rewrite)

(listp q) (implies (and (ws n 1 g)
(member k (nset (length 1}))) (member k (nset nj)

(at 1 k 0) (rhoila n k 1 g lp gp}
(lg-at-n k 1 g)) (lg n 1 @))

(lg-at-n k (move 1 k 1) g)) {lg n 1p gp))
( (enable at lg-at-n lg-l-at-n 1lg-2-at-n ( (enable 1lg-rhoila)))

lg-3-at-n)))

:::rhoilb

(disable n-eg-k-rhoi0) (prove-lemma rhoilb-preserves-lg (rewrite)

(implies (and (Ws n 1 @)
(prove-lemma lg-at-rhoi0 (rewrite) (member k (nset N))

(implies (and (listp 1) (rhoilb n k 1 g 1p gp)
(listp g) (lg nlgl)
(numberp nN) (lg n 1p gp))
(member k (nset (length 1))) ((enable rhoilb)))

(at 1 k 0)

(lg-at-n n 1 @)) :::rhoi2

(lg-at-n n (move 1 k 1) @g)) (prove-lemma n-neg-k-rhoi (rewrite)
((enable n-neg-k-rhoi n-eg-k-rhoi0) (implies (and (listp 1)

(use (n-neqg-k-rhoi0)) (1istp gq)
(use (n-eqgq-k-rhoi.0)))) (numberp nj

(member k (nset (length 1) })

(disable lg~-at~-rhoi0) (not (equal k n))
(at 1 k 2)

(prove—lemma lg=-rholld (rewrite) (lg-at-n n 1 gq))
(implies (and (listp 1) (lg-at-n n (move 1 k 3) (move g k 1l}))

(listp 4g) ((enable at 1lg-at-n lg-l-at-n lg-2-at-n

(member k (nset (length 1))) lg-3-at-n)))
(numberp n)

(at 1 k 0) (disable n-neg-k-rhoi?2)
{lgniq))

(lg n (move 1 k 1) gq)) (prove-lemma n-eg-k-rhoi (rewrite)
((enable 1g=at=-rhoil 1g at))) (implies (and (listp 1)

(1istp gq)
(disable lg=rhoil} (member k (nset (length 1)))

(at 1 k 2)

(prove—lemma rhoil0-preserves~lqg (rewrite) (lg-at-n k 1 @))
(implies (and (Ws n 1 g) (lg-at-n n (move 1 k 3) (move g k 1) ))

(member k (nset n)) ((enable at lg-at-n lg-l-at-n lg-2-at-n

(rhoiC n kx 1 g 1p gp) lg-3-at-n)))
{lg n 1 q))

(lg n 1p gpl) (disable n-eg-k-rhoi?)

((enable lg=-rhoi0)))

(prove-lemma lg=-at=-rhoi2 (rewrite)
;;;rhoila (implies (and (listp 1)

(prove-lemma n-neqg-k-rhoila (rewrite) (listp g)
(implies (and (listp 1) (numberp nN)

(listp q) (member k (nset (length 1}))
(numberp nN) (at 1 k 2}

(member k (nset (length 1))) (lg-at-n n 1 @g))
(not (equal k n)) (lg-at-n n (move 1 k 3) (move g k 1}))
(at 1 k 1) ( (enable n-neg-k-rhoi n—-eg-k-rhoi2)

(lg-at-n n 1 ¢g)) (use (n—-neg-k-rhoi?2))

(lg-at-n n (move 1 k 2) g)) (use (n—-eg-k-rhoi2))))

( (enable at lg-at-n 1lg-l-at-n 1lg-2-at-n

lg-3-at-n))) (disable lg-at-rhoi2)

(disable n-neg-k-rhoila) (prove—lemma lg-rhoi2 (rewrite)
(implies (and (listp 1)

(prove—lemma n-eg-k-rhoila (rewrite) (1istp q)
(implies (and (listp 1) (member k (nset (length 1)))

(listp gq) (numberp n)
(member k (nset (length 1))) (at 1 k 2)

(at 1 k 1) (lg n 1 g))
(lg-at-n k 1 @)) (lg n (move 1 k 3) (move g k 1)))

(lg-at-n n (move 1 k 2) g)) ((enable 1lg-at-rhoi 1g at)))

( (enable at lg-at-n 1lg-l-at-n 1lg-2-at-n

lg-3-at-n))) (disable lg-rhoi2)

(disable n-eg-k-rhoila) (prove-lemma rhoi2-preserves-1lg (rewrite)
(implies (and (ws n 1 ¢)

(prove-lemma lg-at-rhoila (rewrite) (member k (nset n}}

(implies (and (listp 1) {rhoi2 n kx 1 g 1p gp)

(listp 4g) (lg n 1 g})
(numberp n) (lg n 1p gpl)
(member k (nset (length 1))) ((enable lg~rhoi2)))
(at 1 k 1)

(lg-at-n n 1 g)) ::;rhoi3a

(lg-at-n n (move 1 k 2) qg)) (prove-lemma n-neg-k-rhoi3a (rewrite)
( (enable n-neg-k-rhoila n-eg-k-rhoila) (implies (and (listp 1)

(use (n-neg-k-rhoila)) {(listp @)
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(numberp nj (at 1 k 4)

(member k (nset (length 1))) (lg-at-n n 1 @))
(not (equal k njj (lg-at-n n (move 1 k 5) (move g k 3)))
(at 1 k 3) ((enable n-neg-k-rhoi n-eg-k-rhoil)

(lg-at-n n 1 gjj (use (n—-neg-k-rhoidjj

(lg-at-n n (move 1 k 4) gjj (use (n—-eg-k-rhoi4djj))
( (enable at lg-at-n 1lg-l-at-n 1lg-2-at-n

lg-3-at-n))) (disable 1lg-at-rhoié)

(disable n-neg-k-rhoi3a) (prove-lemma lg=rhoid (rewrite)
(implies (and (listp 1)

(prove-lemma n-eg-k-rhoi3a (rewrite) (listp Q)
(implies (and (listp 1) (member k (nset (length 1)))

(listp q) (numberp nj
(member k (nset (length 1))) (at 1 k 4)

(at 1 k 3) (lgn 1 g))
(lg-at-n k 1 g)) (1g n (move 1 k 5) (move g k 3}))

(lg-at-n k (move 1 k 4) gj) ((enable 1lg-at-rhoi lg at)))
((enable at lg-at-n lg-l-at-n lg-2-at-n

lg-3-at-n))) (disable lg-rhoi4)

(disable n-eg-k-rhoi3a) (prove-lemma rhol4-preserves-lg (rewrite)
(implies (and (ws n 1 ¢)

(prove-lemma lg—-at-rhoi3a (rewrite) (member k (nset nj)

(implies (and (listp 1) (rhoid n k 1 g 1p gp)
(listp g) (lg nig)
(numberp nj (lg n 1p gpij

(member k (nset (length 1))) ((enable lg-rhoid)))
(at 1 k 3)

(lg-at-n n 1 g)) ;::rholiba

(lg-at-n n (move 1 k 4) g)) (prove-lemma n-neg-k-rhoib5a (rewrite)

((enable n-neg-k-rhoi3a n-eg-k-rhoi3a) (implies (and (listp 1)

(use (n-neg-k-rhoi3a)) {listp gq)
(use (n—-eg-k-rhoi3a)))) (numberp n)

(member k (nset (length 1)))

(disable 1lg-at-rhoi3a) (not (equal k n))
(at 1 k 5)

(prove-lemma lg-rhoi3a (rewrite) (lg-at-n n 1 qg))
(implies (and (listp 1) (lg-at-nn (move 1 k 6) @g))

(listp g) ((enable at 1lg-at-n lg-l-at-n lg-2-at-n
(member k (nset (length 1))) lg-3-at-n)))
(numberp n)

(at 1 k 3) (disable n-neg-k-rhoibaj

(lg n 1 g))

(lg n (move 1 k 4) gj) (prove-lemma n-eg-k-rhoiba (rewrite)

((enable lg-at-rhoi3a 1g at))) (implies (and (listp 1)

(disable lg=rhoi3a) (member k (nset (length 1)))
(at 1 k 5)

(prove-lemma rhoi3a-preserves-lqg (rewrite) (lg—at-n k 1 gj]
(implies (and (ws n 1 gq) (lg-at-n k (move 1 k 6) qg))

(member k (nset nj) ((enable at lg-at-n 1lg-l-at-n 1lg-2-at-n

(rhoi3a n k 1 g lp gp) lg-3-at-n)))
(lgni1qg))

(1g n 1p gp)) (disable n-eg-k-rhoibaj
((enable lg-rhoi3a)})

(prove-lemma lg—-at-rhoiba (rewrite)

:::rhoildb (implies (and (listp 1)
(prove-lemma rhoi3b-preserves=-lg (rewrite) (1listp q)

(implies (and (us n 1 g) (numberp n)
(member k (nset n}) (member k (nset (length 1)))
(rhei3b n k 1 g 1p gp) (at 1 k 5)

{lg nlg)) (lg-at-n n 1 qg))
(lg n 1p gpij (lg-at-n n (move 1 k 6) @g))

((enable rhoilb))) ( (enable n-neg-k-rhoib5a n-eg-k-rhoib5aj
(use (n—neg-k-rhoib5aj)

;;:rhoi4 (use (n-eg-k-rhoib5a))))
(prove-lemma n-neg-k-rhoi (rewrite)

(implies (and (listp 1) (disable 1lg-at-rhoibaj

(listp 9)

(numberp n) (prove-lemma lg-rhoiba (rewrite)

(member k (nset (length 1))) (implies (and (listp 1)

(not (equal k n)) (listp 4g)
(at 1 k 4) (member k (nset (length 1)))
(lg-at-n n 1 g)) (numberp nj

(lg-at-n n (move 1 k 5) (move g k 3))) (at 1 k 5)

( (enable at lg-at-n 1lg-l-at-n 1lg-2-at-n (lg 1 1 gj)
lg-3-at-n))) (lg n (move 1 k 6) gjj

((enable lg-at-rhoiba 1g at)))

(disable n-neg-k-rhoi4j

(disable lg-rhoiba)
(prove-lemma n-eg-k-rhoi (rewrite)

(implies (and (listp 1) (prove-Lemma rhoi5a~-preserves-1qg (rewrite)
(listp 9) (implies (and (ws n 1 gq)

(member k (nset (length 1))) (member k (nset n))

(at 1 k 4) {rhoiSa n k 1 g 1p gp)
(lg-at-n k 1 g)) (lg n 1 933

(lg-at-n n (move 1 k 5) (move g k 3))) (lg n 1p gpiJ

((enable at lg-at-n lg-l-at-n lg-2-at-n ((enable lg=rhoiSa}l))
lg-3-at-n)))

:::rhoisb

(disable n-eg-k-rhoid) (prove—-lemma n-neg-k-rhoibb (rewrite)

(implies (and (listp 1)

(prove-lemma lg-at~rhoid (rewrite) (listp gj
(implies (and (listp 1) (numberp n)

(listp q) (member k (nset (length 1)))
(numberp nj (not (equal k nj)
(member k (nset (length 1))) (at 1 k 5)
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(lg-at-n n 1 gj) (numberp nj
(lg-at-n n (move 1 k 8) @)) (at 1 k 6)

((enable at lg-at-n 1lg-l-at-n lg-2-at-n (lg n 1 g))
lg-a-at-n))) (lg n (move 1 k 7) (move g k 2)))

((enable lg~at~-rhoié 1g at)))
(disable n-neg-k-rhoibb)

(disable lg=-rhoié)
(prove—-lemma n-eg-k-rhoibb (rewrite)

(implies (and (listp 1) (prove-lemma rhoi6é-preserves-lg (rewrite)
(listp 4g) (implies (and (ws n 1 gj

(member k (nset (length 1))) (member k (nset nj)

(at 1 k 5) {rhoié n kx 1 g 1p gp)
(lg-at-n k 1 g)) (lg n 1 gjj

(lg-at-n k (move 1 k 8) qg)) {lg n 1p gp))
( (enable at 1lg-at-n lg-l-at-n lg-2-at-n ((enable 1g-rhoi6)))

lg-3-at-n)))

;::rhoi7a

(disable n-eg-k-rhoibbj (prove—lemma n-neg-k-rhoi7a (rewrite)
(implies (and (listp 1)

(prove-lemma lg-at-rhoibb (rewrite) (listp q)
(implies (and (listp 1) (numberp nj

(listp q) (member k (nset (length 1)))
(numberp nj (not (equal k nj)
(member k (nset (length 1))) (at 1 k 7)

(at 1 k 5) (lg-at-n n 1 q))
(lg-at-n n 1 qg)) (lg-at-n n (move 1 k 8) g))

(lg-at-n n (move 1 k 8) qg)) ((enable at lg-at-n lg-l-at-n lg-2-at-n
( (enable n-neg-k-rhoibb n-eg-k-rhoibb) lg-3-at-n)))
(use (n—neg-k-rhoibb))

(use (n-eg-k-rhoibb)})) J (disable n-neg-k-rhoi7a)

(disable lg-at-rhoibbj (prove-lemma n-eg-k-rhoi7a (rewrite)

(implies (and (listp 1)

(prove-lemma lg-rhoiSb (rewrite) (listp gq)
(implies (and (listp 1) (member k (nset (length 1)))

(listp qg) (at 1 k 7)

(member k (nset (length 1))) (lg-—at-n k 1 gj)

(numberp nj (lg-at-n k (move 1 k 8) gj]
(at 1 k 5) ((enable at lg-at-n lg-l-at-n lg-2-at-n

(1g n 1 g)) lg-3-at-n)))
{lg n (move 1 k 8) g))

((enable lg-at-rhoi5b 1g at))) (disable n-eq-k-rhoi7a)

(disable lg-rhoi$b) (prove-lemma lg-at-rhoi7a (rewrite)
(implies (and (listp 1)

(prove—lemma rhoiSb-preserves-1g (rewrite) (listp gj
(implies (and (ws n 1 gq) (numberp nj

(member k (nset n)) (member k (nset (length 1)))
(rhoiSb n k 1 g 1p gp] (at 1 k 7)
(lgnlag)) (lg-at-n n 1 g))

(lg n 1p gpjj (lg-at-n n (move 1 k 8) @g))
((enable lg-rhoiSb))) ((enable n-neg-k-rhoi7a n-eg-k-rhoi7a)

(use (n—neg-k-rhoi7a))

:::rhoié (use (n-eg-k-rhoi7aj)))
(prove-lemma n-neg-k-rhoi (rewrite)

(implies (and (listp 1) (disable lg-at-rhoi?7a)
(listp 9g)

(numberp n) (prove-lemma lg-rhoi7a (rewrite)
(member k (nset (length 1))) (implies (and (listp 1)

(not (equal k njj (listp 93
(at 1 k 6) (member k (nset (length 1})))

(lg-rat-n n 1 g)) (numberp n)

(lg-at-n n (move 1 k 7) (move g k 2))) (at 1 k 7)

((enable at lg-at-n 1lg-l-at-n lg-2-at-n (lgn 1 qg))
lg-3-at-n))) (lg n (move 1 k 8) gj J

( (enable lg-at-rhoi7a 1g at)))

(disable n-neg-k-rhoib)

(disable lg-rhoi7a)
(prove-lemma n-eg-k-rhoi (rewrite)

(implies (and (listp 1) (prove-lemma rhoi7a-preserves-1g (rewrite)
(listp q) (implies (and (Ws n 1 gj
(member k (nset (length 1))) (member k (nset nj)

(at 1 k 6) (rhoi7a n kx 1 g 1p gp]

(lg-at-n k 1 q)) (lg nlagqg)

(lg-at-n n (move 1 k 7) (move g k 2})) (lg n 1p gp))
((enable at 1lg-at-n lg-l-at-n lg-2-at-n ((enable lg-rhoi7a)))

lg-3-at-n)))

;::Thol7b

(disable n-eg-k-rhoiéj (prove-lemma rhoi7b-preserves-1g (rewrite)
(implies (and (wa n 1 gq)

(prove-lemma lg—at-rhoi (rewrite) (member k (nset n))

(implies (and (listp 1) (rhoi7b n k 1 g 1p gp]
(listp gq) (lg n 1 qg))

(numberp n) (1g n 1p gpj)
(member k (nset (length 1))) ((enable rhoi7b)))
(at 1 k 6)

(lg-at-n n 1 qg)) ;::rhois

(lg-rat-n n (move 1 k 7) (move g k 2))) (prove-lemma n-neg-k-rhoi (rewrite)

((enable n-neg-k-rhoi n-eg-k-rhoiéb) (implies (and (listp 1)

(use (n-neg-k-rhoié6)j (listp q)
(use (n—-eg-k-rhoi6)))) (numberp n)

(member k (nset (length 1)))

(disable lg=at-rhois6) (not (equal k n))
(at 1 k 8)

(prove—lemma lg-rhoié (rewrite) (lg-at-n n 1 g3j)
(implies (and (listp 1) (lg-at-n n (move 1 k 9) (move g k 4)))

(listp q) ((enable at 1lg-at-n 1lg-l-at-n lg-2-at-n
(member k (nset (length 1))) lg-3-at-n)))
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((enable lg—-at-rhoi%a lg at)))
(disable n-neg-k-rhoi8)

(disable lg~rhoif9a)
(prove-lemma n-eg-k-rhoi (rewrite)

(implies (and (listp 1) (prove-lemma rhoi9a-preserves-1qg (rewrite)
(listp 9) (implies (and (Ws n 1 gq)
(member k (nset (length 1}))) (member k (nset n))

(at 1 k 8) (rhoi%a n kx 1 g lp gp)
(lg-at-n k 1 g)) (lg n 1 9))

(lg-at-n n (move 1 k 9) (move g k 4) )) {1g n 1p gp))
((enable at lg-at-n lg-l-at-n lg-2-at-n ((enable lg-rhoi9a)))

lg-3-at-n)))

:::;rhoi%

(disable n-eg-k-rhoi8) (prove-lemma rhoiS%b-preserves-1g (rewrite)
(implies (and (ws n 1 gq)

(prove-lemma lg=-at-rhoi8 (rewrite) (member k (nset nj)
(implies (and (listp 1) {rhoi%b n k 1 g 1p gp]

(listp q) (lg n 1 g))

(numberp n) (lg n 1p gp))
(member k (nset (length 1)}) ( (enable rhoi®hb)))
(at 1 k 8)

(lg-rat-n n 1 g)) ;::rholil0

(lg-at-n n (move 1 k 9) (move g k 4))) (prove—lemma n-neg-k-rhoi (rewrite)

( (enable n-neg-k-rhoi n-eg-k-rhoi8) (implies (and (listp 1)

(use (n—neg-k-rhoi8)) (listp q)
(use (n-eq-k-rhoi8)))) (numberp nj

(member k (nset (length 1)))

(disable lg-at=-rhoi8) (not (equal k n))
(at 1 k 10)

(prove-lemma l1lg=rhoi8 (rewrite) (lg-at-n n 1 g))
(implies (and (listp 1) (lg-at-n n (move 1 k 11) gjj

(listp GQ) ((enable at lg-at-n lg-l-at-n lg-2-at-n
(member k (nset (length 1))) lg~-3-at-n)))
(numberp n)

(at 1 k 8) (disable n-neg-k-rhoil0)
(lg n 1 g))

(lg n (move 1 k 9) (move g k 4))) (prove—-lemma n-eg-k-rhoi (rewrite)
( (enable lg-at-rhois 1g at))) (implies (and (listp 1)

(listp Q)
(disable lg=-rhois) (member k (nset (length 1}))

(at 1 k 10)

(prove—-lemma rhoi8-preserves-lg (rewrite) (lg-at-n k 1 g))
(implies (and (Ws n 1 gq) (lg-at-n k (move 1 k 11) gjj

(member k (nset n)) ((enable at lg-at-n lg-l-at-n lg-2-at-n

(rhoi8 n kx 1 g 1p gpj lg-3-at-n)))
(lg n 1 g))

(lg n 1p gpij (disable n-eg-k-rhoil0)

((enable lg~rhoi8)))

(prove—lemma lg~at-rhollQ (rewrite)
;::rhoi%a (implies (and (listp 1)
(prove—-lemma n-neg-k-rhoi%a (rewrite) (listp qg)

(implies (and (listp 1) (numberp n)

(listp q) (member k (nset (length 1)))
(numberp nj (at 1 k 10)

(member k (nset (length 1))) (lg-at-n n 1 gj)

(not (equal k n)) (lg-at-n n (move 1 k 11) g))
(at 1 k 9) ( (enable n-neg-k-rhoi n-eqg-k-rhoil0)
(lg-at-n n 1 qg)) (use (n—neg-k-rhoil0)Jj

(lg-at-n n (move 1 k 10) gij (use {(n-eqg-k-rhoil0))))
( (enable at lg-at-n 1lg-l-at-n 1lg-2-at-n

1g-3-at=-n})))} (disable lg-at-rhoild)

(disable n-neg-k-rhoi9aj (prove-lemma lg-rhollQ (rewrite)
(implies (and (listp 1)

(prove—lemma n-eg-k-rhoi%a (rewrite) (listp 9)

(implies (and (listp 1) (member k (nset (length 1}))

(listp (numberp n)
(member k (nset (length 1))) (at 1 k 10)

(at 1 k 9) (lgn 1 q9))

(lg-at-n k 1 gjj (lg n (move 1 k 11) g3j)

(lg-at-n k (move 1 k 10) g)) ((enable lg-at-rhoil0 1g at)))
((enable at lg-at-n 1lg-l-at-n lg-2-at-n

lg-3-at-n))) (disable lg-rhoil0)

(disable n-eg-k-rhoi%aj (prove—lemma rhoilO-preserves-1g (rewrite)
(implies (and (w8 n 1 gq)

(prove-lemma lg—-at=-rhoifa (rewrite) (member k (nset n))

(implies (and (listp 1) (rhell0 n kx 1 g 1p gp)
(listp g) (lg n 1 g))
(numberp n) (lg n 1p gp))

(member k (nset (length 1))) ( (enable lg-rhoil0)) 3
(at 1 k 9)

(lg-at-n n 1 g)) ;::rhoilla

(lg-at-n n (move 1 k 10) g)) (prove-lemma n-neg-k-rhoilla (rewrite)

((enable n-neg-k-rhoi%a n-eg-k-rhoi9a) (implies (and (listp 1)

(use (n-neg-k-rhoi9a)) (1istp q)
(use (n—-eg-k-rhoi%a)))) (numberp n)

(member k (nset (length 1)))

(disable lg-at-rhoi%a) (not (equal k n))
(at 1 k 11)

(prove—lemma lg=rhoi9a (rewrite) (lg-at-n n 1 qg))
(implies (and (llstp 1) (lg-at-n n (move 1 k 12) qg))

(listp @) ( (enable at lg-at-n 1lg-l-at-n 1lg-Z-at-n
(member k (nset (length 1))) lg-3-at-n)))

(numberp n)

(at 1 k 9) (disable n-neg-k-rhoillaj

(lg n 1 g))

(lg n (move 1 k 10) qg)) (prove—-lemma n-eg-k-rhoilla (rewrite)
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(implies (and (listp 1) (member k (nset (length 1)))
{listp q) (numberp n)
(member k (nset (length 1))) (at 1 k 12)

(at 1 k 11) {lg n 1 g))

(lg-at-n k 1 qg)) (lg n (move 1 k 0) (move g k 0)))

(lg-at-n k (move 1 k 12) g)) ((enable lg-at-rhoil2 1g at)))
((enable at 1lg-at-n 1lg-l-at-n lg-2-at-n

lg-3-at-n))) (disable 1lg-rhoi.12)

(disable n-eg-k-rhoilla) (prove—lemma rhoil2-~preserves-lg (rewrite)
(implies (and (ws n 1 @)

(prove—-lemma lg-at-rhoilla (rewrite) (member k (nset n))

(implies (and (listp 1) (rhoil2 n k 1 g 1p gp)
(1istp q) (lg nl gq)
(numberp n) {lg n 1p gp))
(member k (nset (length 1))) ((enable 1lg-rhoil2)}))
(at 1 k 11)

(lg-at-n n 1 @g)) (prove-lemma rho-preserves—-lg (rewrite)
(lg-at-n n (move 1 k 12) qg)) (implies (and (ws n 1 gq)

((enable n-neg-k-rhoilla n-eg-k-rhoilla) (member k (nset n))

(use (n—-neg-k-rhoilla)) (rhol n x 1 g 1p gp)

(use (n-eg-k-rhoilla)))) (lg n 1 qg))
(lg n 1p gp))

(disable 1lg-at-rhoilla) ((disable rhoi0 rhoila rhoilb rheoi2 rhoi3a
rhoi3b rhoi4 rhoiSa rhoi5b rhoié

(prove-lemma lg-rhoilla (rewrite) rhoi7a rhoilb rhoi8 rhoi%a rhoi®b

(implies (and (listp 1) rhoild rhoilla rhoillb rhoil?2)
(listp @) (enable rhoi)))
(member k (nset (length 1)))

(numberp n) (disable rhol0-preserves-1g)
(at 1 k 11) (disable rhoila-preserves-1qg)

(lg n 1 g)) (disable rhoilb-preserves-1qg)

(lg n (move 1 k 12) g)) (disable rhoi2-preserves-1qg)
((enable 1lg-at-rhoilla 1g at))) (disable rhoi3a-preserves-1q)

(disable rhoi3b-preserves-1q)
(disable 1lg-rhoilla) (disable rhoid-preserves-1g)

(disable rhoiSa-preserves-1g)
(prove-lemma rhoilla-preserves-1lg (rewrite) (disable rholSb-preserves-1g)

(implies (and (Ws n 1 @) (disable rholié-preserves-1g)
(member k (nset n)) (disable rhoi7a-preserves-1g)
(rhoilla n k 1 g lp gp) (disable rhoi7b-preserves-1g)

(lg n 1 q)) (disable rhoi8-preserves-1g)
(lg n 1p gp)) (disable rhoi9a-preserves-1g)

((enable lg-rhoilla))) (disable rheoi9b-preserves-1q)
(disable rheilO-preserves-1g)

;::rhoillb (disable rhoilla-preserves—-1q)
(prove-lemma rhoillb-preserves-lg (rewrite) (disable rhoillb-preserves-1q)

(implies (and (ws n 1 gq) (disable rhoil2-preserves-1g)
(member k {(nset n))

(rhoillb n k 1 g 1p gp)

(lg n 1 qg))
(1g n 1p gp))

((enable rhoillb)))

;;:rhoil2

(prove-lemma n-neqg-k-rhoil2 (rewrite)

(implies (and (listp 1)

(listp g)
(numberp Nn)

(member k (nset (length 1)))

(not (equal k nj)

(at 1 k 12)

(lg-at-n n 1 q))

(lg-at-n n (move 1 k 0) (move g k 0)))

((enable at lg-at-n lg-l-at-n lg-2-at-n

lg-Sat—-n)))

(disable n—neg-k-rhoi.12)

(prove-lemma n-eg-k-rhoil2 (rewrite)

(implies (and (listp 1)

(listp g)
(member k {(nset (length 1)))

(at 1 k 12)

(lg—at-n k 1 g))

(lg-at-n n (move 1 k 0) (move g k 0)))

( (enable at lg-at-n 1lg-l-at-n 1lg-2-at-n

lg-3-at-n)))

(disable n-eg-k-rhoil2)

(prove-lemma lg-at-rhoil2 (rewrite)

(implies (and (listp 1)

(listp g)

(numberp n)

(member k (nset (length 1)))

(at 1 k 12)

(lg-—at-n n 1 g))

(lg-at-n n (move 1 k 0) (move g k 0)))

((enable n-neg-k-rhoil2 n-eg-k-rhoil2)

(use (n—neg-k-rhoil2))

(use (n—-eg-k-rhoil2))))

(disable lg-at-rhoil2)

(prove—-lemma lg-rhoil2 (rewrite)

(implies (and (listp 1)

(listp 9g)
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777 (exist-union 1p n '(8 9 10 11 12)) and (not (exist-union 1 n (8 9 10 11 12)))
72 (not (exist-union 1 n "(8 9 10 11 12))) (at 1 k 5))

:::implies that k is the witness of (not (exist-union g n '(1))))
;::(exist-union 1p n '(8 9 10 11 12)). This ((use (cond-rhoi$) (k-in-1p8-12))))
;::proposition would have been more natural

:;;1f we had been able to prove: :::;Auxiliary lemma for ex-cond-rhoi7.
77: (prove-lemma exist-18-12 (rewrite) (prove—lemma cond-rhoi? (rewrite)

HES (implies (and (ws n 1 dg) (implies (and (ws n 1 q)
HHH (member k (nset n)) (member k (nset n))

Pi: (rholi n kx 1 g 1p gp) {(rhol n kx 1 g 1p gp)
ris (exist-union 1p n '(8 9 10 11 12)) (union-at-n 1p k "(8 9 10 11 12))
HH (not (exist-union 1 n "(8 9 10 11 12)))) (at 1 k 7))

FH (equal k (exist-union Ip n "(8 9 10 11 12))))). (exist—-union g n '(4)))
: 2 However Bmp refused to rewrite equal clause. ( (enable rhoi union-at-n at)))

(prove-lemma exist-18-12 (rewrite) $0; If (exist-union lp n '(8 9 10 11 12)) and
(implies (and (ws n 1 gq) :;: (not (exist-union 1 n "(8 9 10 11 12))) and

(member k (nset n)) ;:2the k's entry in 1 is 7, then
{rhel n k 1 g 1p gp) ;:: (exist-union g n ’{4)) holds.
(exist-union lp n "(8 9 10 11 12)) (prove—-lemma exX-cond-rhoi?7 (rewrite)
(not (equal k (exist-union (implies (and (ws n 1 qg)

lp nh “(8 9 10 11 12))))) (member k {nset n))
(exist-union 1 n '(8 9 10 11 12))) {rhol n kx 1 g¢ lp 9p)

((use (j-ex-18-12 (J (exist-union 1lp n "(8 9 10 11 12))))) (exist—union lp n '(8 9 10 11 12))
(use (ex~1lp8-12-in~-1p8-12}})) (not (exist-union 1 n "(8 9 10 11 12)))

(at 1 k 7))

220 If (exist—-union 1p n "(8 9 10 11 12)) and (exist-union g n '(4)))
sr (not (exist-union 1 n '(8 9 10 11 12)))) hold, ((use {cond-rhoi?) (k-in-1p8-12))))
;;:then the k's entry of lp is between 8..12.

(prove-lemma k-in-1p8-12 (rewrite) $:3If (exist-union lp n "(8 9 10 11 12))
(implies (and (ws n 1 q) ;iiand (not (exist-union 1 n "(8 9 10 11 12))).

(member k (nset n)) :::then (not (exist-union g n '(1))) holds.

(rhein x 1 g 1p gp) (prove—lemma 15-only-1p8 (rewrite)
(exist-union 1p n '(8 9 10 11 12)) (implies (and (ws n 1 q)
(not (exist—-union 1 n "(8 9 10 11 12)))) (member k (nset n)}

(union-at-n lp k (8 9 10 11 12))) (rhoi n kx 1 g 1p gp)
((disable member-ex-union) (not (exist-union 1 n *{(8 9 10 11 12)))

(use (exist-18-12) (ex~1lp8-12-in~1p8-12)))) (lg n 1 q)
(exist-union lp n * (8 9 10 11 12)))

;::;1If k's entry in lp is between 8..12 and (not (exist-union g n '(1))))
;;:k's entry of 1 is not between 8..12, ((disable member—-ex-union)

;s:then k's entry of 1 is either 5 or 7. (use (exist-18-12) (ex-k-in-157) (ex-cond-rhoi5)

(prove—-lemma k-not-in-18-12-then-157 (rewrite) (ex—-cond-rhoi7) {ex~-1f4))))
(implies (and (ws n 1 gq)

(member k (nset n)) $2: If J is not equal to k and j’s entry of 1
{rhol n kx 1 g 1p gp) :::18 neither 3 or 4, then J's entry of 1p
(union-at-n 1p k '(8 9 10 11 12)) ;::18 not 4.

(not (union-at-n 1 k '(8 9 10 11 12))) (prove—lemma Jj-neg-k—Jj-not-in-1p4 (rewrite)

(not (at 1 k 7))) (implies (and (ws n 1 g)
(at 1 k 5)) (member J (nset n))

( (enable rhol union-at-n at))) (member k (nset n))
(thoi n kx 1 g 1p gp)

J If k's entry in 1p is between 8..12 and (not (equal J k))
27 (not (exist-union 1 n "(8 9 10 11 12))) holds, (not (union-at-n 1 J ‘(3 4))))
;2:then k's entry of 1 is either 5 or 7. (not (at 1p 3 4)))
(prove-lemma k-in-157 (rewrite) ((use (lp4~then-un34))))

(implies (and (ws n 1 gq)

(member k (nset n)) ;2:If k's entry of 1 is neither 3 or 4, then
(rholi n kx 1 g 1p gp) ;2:k's entry of lp is not 4.
(union-at-n 1p k ? (8 9 10 11 12)) (prove-lemma J-eg-k—-j-not-in-1lp4 (rewrite)

(not (exist-union 1 n '(8 9 10 11 12))) (implies (and (ws n 1 @)
(not (at 1 k 7))) (member k (nset n))

(at 1 k 5)) {rhoi n kx 1 g 1p gp)
( (use (k-not-in-18-12-then-157)) (not (union-at-n 1 k ? (3 4))))
(use (J-ex-18-12 (J k))))) (not (at 1p k 4)))

((enable union-at-n rhol at)))

$2: If (exist-union 1p n "(8 9 10 11 12)) and

;/s1 (not (exist-union 1 n "(8 9 10 11 12))) hold, ::;If J's entry of 1 is neither 3 or 4, then
;;;then the k's entry of 1 1s between either 5 or 7. ;3:3'8 entry of 1p is not 4.

(prove—-lemma ex-k-in-157 (rewrite) (prove-lemma lp4-empty (rewrite)
(implies (and (Ws n 1 gq) (implies (and (ws n 1 gq)

(member k (nset n)) (member j {(nset n))
(rhoi n kk 1 g 1p gp) (member k (nset n))
(exist-union 1p n "(8 9 10 11 12)) (rhel n kx 1 g 1p gp)
(not (exist-union 1 n "(8 9 10 11 12))) (not (union-at-n 1 J "(3 4))))

(not (at 1 k 7))) (not (at 1p 3 2)))
(at 1 k 5)) ( (use (J—neg-k—j-not-in-1p4))

((use (k-in-157) (k-in-1p8-12)))) (use (j—eg-k—-j-not-in-1p4))))

;::Auxiliary lemma for ex-cond-rhoib. $23 If (not (exist-union 1 n '(8 9 10 11 12)))
(prove-lemma cond-rhoi5 (rewrite) ;;: and (exist-union lp n '(8 9 10 11 12))) hold,

(implies (and (ws n 1 q) ;::then there is no entry 4 in 1.

(member k (nset n)} (prove-lemma 18-112-empty (rewrite)

{rhol n x 1 g 1p gp) (implies (and (ws n 1 q)
(union-at-n 1lp k 7 (8 9 10 11 12)) (member J (nset n))
(at 1 k 5)) (member k (nset n))

(not (exist-union g n '(1)))) (rhoi n kx 1 g 1p gp)
( (enable rhoi union-at-n at))) (not (exist-union 1 n "(8 9 10 11 12)))

(lg nlaqg)l

;2: If (exist-union 1p n "(8 9 10 11 12)) and (a0 n 1p 9))
; +2) (not (exist-union 1 n '(8 9 10 11 12))) and ( (enable al)

si:the k's entry in 1 is 5 then (use (lp4-empty) (1l34-empty) (15-only-1p8))))
2: (not (exist-union g n '(1l))) holds.

(prove-lemma ex-cond~rhoi$ (rewrite) ;33If (exist-union gn ’ (3 4)) holds and
(implies (and (WS n 1 q) :2:the k’8 entry in 1 is not 4, then

(member k (nset n)) ;2:the k's entry in lp is not 4 either.
{rhol n kx 1 g 1p gp) ::: (Doorway is locked.)
(exist-union 1p n ’ (8 9 10 11 12)) (prove-lemma dwy-lckd (rewrite)
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(implies (and (ws n 1 ¢)

(member k (nset n))

(rhol n kx 1 g 1p gp)
(exist—-union g n "(3 4))

(not (at 1 k 4)))

(not (at 1p k 4)))
((enable rhoil at)))

J: If (exist-union 1 n "(8 9 10 11 12))

:2:;holds and j is equal to k, then

}22 3's entry in lp is not 4.

(prove—-lemma J-eg-k-18-112-nonemp (rewrite)

(implies (and (ws n 1 Q)
(member k (nset nj)

(rhoi n kx 1 g 1p gp)
(exist-union 1 n '(8 9 10 11 12))

(a0 n 1 Kk)

(al n 1 g))

(a0 n 1p k))
((enable a0 al)

(use (dwy-lckd) (int-8-12-3~4-then-un34))))

J: If (exist-union 1 n "(8 9 10 11 12))

:+s holds and J is not equal to k, then

;s:the j’8 entry in lp is not 4.
(prove-lemma Jj-neg-k-18-112-nonemp (rewrite)

(implies (and (ws n 1 gq)

(member J (nset n))

(member k (nset n))

{rhol n kx 1 g 1p gp)
(not (equal j k))

(a0 n 1 3)
(exist—-union 1 n '(8 9 10 11 12)))

(a0 n 1p 3))
( (enable al at)))

sr If (exist-union 1 n "(8 9 10 11 12))

;s+holds then there is no entry 4 in 1p.

:;; The order of the use hints is critical.

: 2; Change the order and we fail.

(prove-lemma 18-112-nonemp (rewrite)

(implies (and (ws n 1 g)

(member J (nset n))

(member k (nset nj)

{(rhol n kx 1 g 1p gp)
(exist-union 1 n "(8 9 10 11 12))

(a0 n 1 3)
(al n 1 g))

(a0 n 1p I))
( (use (J—neg-k-18-112-nonemp))

(use (J—eg-k-18-112-nonemp))))

2:3: If (exist-union lp n (8 9 10 11 12)))

;;:holds, then there is no entry 4 in lp.

(prove—-lemma rho-preserves-al ()

(implies (and (W8 n 1 4g)

(member Jj (nset nj)

(member k (nset n))

(r-hoi n k 1 g lp gp)

(lgnlg

(a0 n 1 J)
(al n 1 q))

(a0 n 1p 3J))
((use (l8-11Z2-nonemp} (1l8-112-empty))))
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:* ep-18-12 (not (union-at-n 1 k "(8 9 10 11 12)))

{al n 1 g))

;;;Auxiliary lemma for at-gp-rhoi$ (exist-intersect-E-12-3-4 n 1p gp))
(prove—lemma gp-rhoi5 (rewrite) ( (enable al)

(implies (and (ws n 1 Q) (use (int-k-not-ex-int))

(member k (nset n)) (use (intersect-8-12-3-4-then-8-12))))

(rhol n kx 1 g 1p gp)

(union-at-n 1p k '(8 9 10 11 12)) r* k-in-18-11
(at 1 k 5) $2:7:1f the k's entry in 1 is between 8 and 11,

(at g k 3)) ;::then the k's entry in lp is between 9 and 12.

(at gp k 3)) ::;:;We need rho-preserves-lg.

( (enable rhoil union-at-n at))) (prove—lemma 18-11-k-in-1p9-12 (rewrite)
(implies (and (Ws n 1 gq)

:::If (not (exist-union 1 n (8 9 10 11 12))). (member k (nset nj)
2:2 (exist-union lp n "(8 9 10 11 12)) and the k's (rhol n kx 1 g 1p gp)
::i;entry in 1 is 5 then the k's entry in gp is 3. (union-at-n 1 k "(8 9 10 11)))

(prove-lemma ex-~gp-rhoib (rewrite) (union-at-n lp k "(9 10 11 12)))
(implies (and (ws n 1 gq) ( (enable rhoj union-at-n at)))

(member k (nset n}))

(thoi n kx 1 g 1p gp) 77; If the k's entry in 1 is between 8 and 11,
(lg nig :::then the k's entry in lp is between 8 and 12
(not (exist-union 1 n *(8 9 10 11 12))) ;2:and the entry in gp is either 3 or 4.
(exist-union lp n "(8 9 10 11 12)) :2:;18-11-k-in-1p%-12, un%-12-then-un8-12 and
(at 1 k 5)) ; 2; rho-preserves—-1lg are used.

(at gp k 3)) (prove-lemma 1lm-al-k-in-18-11-nep-18-12 (rewrite)
((use (gp-rhoiS) (k-in-1p8-12) (lg-15-g3)))) (implies (and (ws n 1 gq)

(member k (nset nj)

;:: If (not (exist-union 1 n (8 9 10 11 12))) (thoi n kx 1 g 1p gp)
:;;and (exist-union lp n '(8 9 10 11 12)) holds, (union-at-n 1 k 7 (8 9 10 11))

;:;then the k's entry is either 3 or 4. (lg n1 ql)
(prove-lemma k-in-gp34 (rewrite) (and (union-at-n 1p k "(8 9 10 11 12))

(implies (and (ws n 1 q) (union-at-n gp k {3 4))))

(member k (nset n)) ((use (if4 (3 kK) (1 ip) (9g gp) ))
(rhoi n kx 1 g 1p gp) (use (lp4-then-un34 (lp gp)l))))
(lg n 1 g)

(not (exist-union 1 n "(8 9 10 11 12))) ;¢; If (exist-union lpn ? (8 9 10 11 12)) holds,
(exist-union 1p n ’ (8 9 10 11 12))) :!2and the k's entry in 1 is between 8 and 11 then

(union-at-n gp k '(3 4))) ;:: (exist-intersect-8-12-3-4 n lp gp) holds.
((disable member-ex—-union) :s: 3 \eq k and k \in 18-11
(use (gp3-then-un34) (exist-18-12) (k-in-157) (prove-lemma al-k-in-18-11-nep-18-12 (rewrite)

(ex-gp~rhoi5) (ex—-cond-rhoi7) {ex-1f4)))) (implies (and (ws n 1 g)
(member k (nset nj)

223 If (exist-union 1p n "(8 9 10 11 12)) and (rhoi n Xx 1 g 1p gp)
;22 (not (exist-union 1 n "(8 9 10 11 12))) holds, {lg nl q)
:::then so does (exist-intersect-E-12-3-4 n 1p gp). (exist-union lp n '(8 9 10 11 12))
(prove-lemma lm-al-ep-18-12 (rewrite) (union-at-n 1 k "(8 9 10 11)))

(implies (and (ws n 1 q) (exist-intersect-E-12-3-4 n 1p gp))
(member k (nset n)) ((use (un8-12-~and-und4-then-int (Jj k)))
(rholi n kx 1 g 1p gp) (use (int-wtn (3 k)))
(exist-union lp n ’ (8 9 10 11 12)) (use  (lm-al-k-in-18-11-nep-18-12))))
(not (exist-union 1 n "(8 9 10 11 12)))

(lg nl q)) ;7:If the k's entry in 1 is 12 then the k's entry in 1 is 0.
(exist-intersect-E-12-3-4 n 1p gp)} (prove-lemma k-in-1p0 (rewrite)

((disable member—-ex-union) (implies (and (ws n 1 Q)
(use (exist-18-12)) (member k (nset n))

(use (int-wtn (J k))) (rhoi n kx 1 g 1p gp)
(use (k—-in-gp34) (ex-1p8=12-in~1p8-12)) (at 1 k 12))

(use (un8-l12-and-un34-then-int (Jj k))))) (at 1p k 0))
((enable rhoi at)))

;::If (not (exist-union 1 n '(8 9 10 11 12))) holds,

;::then so does al. 270 If (exist-union 1p n '(8 9 10 11 12)) holds
(prove—-lemma al-ep-18-12 (rewrite) :77and k's entry in 1 is 12, then k is not the

(implies (and (ws n 1 gq) :2 witness of (exist-union 1p n (8 9 10 11 12)).
(member k (nset n)) (prove-lemma k-not-ex-1p8-12 (rewrite)

{rhoi n kx 1 g 1p gp) (implies (and (ws n 1 Qq)
(lg 1 g) (member k (nset n))

(not (exist-union 1 n '(8 9 10 11 12)))) {rhali n kx 1 g 1p gp)

{al n lp gp)) (exist-union 1p n '(8 9 10 11 12))
((enable al))) (at 1 k 12))

(not (equal k

:* nep-18-12 (exist-union 1lp n "(8 9 10 11 12)))))
((use (ex—-lp8-12-not-in-1lp0} (k-in-1p0d))}))

32+ If (exist-intersect-E-12-3-4 n 1 g) holds and

;::;kK is not its witness then ;;:If the k’s entry in lp is 8,
22; (exist-intersect-E-12-3-4 n 1p gp) holds. !;:then k’8 entry in 1 is either 5 or

(prove-lemma int-k-not-ex-int (rewrite) (prove-lemma lp8«k=1in-157 (rewrite)
(implies (and (ws n 1 @) (implies (and (ws n 1 q)

(member k {(nset n)) (member k (nset nj)

(rholi n kx 1 g 1p gp) (rhoei n kx 1 g 1p gp)

(not (equal k (at 1p k 8))
(exist—-intersect-E-12-3-4 n 1 qg))) (union-at-n 1 k "(5 7)))

(exist—-intersect-E-12-3-4 n 1 q)) ((enable rhoil union-at-n at) )}

(exist-intersect-E-12-3-4 n 1p gp))

((use (int-wtn (J (exist-intersect-E-12-3-4 n 1 g}})) ;;:1f the k's entry in 1p is 8,
(use (intersect-8-12-3-4-then-8-12}) ;:2then k's entry in 1 is between 5 and 12.

(use (intersect-8-12-3-4-then-3-4)) (prove-lemma k-in-1lp8-then-15-12 (rewrite)
(use (un8-12-and-un34-then-int (implies (and (W8 n 1 qg)

(J (exist-intersect-E-12-3-4 n 1 ¢g)))))) (rhoi n Xx 1 g 1p gp)
(member k (nset n))

$22 If (exist-union 1 n ’(8 9 10 11 12)) holds and (at 1p kx 8))

;;2k's enrty is not between 8 and 12 then (union-at-n 1 k 56 6 7 8 9 10 11 12)))

; 1: (exist-intersect-E-12-3-4 n 1p gp) holds. ((use (un57-then-un5-12) (lp8-k-in-157))))
:77 J \neq k

(prove-lemma al-k-not-in-18-12-nep-18-12 (rewrite) :::1f the k's entry in 1p is between 9 and 12,

(implies (and {(w8 n 1 gq) ;7:then the k's entry in 1 is between 8 and 11.

(member k (nset n)) (prove-lemma 1p9-12-k-in-18-11 (rewrite)
{rholn kx 1 g 1p gp) (implies (and (W8 n 1 gq)
(exist-union 1 n *(8 9 10 11 12)) (member k (nset n))
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(rhoi n kx 1 g 1p gp) (implies (and (ws n 1 q)
(union-at-n 1p k 7 (9 10 11 12))) (member k (nset n))

(union-at-n 1 k * (8 9 10 11))) {(rhol n x 1 g 1p gp)
( (enable rhoil union-at-n at))) (exist-union lp n '(8 9 10 11 12))

(at 1 k 12)

;::If the k's entry in lp is between 9 and 12, (a3-at-nl-n2 k (exist-union 1lp n
;::then the k's entry in 1 is between 5 and 12. (8 9 10 11 12)) 1 g))

(prove-lemma k-in-1p9-12-then-15-12 (rewrite) (exist-intersect-E-12-3-4 n 1p gp))
(implies (and (ws n 1 gq) ((use (int—-wtn

{(rhoi n kx 1 g 1p gp) (J (exist-union 1p n "(8 9 10 11 12)))))
(member k (nset mn) (use (Im—al-k-in-112-nep-18-12))

(union-at-n 1p k "(9 10 11 12))) (use (un8-l12-and-un34-~then-int

(union-at-n 1 k "(5 6 7 8 9 10 11 12))) (J (exist-union 1p n {8 9 10 11 12)))))))
((use (un8-l1ll-then-un5-12))

(use (1p9-12-k-in-18-11)))) ;:rAuxiliary lemma for al-nep-18-12.
;;:;We have an instance of a3 in the lemma.

$3: If the k's entry in 1p is between 8 and 12, (prove-lemma Iml-al-nep-18-12 (rewrite)

:;:then the k's entry in 1 is between 5 and 12. (implies (and (ws n 1 qg)

(prove—-lemma k-in-15-12 (rewrite) (member k (nset n))

(implies (and (ws n 1 gq) {(rhol n k 1 g 1p gp)

(rhol n kx 1 g 1p gp) {(lgnigqg
(member k (nset n)) (al n 1 g)

(union-at-n 1p k '(8 9 10 11 12))) (a3-at-nl-n2 k (exist-union 1p n
(union-at-n 1 k "(5 6 7 8 9 10 11 12))) (8 9 10 11 12)) 1 gq)

( (use (k—=in-1p9-12-0or—-1p8)) (exist-union lp n ’ (8 9 10 11 12))
(use (k—in-1p9-12-then-15-12)) (exist-union 1 n ?' (8 9 10 11 12)))

(use (k—in-1p8-then-15-12)))) (exist-intersect-E-12-3-4 n 1p g¢gp))
((use (case-k))

;;: If (exist-union 1p n "(8 9 10 11 12)) holds (use (al-k-not-in-18-12-nep-18-12))

}:;and k is not its witness, then the witness has (use (al-k-in-18-11-nep-18-12))

:::1ts entry in 1 between 5 and 12. (use (al-k-in-112-nep-18-12))))
;:;ex=-1p8-12-in-1p8-12, member-ex-union used.
(prove-lemma k-neg-ex-1p8-12-in-15-12 (rewrite) (prove—-lemma Im-al-nep-18-12 (rewrite)

(implies (and (ws n 1 qg) (implies (and (ws n 1 q)

(rhoi n kx 1 g 1p gp) (member k (nset n))
(member k (nset n)) {rhoi n kx 1 g 1p gp)
(exist-union lp n * (8 9 10 11 12)) (lg n 1 g)

(not (equal k (exist-union 1p (al n 1 g)
n (8B9 10 11 12))))) (a3 nn lg)

(union—-at-n 1 (exist-union 1p n (exist-union 1 n "(8 9 10 11 12))

"(8 9 10 11 12)) "(5 67 8 9 10 11 12))) (exist-union 1p n '(8 9 10 11 12)))

((use (un8-l12-then-uns-12 (exist-intersect-E-12-3-4 n 1p gp))
(J (exist-union lp n "(8 9 10 11 12))))))) ((use (lml-al-nep-18-12) (a3-ex-a3-at-nl-n2))))

;::;If (exist-union lp n '(8 9 10 11 12)) holds and ?2;1If (exist-union 1p n "(8 9 10 11 12)) and
;;:the witness has its entry in lp between 8 and 12, iv: (exist-union 1 n "(8 9 10 11 12)) hold,

;::then its entry in 1 is between 5 and 12. }:rthen so does (exist-intersect-E-12-3-4 n 1p gp).
:;:ex~1p8-12-in-~-1p8=-12, member-ex-union used. (prove-lemma al-nep-18-12 (rewrite)
(prove—-lemma ex-lp8~-12-then-15-12 (rewrite) (implies (and (ws n 1 gq)

(implies (and (ws n 1 q) (member k (nset nj)

{rhol n x 1 g 1p gp) {rhoi n x 1 g 1p gp)
(member k (nset n)) (lgn lg)

(exist—-union lp n '(8 9 10 11 12))) (al n 1 qg)

(union-at-n 1 (exist-union 1p n (a3 nn lg)
"(8 9 10 11 12)) "(5 6 7 8 9 10 11 12))) (exist-union 1 n "(8 9 10 11 12)))

((use (k—-neg-ex-1p8-12-in-15-12)) (al n 1p gp))
(use (k-in-15-12)))) ((enable al)))

$2; If (exist-union lp n ? (8 9 10 11 12)) holds ;23If (exist-union 1p n '(8 9 10 11 12)) holds,

;;:and k is not the witness of ;:;then so does (exist-intersect-E-12-3-4 n 1p gp).
533 (exist-union lp n ! (8 9 10 11 12)). then (prove-lemma rho-preserves-al {)
;;;the witness has its entry 4 in gp. (implies (and (ws n 1 q)

(prove—lemma ex-1p8-12-in-gp4 (rewrite) (member k (nset n))
(implies (and (ws n 1 gq) (rhoi n kx 1 g 1p gp)

(member k (nset n)) (lg n 1 9g)

(rhoi n k 1 g 1p gp) (al n 1 gq)
(at 1 k 12) (ad nni1 gq)

{a3-at~nl-n2 k (exist-union 1p n (al n 1p gp))
(8 9 10 11 12)) 1 qg) ((use (al-nep-18-12))

(not (equal k (exist-union 1lp n (use (al-ep-18-12))))
(8 9 10 11 12))))

(exist—-union lp n '(8 9 10 11 12)))

(at gp (exist-union lp n '(8 9 10 11 12)) 4))
((enable ad=-at=-nl-n2 at)

(use (ex-1p8-12~then~15-12))))

$4: If (exist-union 1p n '(8 9 10 11 12)) holds and

;:;k's entry in 1 is 12 then the witness has its

::ientry in 1p between 8 and 12 and in gp either 3 or 4.

(prove-lemma Im-al-k-in-112-nep-18-12 (rewrite)
(implies (and (ws n 1 9g)

(member k (nset n))

(rhol n kx 1 g 1p gp)

(exist-union 1p n "(8 9 10 11 12))
(at 1 k 12)

(a3-at-nl-n2 k (exist-union 1p n
(8 9 10 11 12)) 1 qg))

(union-at-n gp (exist-union 1p n

(89 10 11 12)) "(3 4)))

((use (k-not-ex-1p8-12) (ex-~lp8-12-in-gp4d))
(use (lp4-then-un34 (lp gp)

(J (exist-union 1p n "(8 9 10 11 12)))))
(use (ex~1p8-12-in-1p8-12))))

If (exist—union 1p n '(8 9 10 11 12)) holds
;2:and k's entry in 1 is 12, then

;:: (exist-intersect-E-12-3-4 n 1p gp) holds.

(prove-lemma al-k-in-112-nep-18-12 (rewrite)
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}* i-eg-k-j-neg-k {a2z-at-nl-n2 x j 1p})
((use (lm-i-eg-k-j-neg-k))

33: If the k's entry in lp is between 10 and 12 (use (a2-i-j-a2-at-nl-n2 (i k)))))
;72and the k's entry in 1 is between 10 and 12,

$2: then (phi9 k n g) holds. 1 *  J-eg-k-i-neg-k

(prove-lemma k-in-110-11-or-phi9 (rewrite)

(implies (and (ws n 1 gq) :;;If the k's entry in 1 is not 4 and the k's entry in 1p
(member k (nset n)) s::18 between 5 and 7, then the k’s entry in 1 is
{(rhol n kx 1 g 1p gp) :::between 5 and 7.

(union-at-n 1p k '(10 11 12)) (prove—-lemma k-in-1p5-7-not-14-then-15-7(rewrite)
(not (union-at-n 1 k "(10 11)))) (implies (and (ws n 1 gq)

(phi9 k n g)) (member k (nset n))

((enable rhoi union-at-n at))) {rhol n kx 1 g 1p gp)
(not (at 1 k 4))

:s7If J is less than k and (phi9 k n g) holds, (union-at-n 1p k (5 6 7)))

;2rythen the j's entry in g is either 0 or 1. (union-at-n 1 k {5 6 7)))

(prove—lemma phi9-j=-in-g0l (rewrite) ((enable union-at-n at rhoi)))
(implies (and (member J (nset n))

(Lessp 3 k) $2: If the k's entry in lp is between 5 and 7 then
{(phi% k n @)) ;::the k's entry in 1 is certainly between 5 and 12.

(union-at-n g J (0 1))) (prove-lemma k-in-1p5-7-then-15-11 (rewrite)
((enable nset phi9))) (implies (and (ws n 1 gq)

(member k (nset n))

;2:If j is less than k and (phi9 k n ¢) holds, (rhol n kx 1 g 1p gp)
;7sthen the j's entry in 1p is not between 5 and 12. (not (at 1 k 4))

:::1lp-same-l1l-not is used. (union-at-n 1p k "(5 6 7)))
(prove—-lemma case-k-in-phi9 (rewrite) (union-at-n 1 k ? (5 6 7 8 9 10 11)))

(implies (and (ws n 1 gq) ((use (k—in-1p5-7-not-14-then-15-7))
(member J {(nset nj) (use (uUnS5-7-then-unb5-11))))
(member k (nset n))

(rhol n kx 1 g 1p gp) :2:If the k's entry in lp is 8,
(not (equal J k)) ;2:then the k's entry in 1 is between 5 and 11.

(lessp J k) (prove-lemma k-in-lp8-then-15-11 (rewrite)

(lg n 1 gq) (implies (and (ws n 1 gq)
(phi9 k n g)) (member k {(nset nj)

(not (union-at-n 1p J (rhei n kx 1 g 1p gp)
"(5 6 7 8 9 10 11 12)))) (at 1p k 8))

((use (phi9-j-in-g01) (ifl1)))) (union-at-n 1 k ? (5 6 7 8 9 10 11)))

((use (und7-then-un5-11) (lp8-k-in=157))))
22: If Jj is not equal to k and the k's entry in 1 is

:::either 10 or 11, then the j's entry in lp is not }2:1If the k's entry in lp is between 9 and 12,

;;:between 5 and 12. :J’then the k's entry in 1 is between 5 and 12.
(prove-lemma case-k-in-110-11 (rewrite) (prove-lemma k-in-1p9-12-then-15-11 (rewrite)

(implies (and (w8 n 1 gq) (implies (and (ws n 1 ¢)
(member J (nset n)) (member k (nset nj}

(member k (nset n)) (thoi n x 1 g 1p gp)
{rhein k 1 g 1p gp) (union-at-n lp k *{9 10 11 12)))
(a2-at-nl-n2 k J 1) (union-at-n 1 kf (5 6 7 8 9 10 11)))
(not (equal j k)) ((use (lp9=12~k=-in-18-11) (un8-ll-then-un5-11}))))
(union—-at-n 1 k "(10 11)))

(not (union-at-n 1p J $7: 1If the k's entry in 1 is not 4 an the k's entry in 1p is
"(5 6 7 8 9 10 11 12)))) ;;:between 5 and 12, then the k's entry in 1 is

((enable a2-at-nl-n2) :: between 5 and 11.

(use (unl0-11-then-unl0-12)))) (prove—lemma k-in-15-11 (rewrite)

(implies (and (wg n 1 gq)
;::Auxiliary lemma for Im-i-eqg-k-j-neg-k with (member k (nset nj)
;;:(a2-at-nl-n2 k j 1). (rhoi n kx 1 g lp gp)
(prove-lemma Iml-i-eg-k-j—-neg-k (rewrite) (not (at 1 k 4))

(implies (and (ws n 1 @) (union-at-n 1p k "(5 6 7 8 9 10 11 12)))
(member Jj (nset n)) (union-at-n 1 k "(5 6 7 8 9 10 11)))

(member k (nset n}) ( (use (k—in-1p5-7-or-1p8-or-1p9-12))
(rhoi n kx 1 g 1p gp) (use (k-in-1p8-then-15-11))
(not (equal J k)) (use (k-in-1p5-7-then-15-11))

(lessp J k) (use (k—=in-1p9-12-then-15-11))))

(lg 1 9g)

(a2-at-nl-n2 k j 1) ;::If the k's entry in 1 is not 4, and the k's entry
(union-at-n 1p k '(10 11 12))) ;::in lp is not between 5 and 12, then the k's entry

(not (union-at-n lp J '(5 6 7 8 9 10 11 12)))) :::1n 1p is not between 5 and 12.
( (use (k—=in-110-11-or-phi9)) (prove—-lemma k-not-in-14 (rewrite)

(use (case-k-in-110-11)) (implies (and (ws n 1 gq)
(use (case-k-in-phi9)))) (member k (nset n))

(rhoi n k 1 g 1p gp)
32: If J is less then k and the k's entry in lp is (not (at 1 k 4))

:: between 10 and 12, then the j's entry in 1p is (not (uniocn-at-n 1 k "(5 6 7 8 9 10 11 12))))

;2:not between 5 and 12. (not (union-at-n lp k "(5 6 7 8 9 10 11 12))))
(prove—-lemma lm-i-eg-k-j-neg-k (rewrite) ((use (und=ll-then-un5-=12) (k-in-15-11))))

(implies (and (ws n 1 gq)

(member Jj {nset n)) ;7;If a0 holds, and the k's entry in 1 is not

(member k (nset n)) :2:between 5 and 12, then the k's entry in lp is not
(rhel n kx 1 g 1p gp) ;;:between 5 and 12.
(not (equal Jj Kk}) (prove—-lemma k-not-in-1p5-12 (rewrite)

(lessp J k) (implies (and {ws n 1 q)

(lg n 1 g) (member 1 {nset n))
(a2-at-nl=-n2 k j 1)) (member k (nset n))

(a2-at-nl-n2 x J 1p)) {rhoi n kx 1 g 1p gp)
((enable a2-at-nl-n2))) (a0 n 1 kJ)

(union-at-n 1 i 7 (10 11 12))

:.: If J is less than k, (not (union-at-n 1 k "(5 6 7 8 9 10 11 12))))

:::then (a2=at-nl-n2 k j 1p) holds. (not (union-at-n 1p k

(prove—-lemma i-eg-k-j-neg-k (rewrite) (5 67 8 9 10 11 12))))

(implies (and (ws n 1 q) ( (enable afi)

(member Jj (nset n)) (use (unl0-12-then-un8-12) (k-not-in-14))))

(member k (nset n))

{rhol n x 1 g 1p gp) ;::Auxiliary lemma for Im-i-neg-k-j-eqg-k.
(not (equal J k)) :2: There is (a2-at-nl-n2 i kx 1) in the lemma.

(lessp j k) (prove-lemma lml-i-neg-k-j-eg-k (rewrite)
(lg n 1 q) (implies (and (ws n 1 gq)
(a2 n n 1)) (member 1 (nset n})
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(member k (nset n)) {lg nl q)
(rhoi n x 1 g 1p gp) (a2 nn 1))
(not (equal 1 k)) (a2-at-nl-n2 kx j 1p))
(lessp k 1) ((use (i-eg-k-j-neg-k))))
{a0 n 1 k)

(a2-at-nl-n2 i k 1) $2; If 1 is less than j then (a2-at-nl-n2 k j lp) holds.
(union-at-n lp i '(10 11 12))) :::Again the order of the hints is crucial.

(not (union-at-n 1p k (prove-lemma rho-preserves—-a2 ()
(56 789 10 11 12)))) (implies (and (ws n 1 gq)

((enable aZ2=-at-nl-n2) (use (k—not—-in-1p5-12)))) (member k (nset n))

(member 1 (nset n))

:::If k is less than 1 and the i's entry in 1p is (member J (nset n))
:::between 10 and 12, then the k's entry in 1p is {rhoi nk 1g lp gp)
;; :between 5 and 12. {lessp § 1)
(prove-lemma lm-i-neg-k-j-eqg-k (rewrite) (lg n 1 gq)

(implies (and (ws n 1 @q) (a0 n 1 Xk)
(member i (nset n)) (a2 n n 1))

(member k (nset n)) (a2-at-nl-n2 i J 1p))
(rhol n kx 1 g 1p gp) ((use (i-neg-k) (i-eg-k))))
(not (equal 1 k))

(lessp k 1)
{a0 n 1 k)

{a2-at~-nl-n2 { k 1))

(a2-at-nl-n2 i x 1p))
( (enable a2=-at-nl-n2)

(use (Iml-i-neg-k-j-eqg-k))))

;;:;If k is less than 1 then (a2=-at-nl-n2 i k 1p) holds.

(prove-lemma i1-neg-k-j-eg-k (rewrite)

(implies (and (Ws n 1 gq)

(member k (nset n))

(member 1 (nset n))

{(rhoi n x 1 g 1p gp)
(not (equal i k))

(lessp k 1)

(a0 n 1 k)

(a2 nn 1))

(a2~at-nl-n2 i k 1p))

((use (Ilm-i-neg-k-j-eg-k))

(use (a2-i-j-a2-at-nl-n2 (Jj k)))))

;* i-j-neg-k

77: If 1 and J are not equal to k and the i's entry in 1p is

;;:between 10 and 12, then the J’8s entry in 1lp is
;:: between 5 and 12.

(prove-lemma Im-i-j-neg-k (rewrite)

(implies (and (wWw8 n 1 gq)

(member i (nset n))

(member Jj (nset n))

(member k (nset n))

(thol n x 1 g 1p gp)
(not (equal i k))

(not (equal J Kk))

(lessp J 1)

{a2=-at-nl-n2 i j 1))

{a2-at-nl-n2 i j 1lp))
((enable a2-at-nl-n2)))

;::If 1 and j are not equal to k,
;:: then {a2-at-nl-n2 i j 1p) holds.

(prove-lemma i-j-neqg-k (rewrite)

(implies (and (ws n 1 gq)
(member 1 (nset n))

(member Jj (nset n))

(member k (nset n))

(rhoi n kx 1 g 1p gp)
(not (equal 1 k))
(not (equal j k))

(lessp 3 1)
(a2 nn 1))

(a2=-at=-nl-n2 1 3 1p))
((use (lm—-i-j-neg-k))

(use (a2-i-3-a2-at-nl-n2))))

;::If 1 18 not equal to k and J is less than 1,
:::then (a2«-at-nl-n2 i J 1p) holds.
;::The order of the hints is crucial.

(prove-lemma i-neg-k (rewrite)

(implies (and (ws n 1 gq)
(member k (nset n))

(member 1 (nset n))

(member j (nset n))

(rhol n kx 1 g 1p gp)
(not (equal 1 k))

(lessp J 1)
(a0 n 1 k)

(@2 n n 1))

{a2-at-nl-n2 i J 1p))

((use (i—-j—neg-k) (i—neg-k-j-eg-k))))

:;:If Jj is less than k then {(a2-at-nl-n2 kx j 1p) holds.

(prove-lemma i-eqg-k (rewrite)

(implies (and (ws n 1 qg)

(member Jj (nset n))

(member k {(nset n))

(rhoi n x 1 g 1p gp)

(lessp J Kk)
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:* Jj-eg-k-i-neg-k :* 1-eg-k-j-neqg-k

$721If the i's entry in 1 is 12 and the k's entry in 1p is :::1If the k's entry in lp is 12 then (phill k n ¢g) holds.
:2:between 5 and 12 then the k's entry in 1 is between 9 (prove—-lemma cond-rhoill (rewrite)
;r;and 11, (implies (and (ws n 1 @)

(prove—lemma Im-k-in-19-11 (rewrite) (member k (nset nj)

(implies (and (ws n 1 q) (rhoi n kx 1 g 1p gp)
(member 1 (nset n)) (at 1p k 12))
(member k (nset n)) (phill k n g))
(thel n kx 1 g 1p gp) ((enable rhoi at)))

(lg n 1g)

(a0 n 1 k) :3::; If the k's entry in 1 is between 10 and 12,

(a3-at-nl-n2 i kx 1 q) ;2:the j's entry in 1 is between 5 and 12, and
(at 1 1 12) ;::(a2-at-n2 kx n 1) holds, then k is less than Jj.

(union-at-n 1 k "(5 6 7 8 9 10 11))) :::Because Bmp does not rewrite the clause

(union-at-n 1 k '(9 10 11))) :;:(lessp k J), we take its contrapositive.
((enable a3-at-nl-n2) (prove—-lemma k-1t-j (rewrite)

(use {(unb5-1ll-~then-unbd-12)) (implies (and (member J (nset n))
(use {k=in-15-11-g4-then-19-11)))) (not (equal 3 k))

(union—-at-n 1 k "(10 11 12))

$3: If L is not equal to k, the i’8 entry in 1 is 12, (union-at-n 1 § “(5 6 7 8 9 10 11 12))
}+tand the k's entry in lp is between 5 and 12, (not (lessp k J)))
;7:then the k's entry in 1 is between 9 and 11. (not {a2-at-nz2 k n 1)))

(prove—lemma k-in-19-11 (rewrite) ( (enable nset a2-at-n2 az2-at-nl-n2j)))

(implies (and (ws n 1 gq)
(member 1 (nset n))

(member k (nset n)) $2: If k is less than j and (phill k n g) holds,
(rhoi n x 1 g 1p gp) ;;;then the 3j’8 entry in g is either 2 or 3.
(lgni1 q@ (prove-lemma phill-j-not-in-g23 (rewrite)

(a0 n 1 k) (implies (and (member J (nset n))

(a3-at-nl-n2 i k 1 q) (lessp k 1)
(at 1 1 12) (phill k n g))
(union-at-n 1p k '(5 6 7 8 9 10 11 12))) (not (union-at-n g J "(2 3))))

(union-at-n 1 k "(9 10 11))) ((enable nset phill)))
( (enable al)

(use (Im-k-in-19-11) (ll2-then-un8-12) (k-in-15-11)))) ;2:If j is not equal to k, (a2-at-n2 k n 1), (phill k n gq)
;::the k's entry in 1 is between 10 and 12 and

7:2; If the k's entry in lp is between 9 and 11 ;2ithe 3's entry in 1 is between 5 and 12,
;:sthen the k’8 entry in 1p is between 9 and 12. $i;then the 3'8 entry in g is either 2 or 3.
(prove-lemma k-in-1p%-12 (rewrite) (prove-lemma Iml-j-not-in-g23 (rewrite)

(implies (and (ws n 1 g) (implies (and (member J (nset n))

(member k (nset n)) (not (equal J k))
{rhol n kx 1 g 1p gp) (a2-at-n2 k n 1)

(union-at-n 1 k '(9 10 11))) (phill x n g)
(union-at-n 1p k "(9 10 11 12))) (union-at-n 1 k '(10 11 12))

((enable union-at-n at rhoi))) (union-at-n 1 3 “(5 6 7 8 9 10 11 12)))
(not (union-at-n g J "(2 3))))

;;Auxiliary lemma for lm-a3-i-neg-k-j-eg-k. ((use (k-1t-3J) (phill-j-not-in-g23))))
;::;There is (a3=-at-nl-n2 i kx 1 ¢) in the lemma.

(prove-lemma 1lml-a3-i-neg-k-j-eqg-k (rewrite) ;73If j is not equal to k, the k's entry in 1 is
(implies (and (ws n 1 g) ;;:between 10 and 12, the k's entry in 1p is 12 and

(member i (nset n)) s2:the 3’8 entry in 1 is between 5 and 12,
(member k (nset n)) ;;:then the J’8 entry in g is either 2 or 3.

(rhoi n kx 1 g 1p gp) (prove-lemma 1m2-j~not-in-g23 (rewrite)
(not (equal i k)) (implies (and (ws n 1 qg)

(ign 1 q) (member J (nset n))
(lg n 1p gp) (member k (nset n))

(a0 n 1 k) (rhol n kx 1 g 1p gp)
(a3-at-nl-n2 i k 1 gq) (not (equal J k))
(at 1 1 12) {a2-at-n2 k n 1)

(union-at-n 1p k "(5 6 7 8 9 10 11 12))) (at 1p k 12)
(at gp k 4)) (at 1 k 11)

((disable rho-preserves-1qg) (union-at-n 1 3 (5 6 7 8 9 10 11 12)))

(use (k-in-19-11) (k~-in-1p9-12)) (not (union-at-n g J '(2 3))))
(use (1f4 (J kK) (1 1p) (g gp))))) ((use (cond-rhoill) (Ilml-j-not-in-g23)

(I1l-then-unl0-12))))

;3;If 1 is not equal to k, the i's entry in 1p is 12,

;2;and the k's entry in 1p is between 5 and 12, :23If j is not equal to k, the k's entry in lp is 12,
;:;:;then the k's entry in gp is 4. ;:2and the 3's entry in 1 is between 5 and 12,

(prove-lemma lm-a3-i-neg-k-j-eq-k (rewrite) :::then the j’8 entry in g is either 2 or 3.
(implies (and (ws n 1 qg) (prove-lemma Jj-not-in-g23 (rewrite)

(member i (nset n)) (implies (and (ws n 1 @q)
(member k (nset n)) (member J (nset n))

(rhoi n kx 1 g 1p gp) (member k (nset n))

(not (equal i k)) (rhoi n kx 1 g 1p gp)

(lgnl gq) (not (equal J k))
(a0 n 1 k) (a2 nn 1)

(a3-at-nl-n2 i k 1 @g)) (at 1 k 11)

(a3-at-nl1-n2 1 x 1p gp)) (at 1p k 12)
((enable al3-at-nl-n2) (union-at-n 1 § '(5 6 7 8 9 10 11 12)))

(use (Ilml-a3-i-neg-k-j-eg-k)))) (not (union-at-n g Jj "(2 3))))

((use (lm2-j-not-in-g23) (a2-n-a2-at-n2))))
12:If 1 is not equal to k,

:::;then (a3-at-nl-n2 i k 1p gp) holds. (prove-lemma Jj-in-g4 (rewrite)

s+: The order of the hypotheses is crucial. (implies (and (member J (nset n))

(prove—lemma a3-1-neg-k~j-eg-k (rewrite) {gn 1 gq)
(implies (and (ws n 1 q) (not (union-at-n g J '(2 3)))

(member i (nset n)) (union-at-n 1 3 "(5 6 7 8 9 10 11 12)))

(member k (nset n)) (at § 3 4))
(rhol n kx 1 g 1p gp) ( (enable at)

{lg n 1 gq) (use (if4) (15-12-eqg-15-8-0r-19-12) (if3))))
(al n 1 %)

(a3 nn 1 qg) ;::un9-12-then-und-12, 1f3, j-not-in-g23,

(not (equal i k))) ;::15-12-eq-15-8~0r-19-12, un8-l2-then-uns-12,

(a3-at-nl-n2 i x lp gp)) }:rand j-in-g4 are used.

((use (lm-a3-i-neg-k-j-~eq-k)) :::;If J is not equal to k, the k's entry in lp is 12,
(use (a3~-i-j-a3d-at-nl-n2 (j k))))) ;:1the J's entry in 1 is between 5 and 12,

;;;then the J's entry in g is 4.
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(prove—lemma a3-3}-in-15-12 (rewrite) ((use (lm-a3-i-j~-neqg-k))

(implies (and (w8 n 1 q) (use (a3-i-j-a3-at-nl-n2))))
(member Jj (nset n))

(member k (nset n)) t* i-j-eqg-k

(rhoi n kx 1 ¢ 1p gp)

(not (equal J k)) (prove—lemma lm-a3d-i-j-eq-k (rewrite)
(lg n 1 q) (implies (and (ws n 1 ¢)
(a2 n n 1) (member k (nset nj)

(at 1 k 11) (rhoi n kx 1 g 1p ap)
(at 1p k 12) {lg ni gq)
(union-at-n 1 j '(5 6 7 8 9 10 11 12))) (a2 n n 1)

(at g J 4)) (a3-at-nl-n2 kx k 1 q))
((use (Jj—not—-in-g23) (J-in-qg4)))) (ad-at-nl-n2 kx k lp gp))

( (enable a3-at-nl-n2)

2: If the k's entry in lp is 12, (use (if4 (3 kX) (1 1p) (g gp)))
;::then the k's entry in 1 is 11. (use (ll12-then-un9-12))))

(prove-lemma k-in-111 (rewrite)

(implies (and (W8 n 1 q) ;::(a3-at-nl-n2 kx k 1p gp) holds by lg.
(member k (nset n)) (prove-lemma a3-i-j-eq-k (rewrite)
(rholi n kx 1 g 1p gp) (implies (and (ws n 1 q)
(at 1p k 12)) (member k (nset nj)

(at 1 k 11)) {thoi n kx 1 g lp gp)
((enable rhoi at))) (lg n 1g)

(a2 n n 1)

2: If k is not equal to j and the j’s8 entry in gq is 4, {a3 nn 1 gq)

:::then the j’s8 entry in gp is 4. (a3-at-nl-n2 kx k 1p gp))
(prove-lemma lml-ald-i-eq-k-j-neq-k (rewrite) ((use (lm-a3-i-j-eqg-k))

(implies (and (ws n 1 q) (use (a3=i-j-a3-at-nl-n2 (1 kX) (J k)))))
(member Jj (nset n))

(member k (nset n)) 2: (a3=-at-nl-n2 kx J 1p gp) holds.

{(rhoei n kx 1 g 1p gp) (prove—lemma a3-i~eqg-k (rewrite)
(not (equal j k)) (implies (and (ws n 1 q)

(ig n 1 q) (member J (nset n})

(a2 n n 1) (member k (nset n))

(at 1p k 12) (rhoi n kx 1 g 1p gp)

(union-at-n lp Jj "(5 6 7 8 9 10 11 12)) (lg n 1 g)
(at g J 4)) (a2 n n 1)

((use (a3-3-in-15-12) (k-in-111)))) (a3 nn lag)
{ad-at-nl-n2 x j 1p gp’)

;:2:If 3 is not equal to k, the k's entry in 1p is 12, ((use (a3~i-eqg-k-j=-neq-k) (a3-i-j~eq-k)))}
;;:and the j's entry in lp is between 5 and 12,

;; then the J's entry in gp is 4. :27;If 1 is not equal to k,
(prove—lemma lm=-a3~i-eg-k=-j-neq-k (rewrite) ;::then (a3-at-nl-n2 i J 1p gp) holds.

(implies (and (ws n 1 g) (prove-lemma a3-i-neg-~k (rewrite)
(member J (nset n)) (implies (and (W8 n 1 q)
(member k (nset n)) (member k (nset n))

{rhoi n kx 1 g 1p gp) (member i (nset nj)

(not (equal J k)) (member Jj (nset n))

(lg n 1 g) (rhol n kx 1 g 1p ap)
(a2 n n 1) (lg n 1 q)
(a3-at-nl=-n2 k j 1 gj) (a0 n 1 k)

(a3-at-nl-n2 x J 1p gp)) (a2 nn 1)

( (enable a3=-at-nl-n2) (a3 nn lq

(use (Ilml-a3-i-eg-k-j-neg-k)))) (not (equal i k)))
(a3-at-nl-n2 i j 1p gp))

;;:If J is not equal to k then {(a3-at-nl-n2 k j 1p gp). ((use {(a3-i-j-neg-k) {a3-i-neg-k-j-eqg-k))))
(prove—lemma a3-~i-eq~k-j-neq-k (rewrite)

(implies (and {(w8 n 1 gq) ;;:(a3=at-nl-n2 1 j 1lp gp) holds.
(member J (nset n)) (prove—-lemma rho-preserves-a3 {)

(member k (nset nj) (implies (and (ws n 1 g)
{(rhoi n kx 1 g 1p ap) (member k (nset n))

(not (equal J k)) (member 1 (nset n))
{lgnigqg (member Jj (nset nj)

(a2 n n 1) (rhoi n x 1 g 1p gp)
(a3nnlgqg)) (lg n 1 q)

(a3-at-nl-n2 k j 1p gp)) (a0 n 1 Kk)

((use (a3=i-j=a3=-at-ni=-n2 (i k})) (a2 nn 1)

(use (lm-a3-i-eg-k-j-neqg-k)))) (a3 nn lqg))

(a3-at-nl-n2 i j 1p gp))
r*  i-j-neg-k ((use (a3-i-neq-k) (a3-i-eqg-k)) ))

s::If 1,3 are not equal to k, the 1’8 entry in 1p is 12
;::and the 3’8 entry in lp between 5 and 12
:;:then the j's entry in gp is 4.

(prove-lemma lIm=a3-i-j-neq=k (rewrite)
(implies (and (ws n 1 q)

(member 1 (nset n))

(member Jj (nset n))
(member k (nset n))

{rhoi n kx 1 g 1p gp)

(not (equal i k))

(not (equal Jj k))

{a3-at-nl-n2 i j 1 qg))

(a3-at-nl-n2 i J 1p gp))
((enable a3-at-nl-n2)))

;:3:1If 1,4 are not equal to k,
;;;then (a3-at-nl-n2 i J 1p agp).

(prove-lemma a3-i-j-neg-k (rewrite)
(implies (and (ws n 1 q)

(member 1 (nset n))

(member Jj (nset n))

(member k (nset n))

(rhoi n kx 1 g 1p gp)
(a3 nn 1 g)

(not (equal i k))

(not (equal J k)))

(a3-at-nl-n2 i j 1p gp))
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1 * Well-formed states (and (at 1 i 7)

(not (at g (nth h 1) 4))
(defn molws (n 1 g h) (equal 1p 1)

(and {(numberp n) (equal agp 9)

(listp 1) (equal hp (move h 1

(listp 9g) (addl (remainder (subl (nth h 1)) n)J)))))
(listp h)

(equal (length 1) n) (defn mrhoi8 (n i 1 g h 1p gp hp)
(equal (length gq) n) (and (at 1 i 8)

(equal (length h) n) (equal gp (move gq 1 4))

(all-union 1 n " (01 234567891011 12) (equal 1p (move 1 1 9))
(all-union gn *{0 1 2 3 4)) (equal hp (move h 1 1))))
(all-union h n (nget (addl n)))))

(disable molws) (defn mrhoi%a (n i 1 g h 1p gp hp)
(and (at 1 i 9)

;* Transitions (at h i 1)

(equal 1p (move 1 1 10))

(defn mrhoid (ni 1 g h 1p gp hp) (equal gp g)
(and (at 1 1 0) (equal hp h)))

(equal gp 9)
(equal 1p (move 1 i 1)) (defn mrhoi%b (n 1 1 g h 1p ap hp)
(equal hp h))) (and (at 1 i 9)

(lessp (nth h 1) i)

(defn mrhoila (n 1 1 g h 1p gp hp) (union-at-n g (nth h i) {0 1))
(and (at 1 1 1) (equal hp (move h i (addl (nth h 1i))))

(equal gp Gg) (equal gp q)

(equal lp (move 1 1 2)) (equal 1p 1)))
(equal hp h)))

(defn mrhoilb (n 1 1 g h 1p gp hp) (defn mrhoild (n 1 1 g h 1p gp hp)
(and (at 1 1 1) (and (at 1 1 10)

(equal gp q) (equal lp (move 1 i 11))
(equal 1p 1) (equal gp 9g)
(equal hp h))) (equal hp (move h i (addl 1i)))))

(defn mrhoi2 (n i 1 g h 1p gp hp) (defn mrhoilla (n 1 1 gh 1p gp hp)
(and (at 1 1 2) (and (at 1 i 11)

(equal 1p (move 1 i 3)) (at h i (addl n))

(equal gp (move g i 1)) (equal 1p (move 1 i 12))

(equal hp (move h i 1)))) (equal gp 4g)
(equal hp h)))

(defn mrhoi3a (n 1 1 g h 1p gp hp)

(and (at 1 i 3) (defn mrhoillb (n i 1 g h 1p gp hp)

(equal gp ¢) (and (at 1 i 11)

(equal hp h) (lessp (nth h 1) (addl n))
(at h i (addl n)) (not (union-at-n g (nth h 1) "(2 3)))
(equal 1p (move 1 1 4)))) (equal hp (move h i (addl (nth h 1i))))

(equal gp 9)
(defn mrhoidb (n i 1 g h 1p gp hp) (equal 1p 1)))

(and (at 1 1 3)

(equal gp 9g)

(equal 1p 1) (defn mrhoil2 (n 1 1 g h 1p gp hp)
(lessp (nth h i) (addl n)) (and (at 1 1 12)

(equal hp (move h i (addl (nth h 1i)))) (equal hp h)
(union-at-n g (nth h i) {0 1 2)))) (equal gp (move gq i 0))

(equal lp (move 1 1 0))))
(defn mrhoi4d (n 1 1 g h 1p gp hp)

(and (at 1 i 4) (defn mrhoi (n i 1 g h 1p gp hp)
(equal gp (move g 1 3)) (or {mrhoi0 n i 1 g h 1p gp hp)
(equal lp (move 1 i 5)) (mrhoila n i 1 g h 1p gp hp)
(equal hp (move h i 1)))) (mrhoilb n i 1 g h 1p gp hp)

(mrhoi2 n i 1 g h 1p gp hp)

(defn mrhoiSa (n i 1 g h 1p gp hp) (mrhoi3a n i 1 g h lp gp hp)
(and (at 1 1 5) (mrhoi3b n 1 1 g h 1p gp hp)

(equal gp G) (mrhoi4 n 1 1 g h 1p gp hp)

(equal hp h) (mrhoiSa n i 1 g h 1p gp hp)
(at h 1 (addl n)) (mrhoiSb n 1 1 g h 1p gp hp)
(equal lp (move 1 i 8)))) (mrheiSc n i 1 g h 1p gp hp)

(mrhoi6é n i 1 g h 1p gp hp)

(defn mrhoiSb (n i 1 g h 1p gp hp) (mrhoi7a n i 1 g h 1p gp hp)
(and (at 1 i 5) (mrhoi7’® n 1 1 g h 1p ap hp)

(equal gp g) (mrhoi8 n i 1 g h 1p gp hp)

(equal hp h) (mrhoi% n i 1 g h 1p gp hp)

(lessp (nth h i) (addl n)) (mrhoi9b n i 1 g h 1p gp hp)
(at g (nth h i) 1) (mrheli0 n 1 1 g h 1p gp hp)

(equal 1p (move 1 i 6)))) (mrhoilla n i 1 g h 1p gp hp)
(mrhoillb n i 1 g h lp gp hp)

(defn mrhoi5¢c (n i 1 g h 1p gp hp) (mrhoil2 n i 1 g h 1p gp hp)))
(and (at 1 i 5) (disable mrhoi)

{equal gp 9g)
(equal 1p 1) s* Invariants

(lessp (nth h 1) (addl n))
(not (at g (nth h 1} 1)) ;::b0

(equal hp (move h i (addl (nth h i)))))) (defn bla (n 1 h 1 J)
(implies (and (at 1 i 5)

(defn mrhoié (n i 1 g h 1p gp hp) (lessp j (nth h 1i)))
(and (at 1 i 6) (not (at 1 3 4))))

(equal gp (move g i 2)) (disable bla)

(equal lp (move 1 1 7))

(equal hp (move h i 1)))) (defn BOB (n 1 h 1 9)
(implies (and (at 1 i 5)

(defn mrhoi7a (n 1 1 g h 1p gp hp) (lessp J (nth h i.))
(and (at 1 1 7) (at 1 J 3))

(equal 1p (move 1 i 8)) (not (lessp 1 (nth h 3J)))))
(at g (nth h i) 4) (disable bib)

(equal gp 9)

(equal hp h))) ;iibl
(defn bla (1 1 9)

(defn mrhoi7b (n i 1 g h 1p gp hp) (implies (union-at-n 1 i "(8 9 10 11 12))
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(not (at 1 3 4))))
(disable bla)

(defn hint-8-=12-3-4-at-n(n 1 g h Jj)
(and (intersect-8-12-3-4-at-n n 1 q)

(not (lessp n (nth h 3)))))

(disable hint-8-12-3-4-at-n)

(defn exist-hint-8-12-3-4 (n 1 g h 3)

(if (zerop n) F

(if (hint-8-12-3-4-at-n n 1 g h J) n
(exist-hint-8-12-3-4 (subl n) 1 g h )))

(disable exist-hint-8-12-3-4)

(defn blb (n 1 g h 1 I)
(implies (and (union-at-n 1 i (8 9 10 11 12))

(at 1 J 3))
(exist-hint-a-12-3-4 n 1 g h J)))

(disable blb)

(defn ble (n 1 g h 1)

(implies (and (union-at-n 1 i *{8 9 10 11 12))
(not (union-at-n g i "(3 4))))

(and (member (nth h i) {(nset n))

(at g (nth n 1) 4))))
(disable ble)

(defn bld (n 1 h 1)

(implies (at 1 i 7)

(member (nth h i) (nset n)))}
(disable bld)

pris b2

(defn b2a (1 1 7)

(implies (and (lessp Jj 1)
(union-at-n 1 1 (10 11 12)))

(not (union-at-n 1 j "(5 6 7 8 9 10 11 12)))))
(disable b2a)

(defn b2b (1 nh 1 J)
(implies (and (lessp J 1)

(at 1 1 9)

(lessp Jj (nth h 1i)))

(not (union—-at-n 1 § '(5 6 7 8 9 10 11 12)))))
(disable b2b)

:::b3

(defn b3a (1 g 1 3)
(implies (and (at 1 i 12)

(union-at-n 1 § "(5 6 7 8 9 10 11 12)))

(at § 3 4)))
(disable b3a)

(defn b3b (1 g h 1 J)
(implies (and (at 1 1 11)

(lessp Jj (nth h 1i))

(union-at-n 1 J "(5 6 7 8 9 10 11 12)))

(at g J 4)))

(disable b3b)
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(prove—-lemma hint-member (rewrite) (implies (and (molws n 1 g h)

(implies (exist-hint-8-12-3-4 n 1 g h 3) (member k (nset n)))

(member (exist-hint-8-12-3-4 n 1 g h Jj) (nset n))}) (numberp (nth h k)))
((enable nset exist-hint-8-12-3-4 hint-8-12-3-4-at-n))) ((use (Ilm—nth-numberp (i (addl nj))))))}

(prove—-lemma n-not-less—-j (rewrite) :::molws implies that n is nonzero.
(implies (lessp n Jj) (prove-lemma molws—-n-not-0 (rewrite)

(not (member Jj (nset n)))) (implies (molws n 1 g h)

( (enable nset))) (not (equal n 0)))
( (enable molws)))

;2:molws implies that n is a number.

(prove-lemma molws—num-n (rewrite) ;2JAuxiliary lemma.
(implies (molws n 1 g h) (prove-lemma Im-l-mrholemma (rewrite)

{(numberp nj) (implies (and (listp 1)
( (enable molws))) (member J (nset (length 1)))

(member k (nset (length 1})}))

;2:molws implies that 1 is a list. (mrhoi n kx 1 g h 1p gp hp)

(prove-lemma molws—-list-1 (rewrite) (not (equal k 3)))

(implies (molws n 1 g h) (equal (nth 1 j) (nth 1p SRR}
(listp 1)) ((enable mrhoi)))

( (enable molws)))

(disable lm=-l-mrholemma)

;;;molws implies that g is a list.

(prove-lemma molws=list-g(rewrite) :;:Mrholemma for list 1.

(implies (molws n 1 g h) (prove-lemma l-mrholemma (rewrite)
(1istp q@)) (implies (and (molws n 1 g h)

((enable molws))) (member Jj (nset nj)
(member k (nset nj)

;;imolws implies that h is a list. (mrhoi n k 1 g h 1p gp hp)

(prove-lemma molws—list-h (rewrite) (not (equal k 3)))
(implies (molws n 1 g h) (equal (nth 1 J) (nth 1p J) ))

(listp h)) ((enable 1m-l-mrholenuna) (use (lm-1-mrholemma))))
( (enable molws)))

;:;Auxiliary lemma.
;;:molws implies that length of 1 is n. (prove-lemma lm-g-mrholemma (rewrite)

(prove-lemma molws-1ln-1 (rewrite) (implies (and (listp gq)
(implies (molws n 1 g h) (member J (nset (length q)))

(equal (length 1) n)) (member k (nset (length qg)))

( (enable molws))) (mrhoi n kx 1 g h 1p gp hp)

(not (equal k 3)))

;i;:molws implies that length of g is n. (equal (nth g J) (nth gp 9)))
(prove-lemma molws—1n—-qg (rewrite) ((enable mrhoi)))

(implies (molws n 1 g h)

(equal (length ¢) n)) (disable Im-g-mrholemma)
( (enable molws)))

;::Mrholemma for list gq.

;;;molws implies that length of h is n. (prove—lemma g-mrholemma (rewrite)

(prove—lemma molws—1ln-h (rewrite) (implies (and (molws n 1 gq h)
(implies (molws n 1 gq h) (member Jj (nset n))

(equal (length h}) n)) (member k (nset n))

( (enable molws) }) (mrhoi n k 1 g h 1p gp hp)
(not (equal k J3)))

;7:molws and mrho imply that 1p is a list. (equal (nth g Jj) (nth gp J)))
(prove-lemma molws-ln~1lp (rewrite) ((enable 1lm-g-mrholemma) (use (lm-g-mrholemma))))

(implies (and (molws n 1 g h)

(member k (nset n)) :::Auxiliary lemma.

(mrhoi n k 1 g h 1p ap hp)) (prove-lemma lm-h-mrholemma (rewrite)
(listp 1p)) (implies (and (listp h)

( (enable mrhoi))) (member Jj (nset (length h}))

(member k (nset (length h)))

;2:molws and mrho imply that gp is a list. (mrhoi n k 1 g h 1p gp hp)
(prove—-lemma molws-1ln—-gp (rewrite) (not (equal k 3)))

(implies (and (molws n 1 g h}) (equal (nth h J) (nth hp 3)))
(member k (nset n)) ((enable mrhoi)))

(mrhoi n k 1 g h 1p gp hp))

{(listp gp})) (disable 1m-h-mrholemma)
((enable mrhoi)))

;;:Mrholemma for list gq.
:smolws and mrho imply that hp is a list. (prove-lemma h-mrholemma (rewrite)

(prove-lemma molws-1ln-hp (rewrite) (implies (and (molws n 1 g h)
(implies (and (molws n 1 g h) (member Jj (nset n))

(member k (nset n)) (member k (nset n})

(mrhoi n k 1 gh 1p gp hp)) (mrhoi n k 1 g h 1p gp hp)

{listp hp)) (not (equal k 3)))
((enable mrhoi))) (equal (nth h J) (nth hp J)))

((enable Im—h-mrholemma) (use (lm-h-mrholemma))))

:; :Another version of nset—-number.

:::This is available in the theorem ::: lp—gp-same-1l-g
; r:where molws is disabled.

(prove—lemma molws—num-k (rewrite) :: rAnother version of Rholemma for 1.

(implies (and (molws n 1 g h) $:: It applies to (union-at-n 1 J m) in stead of
(member k (nset nj))) 2: lnth 1 7).

{numberp k)) (prove-lemma m-lp-same-1 (rewrite)

( (enable nset))) (implies (and (molws n 1 g h)

(listp m)

(prove-lemma molws-union-h (rewrite) (member Jj (nset n))

(implies (molws n 1 g h) (member k (nset n))

(all-union h n {nset (addl n)))) (mrhoi n k 1 g h 1p gp hp}

( (enable molws))) (not (equal J k))

(union—-at-n 1 J m))

(prove—lemma lm-nth-numberp (rewrite) (union-at-n 1p Jj m))
(implies (and (numberp i) ((enable union-at-n at) (use (l-mrholemma))))

(all-union h n (nset 1i))

(member k (nset n))) ;;:Contrast to the one above,

(numberp (nth h k))) :;;the order of 1 and lp is reversed.

((enable nset all-union union-at-n at))) (prove—-lemma m-l-same-lp (rewrite)

(implies (and (molws n 1 g h)

(prove—-lemma nth-numberp (rewrite) (listp m)
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(member Jj (nset n)) (mrhoi n k 1 g h lp gp hp)

(member k {(nset nj) (not (equal k I))

(mrhoi n k 1 g h 1p gp hp) (at g § m))
(not (equal J KkJ)) (at gp j m))
(union-at-n 1p Jj m}) ( (enable at) (use (g-mrholemma))))

(union-at-n 1 J m))

((enable union-at-n at) (use (l-mrholemma)))) (prove—-lemma m-l-same-lp—-at—-not (rewrite)
(implies (and (molws n 1 g h)

(prove-lemma m-lp-same-1-not (rewrite) (numberp m)

(implies (and (molws n 1 g h) (member J (nset n))

(listp m) (member k (nset N)}

(member J (nset n)) (mrhoi n k 1 g h 1p gp hp)
(member k (nset n)) (not (equal J KJ)

(mrhei n k 1 g h 1p gp hp) (not (at 1 j m)))
(not (equal J k)) (not (at ip j m}))

(not (union-at-n lp Jj m))) ((use (m-l-same-lp-at))))
(not (union-at-n 1 j m)))

((use (m—-lp-same-1))))

:; Another version of Rholemma for J.

(prove—-lemma m—-gp-same-g (rewrite)

(implies (and (molws n 1 gq h)

(listp m)

(member J (nset n))

(member k (nset n))

(mrhoi n kX 1 g h 1p gp hp)

(not (equal j k))

(union-at-n gq 3 m))

(union-at-n gp Jj m))

( (enable union-at-n at) (use (g-mrholemma))))

;::Contrast to the one above,

;::the order of g and gp is reversed.

(prove-lemma m—g-same—-gp (rewrite)

(implies (and (molws n 1 g h)

(listp m)

(member Jj (nset n))

(member k (nset nj)

(mrhoi n k 1 g h 1p gp hp)

(not (equal Jj k))

(union-at-n gp Jj m))

(union-at-n g J m))

( (enable union-at-n at) (use (g—-mrholemma))))

(prove-lemma m—gp-same—-g-not (rewrite)

(implies (and (molws n 1 g h)

(listp m)

(member J (nset n))

(member k (nset n))

(mrhoi n k 1 g h 1p gp hp)

(not (equal J k))

(not (union-at-n gp J m)))

(not (union-at-n gq J m}))

((use (m-gp-same-g))))

:: Another version of Rholemma for h.

(prove—-lemma m-hp-same-h (rewrite)

(implies (and (molws n 1 g h)

(listp m)

(member J (nset n))

(member k (nset n))

(mrhoi n kX 1 g h 1p gp hp)

(not (equal J k))

(union—-at-n h j m))

(union-at-n hp j m})

( (enable union-at-n at) (use (h-mrholemma))))

:::Contrast to the one above,

;;:the order of g and gp is reversed.

(prove—-lemma m-h-same-hp (rewrite)

(implies (and (molws n 1 g h)

(listp m)

(member J (nset nj)

(member k (nset n))

(mrhoi n k 1 g h 1p gp hp)
(not (equal J k))

(union-at-n hp j m))

(union-at-n h Jj m))
( (enable union-at-n at) (use (h-mrholemma))))

;+2 It applies to (at 1 J m) in stead of

si; (nth 1 3).

(prove—-lemma m-l-same-lp-at (rewrite)

(implies (and (molws n 1 g h)
(member Jj (nset n))

(member k (nset n))

(numberp Mm)

(mrhoi n kx 1 g h 1p gp hp)

(not (equal k 3J))

tat 1p J m))
(at L J m))

( (enable at) (use (l-mrholemma))))

(prove—-lemma m—gp-same—-g-at (rewrite)

(implies (and (molws n 1 g h)

(member Jj (nset n))
(member k {nset n))

(numberp m)
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;;:mrhoi0 (prove—-lemma lg-mrhoila (rewrite)
(prove—-lemma n-neg-k-mrhoi0 (rewrite) (implies (and (listp 1)

(implies (and (listp 1) (listp @)
{listp q) (member k (nset (length 1)))
(numberp nj (numberp Nn)
(member k (nset (length 1))) (at 1 k 1)

(not (equal k n)) (lg n1lgqg))
(at 1 k O) (lg n (move 1 k 2) g})
(lg-at-n n 1 q@)) ((enable lg-at-mrhoila 1g at)))

(lg-at-n n (move 1 k 1) qg))

( (enable at 1lg-at-n 1lg-l-at-n 1lg-2-at-n 1lg-3-at-n))) (disable 1g-mrhoila)

(disable n-neg-k-mrhoi0) (prove—-lemma mrhoila-preserves—-lqg (rewrite)

(implies (and (molws n 1 gq h)

(prove—-lemma n-eg-k-mrhoiQ (rewrite) (member k (nset nj)

(implies (and (listp 1) (mrhoila n k 1 g h 1p gp hp)
(listp gq) (lgniqg)
(member k (nset (length 1))) (lg n 1p gp))
(at 1 k 0) ( (enable 1lg-mrhoila)))

(lg-at-n k 1 @))

(lg-at-n k (move 1 k 1) q)) ;::;mrhoilb

((enable at 1lg-at-n 1lg-l-at-n lg-2-at-n 1lg-3-at-n))) (prove—lemma mrhoilb-preserves—-lg (rewrite)

(implies (and (molws n 1 g h)

(disable n-eg-k-mrhoi0) (member k (nset n))

(mrhoilb n k 1 g h lp gp hp)

(prove-lemma lg-at-mrhoi0 (rewrite) (lgn1qg))
(implies (and (listp 1) (lg n 1p ap) )

(listp gq) ( (enable mrhoilb)))
(numberp n)

(member k (nset (length 1))) ;::mrhoi2

(at 1 k 0) (prove-lemma n-neg-k-mrhoi?2 (rewrite)
(lg-at-n n 1 q)) (implies (and (listp 1)

(lg-at-n n (move 1 k 1) g)) (listp Q)
((enable n-neg-k-mrhoi0 n-eg-k-mrhoi0) (numberp nl}

(use (n-neq~k-mrhoi0)) (member k (nset (length 1)))
(use (n-eg~k-mrhoi0)))) (not (equal k n))

(at 1 k 2)

(disable lg—-at=-mrhoi() (lg-at-n n 1 g))
(lg-at-n n (move 1 k 3) (move g k 1)))

(prove-lemma lg~mrhoil (rewrite) ((enable at lg-at-n 1lg-l-at-n 1lg-2-at-n 1lg-3-at-n)))
(implies (and (listp 1)

(listp gq) (disable n-neg-k-mrhoi2)
(member k (nset (length 1)))

(numberp n) (prove-lemma n-eqg-k-mrhoi2 (rewrite)

(at 1 k 0) (implies (and (listp 1)

{lg n 1 g)) (listp q)
{1g n (move 1 k 1) q)) (member k (nset (length 1)))

((enable lg-at-mrhoil 1g at))) (at 1 k 2)

(lg-at-n k 1 qg))

(disable lg=-mrhoi0) (lg-at-n n (move 1 k 3) (move gq k 1) }))
((enable at lg-at-n lg-l-at-n lg-2-at-n lg-3-at-n))}

(prove-lemma mrholO-preserves-1q (rewrite)
(implies (and (molws n 1 g h) (disable n-eg-k-mrhoi2)

(member k (nset n))

{(mrhoi0 n Xx 1 g h 1p gp hp) (prove—lemma lg-at-mrhoi2 (rewrite)
(lgnlgqg)) (implies (and (listp 1)

(lg n 1p gp)) (listp @)
((enable lg-mrhoiQ))) (numberp n)

(member k (nset (length 1)))

;:;mrhoila (at 1 k 2)

(prove-lemma n-neg-k-mrhoila (rewrite) (lgmat-n n 1 qg))

(implies (and (listp 1) (lg-at-n n (move 1 k 3) (move gq k 1)))
(listp g) ((enable n-neg-k-mrhoi2 n-eg-k-mrhoi?2)
(numberp n) (use (n—-neg-k-mrhoiZ2))

(member k (nset (length 1))) (use (n-eg-k-mrhoi2))))
(not (equal k nj)

(at 1 k 1) (disable lg-at-mrhoi?2)
(lg-at-n n 1 qg))

(lg-at-n n (move 1 k 2) q)) (prove-lemma lg-mrhoi2 (rewrite)

((enable at lg-at-n 1lg-l-at-n 1lg=2-at-n 1g-3-at-n))) (implies (and (listp 1)

(listp q)

(disable n-neg-k-mrhoila) (member k {(nset (length 1)))

(numberp n)

(prove—-lemma n-eg-k-mrhoila (rewrite) (at 1 k 2)

(implies (and (listp 1) {lg n 1g)
(listp q) (lg n (move 1 k 3) (move gq k 1)))
(member k (nset (length 1))) ((enable lg-at-mrhoi2 1g at)))

(at 1 k 1)

(lg—at-n k 1 ¢gJ)) (disable 1g-mrhoi2)
(lg-at-n n (move 1 k 2) qg))

((enable at lg-at-n lg-l-at-n 1lg=-2-at-n 1g-3-at-n))) (prove-lemma mrhoi2-preserves-1g (rewrite)
(implies (and (molws n 1 g h)

(disable n-eg-k-mrhoila) (member k (nset n))

{mrhoi2 n k 1 g h 1p gp hp)
(prove—lemma lg-at-mrhoila (rewrite) (lg nlg))

(implies (and (listp 1) (lg n 1p ap))
(listp q) ((enable 1lg-mrhoi2)))
(numberp n)

(member k (nset (length 1))) ;;:mrhoi3a

(at 1 k 1) (prove—-lemma n-neg-k-mrhoi3a (rewrite)

(lgmat-n n 1 qg)) (implies (and (listp 1)

(lg-at-n n (move 1 k 2) qg)) (listp )

((enable n-neg-k-mrhoila n-eg-k-mrhoila) {(numberp n)

(use (n-neg-k-mrhoila)) (member k (nset (length 1)))

(use (n—-eg-k-mrhoila)))) (not (equal k nj)

(at 1 k 3)

(disable 1lg-at-mrhoila) (lg-rat-n n 1 q))

(lg-at-n n (move 1 k 4) g))
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((enable at lg-at-n lg-l-at-n 1lg=2-at-n 1lg-3-at-n))) (implies (and (listp 1)
(listp gq)

(disable n-neg-k-mrhoi3a) (member k (nset (length 1)))

(numberp n)

(prove—-lemma n-eg-k-mrhoi3a (rewrite) (at 1 k 4)

(implies (and (listp 1) (lg n lq)
(listp q) (lg n (move 1 k 5) (move g k 3)))
(member k {(nset (length 1))) ((enable lg-at-mrhoid 1g at)))
(at 1 k 3)

(lg-at-n k 1 qg)) (disable lg-mrhoié)
(lg-at-n k (move 1 k 4) qg))

((enable at lg-at-n lg-l-at-n lg-2-at-n 1lg-3-at-n))) (prove-lemma mrhol4-preserves-1lg (rewrite)
(implies (and (molws n 1 g h)

(disable n-eg-k-mrhoi3a) (member k {(nset n))

(mrhoid n k 1 g h 1p gp hp)

(prove-lemma lg-at-mrhoi3a (rewrite) {lg n 1 g))
(implies (and (listp 1) (lg n 1p gp))

(listp gq) ((enable lg-mrhoid)))
(numberp n)

(member k {(nset (length 1))) :::mrhoiba

(at 1 k 3) (prove-lemma n-neg-k-mrhoib5a (rewrite)

(lg-at-n n 1 g)) (implies (and (listp 1)

(lg-at-n n (move 1 k 4) qg)) (1istp g)
((enable n-neg-k-mrhoi3a n-eg-k-mrhoi3a) (numberp n)

(use (n—neg-k-mrhoi3a)) (member k (nset (length 1)))
(use (n—-eg-k-mrhoi3a)))) (not (equal k n))

(at 1 k 5)

(disable lg-at-mrhoila) (lg-at-n n 1 q))
(lg-at-n n (move 1 k 8) @))

(prove—lemma lg-mrhoilda (rewrite) ((enable at lg-at-n lg-l-at-n lg-2-at-n lg-3-at-n)}))
(implies (and (listp 1)

(listp gq) (disable n-neg-k-mrhoib5a)
(member k (nset (length 1)))

(numberp n) (prove-lemma n-eg-k-mrhoiba (rewrite)

(at 1 k 3) (implies (and (listp 1)

(lgniqg)) (1istp q)
(lg n (move 1 k 4) ¢)) (member k (nset (length 1)))

((enable lg-at-mrhoi3a 1g at))) (at 1 k 5)
(lg—at-n k 1 9))

(disable lg=-mrhoila} (lg-at-n k (move 1 k 8) q))
((enable at lg-at-n lg-l-at-n lg-2-at-n 1lg-3-at-n)))

(prove-lemma mrhoi3a-preserves-lg (rewrite)

(implies (and (molws n 1 gq h) (disable n-eg-k-mrhoiba)
(member k (nset n))

(mrhoi3a n k 1 g h 1p gp hp) (prove—lemma lg-at-mrhoiS5a (rewrite)
(lg n 1 g}) (implies (and (listp 1)

(lg n 1p gp)) (listp g)
((enable lg-mrhoi3a))) (numberp n)

(member k (nset (length 1)))
;::mrhoi3b (at 1 k 5)

(prove-lemma mrhoi3b-preserves-lqg (rewrite) (lg-at-n n 1 q))
(implies (and (molws n 1 g h) (lg-at-n n (move 1 k 8) @))

(member k (nset n)) ((enable n-neg-k-mrhoiba n-eg-k-mrhoi5a)

{(mrhei3b n k 1 g h 1p gp hp) (use (n-neg-k-mrhoib5a))
(lg n 1 g)) (use (n-eg=-k-mrhois5a))))

(1g n 1p gp))

((enable mrhoi3b))) (disable lg=-at-mrhois5a)

; ;;mrhoi4 (prove-lemma lg=-mrhoiSa (rewrite)
(prove—-lemma n-neg-k-mrhoil (rewrite) (implies (and (listp 1)

(implies (and (listp 1) (1istp gq)
{listp gq) (member k (nset (length 1)))
(numberp n) (numberp n)

(member k (nset (length 1))) (at 1 k 5)

(not (equal k n)) (1g n 1 g))

(at 1 k 4) {lg n (move 1 k 8) q))
(lg-rat-n n 1 q)) ((enable lg-at-mrhoiba 1g at)))

(lg-at-n n (move 1 k 5) (move gq k 3)))

((enable at 1lg-at-n 1lg-l-at-n lg-2-at-n 1lg-3-at-n))) (disable lg-mrhoiSa}

(disable n-neg-k-mrhoi4) (prove-lemma mrhoiSa~preserves-1g (rewrite)
(implies (and (molws n 1 g h)

(prove-lemma n-eg-k-mrhoi4 (rewrite) (member k (nset nj)

(implies (and (listp 1) {mrhoi%a n k 1 g h lp gp hp)
(listp gq) (lgnlg))
(member k (nset (length 1))) (lg n 1p gp))
(at 1 k 4) ((enable lg-mrhoi5a)))
(lg-at-n k 1 q))

(lg-at-n n (move 1 k 5) (move g k 3))) :::mrhoisb

((enable at lg-at-n lg-l-at-n lg-2-at-n lg-3-at-n))) (prove-lemma n-neg-k-mrhoibb (rewrite)

(implies (and (listp 1)

(disable n-eg-k-mrhoi4) (listp q)
(numberp n)

(prove-lemma lg-at-mrhoi4 (rewrite) (member k (nset (length 1)))

(implies (and (listp 1) (not (equal k n))

(listp q) (at 1 k 5)
(numberp n) (lg-at-n n 1 qg))

(member k (nset (length 1))) (lg-at-n n (move 1 k 6) g))

(at 1 k 4) ((enable at 1lg-at-n lg-l-at-n 1lg-2-at-n lg=3-at-n)))

(lg-at-n n 1 qg))

(lg-at-n n (move 1 k 5) (move gq k 3))) (disable n-neg-k-mrhoibb)

( (enable n-neg-k-mrhoi4 n-eg-k-mrhoil)

(use (n—neg-k-mrhoi4)) (prove—-lemma n-eg-k-mrhoibb (rewrite)

(use (n—eg-k-mrhoi4)))) (implies (and (listp 1)

(listp q)

(disable lg-at-mrhoi4) (member k (nset (length 1)))
(at 1 k 5)

(prove-lemma lg-mrhoi4 (rewrite) (lg—at-n k 1 g))
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(lg-at-n k (move 1 k 6) qg))

((enable at 1lg-at-n 1lg-l-at-n lg-Z-at-n 1lg-3-at-n))) (prove-lemma mrholé-preserves-lg (rewrite)
(implies (and (molws n 1 g h)

(disable n-eg-k-mrhoibb) (member k (nset n))

(mrhoi6é n k 1 g h 1p gp hp)

(prove-lemma lg=at-mrhoisbk (rewrite) (1g n 1 g))
(implies (and (listp 1) {1g n 1p gp))

(listp q) ((enable lg-mrhoi6)))
(numberp n)

(member k (nset (length 1)}) ;::mrhoi7a

(at 1 k 5) (prove—-lemma n-neg-k-mrhoi7a (rewrite)

(lg-at-n n 1 qg)) (implies (and (listp 1)

(lg-at-n n (move 1 k 6) qg)) (listp gq)
((enable n-neg-k-mrhoibb n-eg-k-mrhoibb) (numberp n)
(use (n-neg-k-mrhoibb)) (member k (nset (length 1)))
(use (n—eg-k-mrhoibb)))) (not (equal k ny})

(at 1 k 7)

(disable lg-at~-mrhois5b) (lg-at-n n 1 q))
(lg-at-n n (move 1 k B) g})

(prove-lemma lg@=mrhoibb (rewrite) ((enable at lg-at-n lg-l-at-n lg-2-at-n 1g-3-at-n)))
(implies (and (listp 1)

(listp @) (disable n-neg-k-mrhoi7a)
(member k (nset (length 1)))

(numberp n) (prove-lemma n-eg-k-mrhoi7a (rewrite)

(at 1 k 5) (implies (and (listp 1)

(lg n 1 g)) (listp g¢)
(lg n (move 1 k 6) qg)) (member k {(nset (length 1)))

((enable lg-at~mrhoi5b lg at))) (at 1 k 7)
(lg—at-n k 1 g))

(disable lg-mrhoiSb) (lg-at-n k (move 1 k 8) g))
( (enable at lg-at-n 1lg-l-at-n lg-2-at-n 1lg-3-at-n)))

(prove-lemma mrhoiSb-preserves-lg (rewrite)

(implies (and (molws n 1 g h) (disable n-eg-k-mrhoi7a)
(member k (nset nj)

(mrhoiSb n k 1 g h 1p gp hp) (prove-lemma lg-at-mrhoi7a (rewrite)
(lg nl g)) (implies (and (listp 1)

(1g n 1p gp)) (1istp q)
((enable lg-mrhoiS5b))) (numberp n)

(member k (nset (length 1)))
:::mrhoisSc (at 1 k 7)
(prove—-lemma mrholSc~preserves-l1g (rewrite) (lg-at-n n 1 qg))

(implies (and (molws n 1 g h) (lg-at-n n (move 1 k 8) g))
(member k (nset nj) ((enable n-neg-k-mrhoi7a n-eg-k-mrhoi7a)
(mrhoi5¢ n k 1 g h 1p gp hp) (use (n-neg-k-mrhoi7a))
(lg n 1 qg)) (use (n—eg-k-mrhoi7a))))

(lg n 1p gp))
((enable mrhoiSe))) (disable lg-at-mrhoi7a)

;::mrhoieé (prove—lemma lg-mrhoi7a (rewrite)
(prove—-lemma n-neg-k-mrhoi6 (rewrite) (implies (and (1istp 1)

(implies (and (listp 1) (1istp g)
(listp 9) (member k (nset (length 1)))
(numberp n) (numberp n)
(member k (nset (length 1))) (at 1 k 7)

(not (equal k nj) (lg n 1 g))
(at 1 k 6) (lg n (move 1 k 8) g))
(lg-at-n n 1 qg)) ((enable lg-at-mrhoi7a 1g at)))

(lg-at-n n (move 1 k 7) (move g k 2)))

((enable at lg-at-n 1lg-l-at-n lg-2-at-n lg-3-at-n))} (disable lg-mrhoi7a)

(disable n-neg-k-mrhoi6) (prove-lemma mrhoi7a-preserves-1lqg (rewrite)
(implies (and (molws n 1 g h)

(prove-lemma n-eg-k-mrhoi6é (rewrite) (member k (nset n))

(implies (and  (listp 1) (mrhoi7a n k 1 g h 1p gp hp)
(listp 9) (lg n 1 q))

(member k (nset (length 1))) (lg n 1p gp))

(at 1 k 6) ((enable lg-mrhoi7a})})
(lg—at-n k 1 qg))

(lg-at-n n (move 1 k 7) (move g k 2))) :::mrhoi7b

((enable at lg-at-n 1lg-l-at-n lg-Z-at-n 1lg-3-at-n))) (prove-lemma mrhol7b-preserves-lg (rewrite)
(implies (and (molws n 1 g h)

(disable n-eg-k-mrhoié) (member k (nset nj)

(mrhol7b n kx 1 g h 1p gp hp)
(prove—-lemma lg—-at-mrhoié (rewrite) (lg n 1 qg))

(implies (and (listp 1) (1g n 1p gp))
(listp g) ((enable mrhoi7b)))
(numberp n)

(member k (nset (length 1))) ;:;:mrhois

(at 1 k 6) (prove-lemma n-neg-k-mrhoi8 (rewrite)

(lg-rat-n n 1 qg)) (implies (and (listp 1)

(lg-at-n n (move 1 k 7) (move g k 2) )) (listp g)
( (enable n-neg-k-mrhoi.6 n-eg-k-mrhoib6) (numberp Nn)

(use (n—neg-k-mrhoib6)) (member k (nset (length 1)))

(use (n—-eg-k-mrhoi6)))) (not (equal k n))

(at 1 k 8)

(disable lg-at-mrhoié6) (lg-at-n n 1 qg))

(lg-at-n n (move 1 k 9) (move g k 4)))

(prove—-lemma lg-mrhoié (rewrite) ((enable at 1lg-at-n 1lg-l-at-n lg-2-at-n 1lg-3-at-n}})
(implies (and (listp 1)

(listp qg) (disable n-neg-k-mrhois8)

(member k (nset (length 1)))

(numberp n) (prove—-lemma n-eg-k-mrhoi8 (rewrite)

(at 1 k 6) (implies (and (listp 1)

(lg nig) (listp 9)
(lg n (move 1 k 7) (move g k 2))) (member k (nset (length 1)))

((enable lg-at-mrhoi6 1g at))) (at 1 k 8)

(lg—at-n k 1 g))

(disable 1lg-mrhoib) (lg-at-n n (move 1 k 9) (move g k 4)))
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((enable at lg-at-n lg-l-at-n lg-Z2-at-n 1lg-3-at-n))) (prove-lemma mrhoi9b-preserves-lg (rewrite)
(implies (and (molws n 1 g h)

(disable n-eg-k-mrhoi8) (member k (nset n))

(mrhoi®b n k 1 g h 1p gp hp)
(prove-lemma lg-at-mrhol8 (rewrite) (lgnlg))

(implies (and (listp 1) (lg n lp gp))
(listp 9g) ((enable mrhoi9b)))
(numberp n)

(member k (nset (length 1))) ;::mrhoil0

(at 1 k 8) (prove—-lemma n-neg-k-mrhoil0 (rewrite)
(lg-at-n n 1 qg)) (implies (and (listp 1)

(lg-at-n n (move 1 k 9) (move g k 4))) {listp gq)
( (enable n-neg-k-mrhoi8 n-eg-k-mrhoi8) (numberp nN)

(use (n—neg-k-mrhoi8)) (member k (nset (length 1)))
(use (n—-eg-k-mrhoi8)))) (not (equal k nj}

(at 1 k 10)

(disable lg=at-mrhoisg) (lg-at-n n 1 @))
(lg-at-n n (move 1 k 11) g))

(prove-lemma lg-mrhoi8 (rewrite) ((enable at 1lg-at-n lg-l-at-n 1lg-2-at-n 1lg-3-at-n)))
(implies (and (listp 1)

(listp 4q) (disable n-neg-k-mrhoil0)
(member k (nset (length 1)))

(numberp n) (prove-lemma n-eg-k-mrhod.10 (rewrite)

(at 1 k 8) (implies (and (listp 1)

(lg n 1 q)) (listp 9)
{lg n (move 1 k 9) (move g k 4))) (member k {(nset (length 1)))

((enable lg-at-mrhoi8 lg at))) (at 1 k 10)

(Ig-at-n k 1 g))

(disable lg-mrhois) (lg-at-n k (move 1 k 11) q))
((enable at 1lg-at-n lg-l-at-n 1lg-2-at-n 1lg-3-at-n)))

(prove-lemma mrhoi8-preserves-lg (rewrite)
(implies (and (molws n 1 g h) (disable n-eg-k-mrhoil0)

(member k (nset n))

(mrhoi8 n k 1 g h 1p gp hp) (prove-lemma lg=-at-mrhoil0 (rewrite)
(lg n 1 g)) (implies (and (listp 1)

(1g n 1p gp)) (listp q)
((enable lg-mrhois))) (numberp n)

(member k (nset (length 1)))

; ; ;mrhoi%a (at 1 k 10)

(prove—lemma n-neg-k-mrhoi%a (rewrite) (Ilg-at-n n 1 q))
(implies (and (listp 1) (lg-at-n n (move 1 k 11) g))

(listp 9) ((enable n-neg-k-mrhoil0 n-eg-k-mrhoilo)

(numberp n) (use (n—-neg-k-mrhoil0))

(member k (nset (length 1))) (use (n-eg-k-mrhoil0))))

(not (equal k n))

(at 1 k 9) (disable lg=at=-mrhoiil0)
(lg-at-n n 1 g))

(lg-at-n n (move 1 k 10) q)) (prove-lemma lg=-mrhoil0 (rewrite)
( (enable at 1lg-at-n lg-l-at-n lg-2-at-n 1lg-3-at-n))) (implies (and (listp 1)

(listp qg)

(disable n-neg-k-mrhoi9a) (member k (nset (length 1)))

(numberp n)

(prove—-lemma n-eg-k-mrhoi%a (rewrite) (at 1 k 10)

(implies (and (listp 1) (lgni1iqg))
(listp g) (lg n (move 1 k 11) g))

(member k (nset (length 1))) ((enable lg=at-mrhoil0 lg at)))
(at 1 k 9)

(lg-at-n k 1 qg)) (disable lg=-mrhoil0)
(lg-at-n k (move 1 k 10) qg))

((enable at 1lg-at-n 1lg-l-at-n 1lg-2-at-n 1lg-3-at-n))) (prove-lemma mrhoil0-preserves-lqg (rewrite)
(implies (and (molws n 1 g h)

(disable n-eg-k-mrhoi9a) (member k (nset n))

(mrhoil0 n kx 1 g h 1p gp hp)
(prove-lemma lg-at-mrhoi9a (rewrite) (lg n 1 g))

(implies (and (listp 1) (lg n 1p gp))
(listp 9g) ((enable lg-mrhoil@)))
(numberp n)

(member k (nset (length 1))) ;;:;mrhoilla

(at 1 k 9) (prove-lemma n-neg-k-mrhoilla (rewrite)

(lg-at-n n 1 qg)) (implies (and (listp 1)

(lg-at-n n (move 1 k 10) gq)) (listp q)
((enable n-neg-k-mrhoi9%a n-eg-k-mrhoi9a) (numberp n)

(use (n—neg-k-mrhoi9a)) (member k (nset (length 1)))

(use (n-eg-k-mrhoi9a)))) (not (equal k n})
(at 1 k 11)

(disable lg=at-mrhoi%a) (lg-at-n n 1 g))
(lg-at-n n (move 1 k 12) qg))

(prove—lemma lg-mrhoi%a (rewrite) ( (enable at lg-at-n 1lg-l-at-n lg-2-at-n 1lg-3-at-n)))
(implies (and (listp 1)

(listp g) (disable n-neg-k-mrhoilla)
(member k (nset (length 1)))

(numberp n) (prove—-lemma n-eg-k-mrhoilla (rewrite)

(at 1 k 9) (implies (and (listp 1)

(lgnlagl) (listp g)
(lg n (move 1 k 10) qg)) (member k (nset (length 1)))

((enable lg-at-mrhoi9a lg at))) (at 1 k 11)
(lg—at-n k 1 qg))

(disable lg-mrhoi%a) (lg-at-n k (move 1 k 12) g))
((enable at 1lg-at-n lg-l-at-n 1lg-2-at-n 1lg-3-at-n)))

(prove-lemma mrhoi%a-preserves-1lg (rewrite)
(implies (and (molws n 1 g h) (disable n-eg-k-mrhoilla)

(member k (nset n))

(mrhoi%a n k 1 g h 1p gp hp) (prove-lemma lg-at-mrhoilla (rewrite)
(lg n 1 g)) (implies (and (listp 1)

(lg n 1p gp)) (listp g)
((enable lg-mrhoi%a))) (numberp n)

(member k (nset (length 1)))

;;:mrhoi%b (at 1 k 11)
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(lg-at-n n 1 qg)) (member k (nset n))

(lg-at-n n (move 1 k 12) qg)) (mrhoi n k 1 g h 1p gp hp)

((enable n-neg-k-mrhoilla n-eg-k-mrhoilla) (lg n 1 g))
(use (n-neg-k-mrhoilla)) (lg n 1p gp))
(use (n—-eg-k-mrheilla)))) ((disable mrhoi0 mrhoila mrhoilb mrhoi2 mrhoi3a

mrhoi3b mrhoi4 mrheiSa mrhoiSb mrhoiSc

(disable lg-at-mrhoilla) mrhoi6é mrhoi7a mrhoi7b mrhei8 mrhoi2a

mrhoi9b mrhoil0 mrhoilla mrhoillb mrhoil?2)

(prove—-lemma lg-mrhoilla (rewrite) (enable mrhoi)))

(implies (and (listp 1)

(listp g) (disable mrhoilld-preserves-1g)
(member k (nset (length 1))) (disable mrhoila-preserves-1q)

(numberp n) (disable mrhoilb-preserves-1qg)

(at 1 k 11) (disable mrhoi2-preserves-1q)

{lg n 1 g)) (disable mrhoi3a-preserves-1g)
(lg n (move 1 k 12) qg)) (disable mrhoi3b-preserves-1g}

((enable lg-at-mrhoilla 1g at))) (disable mrhoid-preserves-1q)

(disable mrhoiSa~preserves-~1lq)
(disable lg-mrhoilla) (disable mrhoiSb-preserves-1g)

(disable mrhoiSc-preserves-1g)
(prove—lemma mrhoilla-preserves—lg (rewrite) (disable mrhoi6é-preserves-1g)

(implies (and (molws n 1 g h) (disable mrhoi7a-preserves~1q)
(member k (nset n)) (disable mrhoi7b-preserves-1q)

(mrhoilla n k 1 g h 1p gp hp) (disable mrhoi8-preserves-1g)
{lgnlgqg)) (disable mrhoi9a-preserves-1g)

(lg n 1p gp)) (disable mrhoi9b-preserves-1g)
( (enable 1lg-mrhoilla))) (disable mrheoilO-preserves-1q)

(disable mrhoilla-preserves-1qg)

:;;mrhoillb (disable mrhoillb-preserves-1q)
(prove—lemma mrhoillb-preserves—-1g (rewrite) (disable mrhoil2-preserves-1q)

(implies (and (molws n 1 g h)

(member k {(nset n))

(mrhoillb n k 1 g h 1p gp hp)

(lg n 1g)
(1g n 1p gp))

((enable mrhoillb)))

;;;mrhoil2

(prove—-lemma n-neg-k-mrhoil?2 (rewrite)

(implies (and (listp 1)

(listp q)
(numberp Nn)

(member k (nset (length 1)))

(not (equal k nj)

(at 1 k 12)

(lgmat-n n 1 qg))

(lg-at-n n (move 1 k 0) (move g k 0)))

( (enable at 1lg-at-n lg-l-at-n lg-2-at-n 1lg-3-at-n)))

(disable n-neg-k-mrhoil2)

(prove-lemma n-eg-k-mrhoil?2 (rewrite)

(implies (and (listp 1)

(listp 9g)
(member k {nset (length 1)))

(at 1 k 12)

(lg—at-n k 1 qg))

(lg-at-n n (move 1 k 0) (move g k 0)))

( (enable at 1lg-at-n lg-l-at-n lg-2-at-n 1lg-3-at-n)))

(disable n-eg-k-mrhoil2)

(prove—-lemma lg-at-mrhoil2 (rewrite)

(implies (and (listp 1)

(listp 9g)

(numberp n)

(member k (nset (length 1)))
(at 1 k 12)

(lgmat-n n 1 qg))

(lg-at-n n (move 1 k 0) (move g k 0)))

((enable n-neg-k-mrhoil2 n-eg-k-mrhoil2)

(use (n—-neg-k-mrhoil2))

(use (n—-eg-k-mrhoil2))))

(disable lg-at-mrhoil2)

(prove-lemma lg-mrhoil2 (rewrite)

(implies (and (listp 1)

(listp 9)

(member k {(nset (length 1)))

(numberp n)

(at 1 k 12)

(lgnlg))

(lg n (move 1 k 0) (move g k 0)))

((enable 1lg-at-mrhoil2 lg at)))

(disable lg-mrhoil2)

(prove-lemma mrholl2-preserves-1g (rewrite)
(implies (and (molws n 1 g h)

(member k (nset n))

{(mrhoil2 n x 1 g h 1p gp hp)

(lg n 1 g))
(lg n 1p gp))

( (enable 1lg-mrhoil2)))

(prove—-lemma mrho-preserves-1lg (rewrite)
(implies (and (molws n 1 g h)
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Piri bla Piiiiiiiiiiiiiis (at 1pk 5)

{lessp Jj (nth hp k)))
piri: Common in mole and atom. (not (at 1 3 4)))
(prove—lemma bOa-1fl (rewrite) ((use (Im—j-not-in-14) (cond-15))))

(implies (and (member J (nset n))

(lg n 1 g) (prove-lemma k-in-15 (rewrite)

(not (at 4 J 1))) (implies (and (molws n 1 g h)
(not (at 1 J 4))) (member J (nset n))

(enable lg lg-at-n lg-l-at-n nset at))) (member k (nset n))

2:2; sop scommend. (mrhoi n k 1 g h 1p gp hp)
(at 1p k 5)

(prove-lemma ifl-nth-h-k (rewrite) (lessp 1 (nth hp k)}))
(implies (and (molws n 1 g h) (at 1 k 5))

(member k (nset n)) ((enable mrhoi at)))

(member Jj {(nset nl)

(mrhoi n k 1 g h 1p gp hp) ; 1; The order of the hints is crucial.

(1g n 1 gq) (prove-lemma lm-boa-i-eg-k-Jj-neqg-k (rewrite)

(at h k J) (implies (and (molws n 1 g h)
(not (at g (nth h Kk} 1))) (member J (nset n))

(not (at 1 J 4))) (member k (nset n))

((enable at) (use {(bla-ifl})}))) (mrhoi n k 1 g h 1p gp hp)
(lg n 1 g)

(prove-lemma 15~-not-gl (rewrite) (bla n 1 h x J)
(implies (and (melws n 1 g h) (at 1p k 5)

(member kx (nset n)) (lessp Jj (nth hp k)))
(member J (nset n)) (not (at 1 J 4)))

(mrhoi n k 1 g h 1p gp hp) ((use (k—-in-15) (J-not-in-14))))
(at h k J)

(at 1 k 5) (prove-lemma boa-i-eg-k-j-neg-k (rewrite)

(at 1p k 5)) (implies (and (molws n 1 g h)
(not (at g (nth h k) 1))) (member J {(nset n))

((enable mrhoi at))) (member k (nset n))

(mrhoi n k 1 g h 1p gp hp)

(prove—lemma 15-nth-h~k-eq-~j (rewrite) (not (equal J k))
(implies (and (at h k 3) (lg nl q)

(molws n 1 g h) (ba n 1 h k J))

(member k (nset n)) (bla n 1p hp k 3J))
(member J (nset n)) ( (enable ba)

(mrhoi n k 1 g h 1p gp hp) (use (lm-boa-i-eg-k-Jj-neqg-k))

(lg n 1 q) (use (m-l-same-lp-at-not (m 4)))))
(at 1 k 5)

(at 1p k 5)) (prove—lemma boa-i-j-eg-k (rewrite)
(not (at 1 3 4))) (implies (and (molws n 1 g h}

((use (ifl-nth-h-k) (15-not-gl)))) (member k (nset n))

(mrhoi n k 1 g h 1p gp hp)
(prove—lemma 15-j-lt-nth-K (rewrite) {bla n 1 h k k))

(implies (and (lessp Jj (nth h k)) (bba n 1p hp k k))
(molws n 1 g h) ((enable at b0al)})

(member k (nset n))

(member J (nset n)) (prove-lemma bQa-i-eg-k (rewrite)
(mrhoi n k 1 g h 1p gp hp) (implies (and (molws n 1 g h)
(bla n 1 h k J) (member J (nset n))
(at 1 k 5)) (member k (nset nj)

(not (at 1 3 4))) (mrhoi n k 1 g h 1p gp hp)
( (enable bla)}) {lg nl g)

(bla n 1 h k 3))

(prove-lemma nth-k-lt-j-or—-eqg—j (rewrite) (bla n lp hp k 9))
(implies (and (molws n 1 g h) ((use (boa-i-eg-k-j-neg-k))

(member k (nset n)) (use (boa-i-j-eqg-k))))

(member Jj (nset n))

(lessp (subl J) (nth h k)) ;rin-not-less—J 1s necessary.

(not (lessp Jj (nth h k)))) (prove-lemma cond-1lp4 (rewrite)
(at h k IM (implies (and (molws n 1 g h)

( (enable at))) (member 1 (nset n))

(member k (nset n))

(prove-lemma lm-j-not-in-14 (rewrite) (mrhoi n k 1 g h 1p gp hp)
(implies (and (molws n 1 g h) (at 1 k 3)

(member J (nset n)) (not (lessp 1 (nth h k))))

(member k (nset n)) (not (at 1p k 4)))
(mrhoi n k 1 g h 1p gp hp) ( (enable mrhoi at)))

{lg n 1 q)

{(bban 1 h k J) (prove-lemma not-13-then-1p4 (rewrite)
(at 1 k 5) (implies (and (molws n 1 g h)

(at 1p k 5) (member k (nset n))

(lessp {subl J) (nth h k))) (mrhoi n k 1 g h 1p gp hp)
(not (at 1 J 4))) (not (at 1 k 3)))

((use (nth-k-lt-j-or-eg-3j)) (not (at lp k 4)))

(use (l5=j=1lt-nth-k)) ((enable mrhoi at)))
(use (15-nth~h~k-eg-3j))))}

(prove-lemma i-in-15 (rewrite)

(prove-lemma cond-15 (rewrite) (implies (and (molws n 1 g h)

(implies (and (molws n 1 g h) (member 1 (nset n))
(member k (nset n)) (member k (nset n))

(member J (nset n)) (mrhoi n k 1 g h 1p gp hp)

(mrhoin k 1 g h 1p gp hp) (Obn 1 h 1 k)

(at 1 k 5) (at1 1 5)

(lessp Jj (nth hp k))) (lessp k (nth h 1i)))

(lessp (subl J) (nth h k})) (not (at 1p k 4)))
((enable mrhoi at))) ((enable bOb)

(use (cond-1p4) (not~1l3-then-1p4))))

(prove—-lemma Jj-not-in-14 (rewrite)

(implies (and (molws n 1 g h) (prove-lemma lm~blOa-~i-neqg-k-j-eqg-k (rewrite)
(member Jj (nset n)) (implies (and (molws n 1 g h)

(member k {(nset n)) (member 1 (nset n))

(mrhoi n k 1 g h 1p gp hp) (member k (nset n))

(lg n 1 q) (mrhoi n k 1 g h 1p gp hp)

(bla n 1 h x 3) (not (equal i k))
(at 1 k 5) (bObn 1 h 1 x)
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(at 1p 1 5) (member J (nset n))
(lessp k (nth h 1i))) (member k (nset n))

(not (at lp k 4))) (mrhoi n k 1 g h 1p gp hp)
((use (i-in-15)) {lg n 1 gq)
(use (m-l-same-lp-at (J 1) (m 5))))) (at 1p k 5)

(at 1 k 5)

(prove-lemma boa-i-neg-k-j-eg-k (rewrite) (at 1 5 3))
(implies (and (molws n 1 g h) (not (at h k 3)))

(member 1 (nset n)) ((use (h-k-not-gl) (lm-j-neg-h-k))))
(member k (nset n))

(mrhoi n kx 1 g h 1p gp hp) (prove—-lemma n-k-leg-subl-i (rewrite)
(not (equal i k)) (implies (and (molws n 1 g h)

(bla n 1 nh i k) (member k (nset n))

(bb n 1 nh 1 k)) (member i (nset n))

(b0a n 1p hp i k)) (mrhoi n k 1 g h 1p gp hp)
( (enable bla) (not (at h k 1))

(use (lm-bla-i-neg-k-j-eq-k)))) (not (lessp 1 (nth h k})))
(not (lessp (subl i) (nth h k))))

(prove—-lemma boa-i-j-neg-k (rewrite) ( (enable at)))

(implies (and (molws n 1 g h)

(member 1 (nset n)) ;2 + This is proved with help of n-k-leg-subl-i.

(member J (nset n)) (prove-lemma 1ml-Jj-in-13 (rewrite)

(member k (nset n)) (implies (and (molws n 1 g h)

(mrhoi n k 1 g h 1p gp hp) (member Jj (nset n))
(not (equal 1 k)) (member k (nset n))

(not (equal Jj k)) (mrhoi n k 1 g h 1p gp hp)

(bla n 1 nh i Jj) (lg n 1 g)
(Ob n 1 h 1 3)) (bb n 1 1h k J)

{bla n 1p hp i 3)) (at 1 k 5)

( (enable bla}}) (at 1p k 5)

(at 1 3 3)
(prove—-lemma boa-i-neg-k (rewrite) (lessp {subl J) (nth h k)))

(implies (and (molws n 1 g h) (not (lessp k (nth h J))))
(member 1 (nset n)) ((enable bdb) (use (j—-neg-h-k))))
(member Jj (nset n))

(member k (nset n)) (prove—lemma lm-j-in-13 (rewrite)

(mrhoi n k 1 g h 1p gp hp) (implies (and (molws n 1 g h)
(not (equal 1 k)) (member J (nset n))
(bla n 1 nh 1 J) (member k (nset n))

(bb n 1 h i 3)) (mrhoi n k 1 g h 1p gp hp)
(bla n 1p np 1 9)) (lg n 1 gq)

((use (boa-i-j-neg-k)) (bOb n 1 h k J)
(use (boa-i-neg-k-j-eg-k)))) (at 1 k 5)

(at 1p k 5)

(prove—-lemma rho-preserves-boa |) (at 1 J 3)
(implies (and (molws n 1 g h) (lessp J (nth hp k)))

(member 1 (nset n)) (not (lessp k (nth h 3))))
(member J (nset n)) ((use (lml-j-in-13) ({(cond=15))))
(member k (nset n))

(mrhoi n k 1 g h 1p gp hp) tt The order of hints is crucial.

(lg 1 1 g) (prove—-lemma J-in-13 (rewrite)

(pba n 1 hid (implies (and (molws n 1 g h)
(bb n 1 h 1 9) (member J (nset n})

(bla n 1p hp i 9)) (member k (nset n))

((use (boa-i-neg-k) (bla-i-eqg-k)))) (mrhoi n k 1 g h 1p gp hp)
(lg n 1 g)

(bObn 1 h k J)
prisisiiiiii bib HHH SHH FI SHH (at 1pk 5)

(at 1 3 3)
siresCommon in mole and atom. (lessp Jj (nth hp k)))

(prove—lemma bOb-1fl (rewrite) (not (lessp k (nth h 3))))
(implies (and (member J (nset n)) ((use (k-in-15) (Im-j-in-13))))

(lg B 1 g)

(at 1 § 3)) (prove—-lemma Im-bob-i-eg-k-j-neqg-k (rewrite)
(at g 3 1)) (implies (and (molws n 1 g h)

((enable nset at 1g lg-at-n lg-l-at-n))) (member Jj (nset n))
(member k (nset n))

(prove-lemma bOb=1f3 (rewrite) (mrhoi n k 1 g h 1p gp hp)
(implies (and (member i (nset n)) (not (equal J k))

(lg n1 gq) (lg 1 g)
(at 1 1 5)) (bOb n 1 h k J)

(not (union-at-n g i "(0 1 2)))) (at 1p k 5)

((enable 1g lg-at-n 1lg-2-at-n union-at-n (at 1p 3 3)
at nset))) (lessp j (nth hp k)))

Jiiiidiriiidiis:;Common in mole and atom end. (not (lessp k (nth h J))))
((use (Jj-in-13))))

(prove-lemma Im-j-neg-h-k (rewrite)

(implies (and (molws n 1 g h) (prove—lemma b0Ob-i-eq-k-j-negq-k (rewrite)
(member k (nset n)) (implies (and (molws n 1 g h)

(member Jj (nset n)) (member Jj (nset n))

(mrhoi n k 1 g h 1p gp hp) (member k (nset n))

(lgn 19g) (mrhoi n k 1 g h 1p gp hp)
(at 1 3 3) (not (equal J k))
(not (at g (nth h k) 1))) (lg nl gq)

(not (at h k 3))) (b0b n 1 h k J))

((enable at) (use {b0b-1f1))})} (b0b n 1p hp k 3))
((enable bOb) (use (lm-bob-i-eg-k-j-neg-k))))

(prove-lemma h=k=-not-gl (rewrite)

(implies (and (molws n 1 g h) (prove—lemma bOb-i-j-eqg+«k (rewrite)
(member k (nset n)) (implies (and (molws n 1 g h)

(mrhoi n k 1 g h 1p gp hp) (member k (nset n))

(at 1 k 5) (mrhoi n k 1 g h 1p gp hp)

(at 1p k 5)) (1g nlg)
(not (at g (nth h k) 1))) {pO n 1p hp k k))

( (enable mrhoi at))) ( (enable bOb at)))

(prove-lemma J-neg-h-k (rewrite) (prove—lemma bOb-i-eq-~k (rewrite)
(implies (and (molws n 1 g h) (implies (and (molws n 1 g h)
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(member J (nset n)) (not (lessp 1 (nth hp k})))

(member k (nset n)) ( (enable mrhoi at)))

(mrhoi n k 1 g h 1p gp hp)

{lg nlgqg) (prove-lemma lp3-then-12-o0r-13 (rewrite)
(bb n 1 h k 7J)) (implies (and (molws n 1 g h)

(bOb n 1p hp x 9)) (member 1 (nset n))
((use (bOb-i-eq-k-j-neq-k) (b0b-i-j~eq-k)))) (member k (nset mn))

(mrhoi n k 1 g h 1p gp hp)

(prove—-lemma Im-i-neqg-h-k (rewrite) (at 1p k 3)

(implies (and (molws n 1 g h) (not (at 1 k 2)))

(member k (nset nj) (at 1 k 3))

(member 1 (nset n)) ((enable mrhoi at)))

(mrhoi n k 1 g h 1p gp hp)

(lg nl gq) (prove-lemma bob-i-in-15 (rewrite)
(at 1 1 5) (implies (and (molws n 1 g h)
(union-at-n g (nth h k) (0 1 2))) (member i (nset n))

(not (at h k 1)» (member k (nset nj)

((enable at) (use (b0b-1£3)))) (mrhoi n k 1 g h 1p gp hp)
(1g n1 g)

(prove—lemma h-k—-g02 (rewrite) (bObn 1 h i k)

(implies (and (molws n 1 g h) (at 1 1 5)

(member k (nset n)) (at 1p k 3)

(mrhoi n k 1 g h 1p gp hp) (lessp k (nth h 1)))

(at 1 k 3) (not (lessp i (nth hp k))))

(at 1p k 3)) ((use (lp3-then-12-o0r-13) (k-in-13-imp)
(union-at-n § (nth h kX) (0 1 2))) (k—=in-12-imp))))

((enable at mrhoi)))

(prove-lemma lm-bob-i-neg-k-j-eqg-k (rewrite)

(prove-lemma i-neg-h-k (rewrite) (implies (and (molws n 1 g h)

(implies (and (molws n 1 g h) (member i (nset n))

(memberk (nset n)) (member k (nset n))

(member 1 (nset n)) (mrhoi n k 1 g h 1p gp hp)
(mrhoi n k 1 g h lp gp hp) (not (equal i k))
(lg n 1 gq) (bb n 1 h 1 k)

(at 1 1 5) (lgn 1 gq)
(at 1 k 3) (at 1p 1 5)

(at 1p x 3)) (at lp k 3)
(not (at h k 1))) (lessp k (nth h 1i)))

((use (h-k-g02) (lm-i-neg-h-k)))) {not (lessp i (nth hp k}))))

((use (bob-i-in-15) (m-l-same-lp-at (J 1) (m 5)))))
(prove-lemma Iml-k-in-13-imp (rewrite)

(implies (and (molws n 1 g h) (prove-lemma bob-i-neg-k-j-eg-k (rewrite)

(member k (nset n}) (implies (and (molws n 1 g h)
(member i (nset n)) (member i (nset n))

(mrhoi n k 1 g h 1p gp hp) (member k (nset n))

(lg n 1 q) (mrhoi n k 1 g h 1p gp hp)
(at 1 1 5) (not (equal i k))
(at 1 k 3) (bb n 1 h i k)

(at 1pk 3) (lg nl qg))
(not (lessp 1 (nth h K)))) (0b n 1p hp i k))

(not (lessp (subl i) (nth h k)))) ((enable bOb} (use (lm-bob-i-neg-k-j-eg-k))))
((use (i—neg-h-k) (n—k-leg-subl-i))))

(prove-lemma bob-i-j-neqg-k (rewrite)

(Drove—-lemma Im-k-in-13-imp (rewrite) (implies (and (molws n 1 g h)

(implies (and (molws n 1 g h) (member 1 (nset n))

(member k (nset nj) (member Jj {(nset nj)
(member i (nset n)) (member k (nset nj)

(mrhoi n k 1 g h 1p gp hp) (mrhoi n kx 1 g h 1p gp hp)
(lg n 1 q) (not (equal 1 k))
{(bkOb n 1 nh i k) (not (equal j k))
(at 1 1 5) (bbn 1 h 1 9))
(at 1 k 3) {(bOb n 1p np 1 9))
(at 1p k 3) ((enable bib)})

(lessp k (nth h 1i)))

(not (lessp (subl 1) (nth h k}})) (prove—-lemma bob-i-neg-k (rewrite)

((enable bOb) (use (Ilml-k-in-13-imp)))) (implies (and (melws n 1 g h)
(member i (nset nj)

(prove—-lemma cond-13 (rewrite) (member Jj (nset n))
(implies (and (molws n 1 g h) (member k (nset n))

(member k (nset n)) (mrhoi n k 1 g h 1p gp hp)

(member 1 (nset n)) (not (equal i k))
(mrhoi n k 1 g h 1p gp hp) (lg n 1 gq)
(at 1 k 3) (bObn 1 h 1 3))

(lessp 1 (nth hp X))) {(b0b n 1p hp i J))
(lessp (subl i) (nth h k))) ( (use (bob-i-j-neqg-k) (bob—-i-neqg-k-j-eqg-k))))

((enable mrhoi at)))

(prove-lemma rho-preserves-bob ()

(prove—-lemma k-in-13-imp (rewrite) (implies (and (molws n 1 g h)

(implies (and (molws n 1 g h) (member 1 (nset n))

(member i (nset nj) (member Jj (nset n))

(member k (nset n)) (member k (nset nj)

(mrhoi n k 1 g h 1p gp hp) (mrhoi n k 1 g h 1p gp hp)

(lg n 1 g) (lgn 1 g)
(bOb n 1 nh i k) (bObn 1 h i J))

(at 1 1 5) {bb n 1p hp i 3J))

(at 1 k 3) ((use (bob—-i-neg-k) (bOb-i-eq-k))))
(at 1p k 3)

(lessp k (nth h 1i)))

(not (lessp i (nth hp k))))

((use (lm—k-in-13-imp) (cond-13))))

(prove-lemma k-in-12-imp (rewrite)

(implies (and (molws n 1 g h)
(member 1 (nset n))

(member k (nset n))

(mrhoi n k 1 g h 1p gp hp)

(at 1p k 3)
(at 1 k 2))
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HE EE bla HMM EE (member k (nset n))

(mrhoi n k 1 g h 1p gp hp)

(prove-lemma Im-h-k-eg-addl-n—-nex-hint (rewrite) (not (equal ix)
(implies (and (not (zerop n)) (bla 1 1 9)

(1istp h) (blbn 1 g n 1 3M)
(not (lessp n 1i)) (bla 1p i 9))
(member k (nset n)) ( (use (bla-i-j-neg-k))

(lessp n (nth h k))) (use (bla-i-neg-k-j-eg-k))))
(not (exist-hint-8-12-3-4 i 1 g h k)))

((enable exist-hint-8-12-3-4 (prove—lemma cond-17 (rewrite)

hint-8-12=3-4-at-n at))) (implies (and (molws n 1 g h)
(member k (nset n))

(prove—-lemma h-k-eg-addl-n-nex-hint (rewrite) (mrhoi n k 1 g h 1p gp hp)
(implies (and (molws n 1 g h) (at 1 k 7)

(member k (nset n)) (union-at-n lp k "(8 9 10 11 12)))
(at h k (addl n))) (at g (nth h k) 4))

(not (exist-hint-8-12-3 =-4 n 1 gq h k))) ((enable mrhoi union-at-n at)))

( (enable at)

(use (lm-h-k-eg-addl-n-nex-hint (i n))))) (prove-lemma k-in-17-imp (rewrite)

(implies (and (molws n 1 g h)

(prove-lemma h-k-eg-addl-n-k-not-in-13 (rewrite) (member Jj (nset n))
(implies (and (molws n 1 g h) (member k (nset n))

(member 1 (nset n)) (mrhoi n k 1 g h 1p gp hp)
(member k (nset n)) (bld n 1 h k)

(mrhoi n k 1 g h 1p gp hp) (lg n 1 q)
(blb n 1 gh ik) (at 1 k 7)

(at h k (addl n)) (bla 1 (nth h k) 3)

(union-at-n 1 1 '(8 9 10 11 12))) (union-at-n 1p k (8 9 10 11 12)))
(not (at 1 k 3))) (not (at 1 J 4)))

( (enable blb) ((enable bla bld)

(use (h-k-eg-addl-n-nex-hint)))) (use (cond=17) (bla-if4 (u (nth h k)})})))

(prove—-lemma not-13-then-not-1p4 (rewrite) (prove—lemma 15-j=-1t-h-k (rewrite)
(implies (and (molws n 1 g h) (implies (and (molws n 1 g h)

(member k (nset n)) (member Jj (nset n))
(mrhoi n k 1 g h 1p gp hp) (member k (nset n))

(not (at 1 k 3))) (mrhoi n k 1 g h 1p gp hp)
(not (at lp k 4))) (at 1 k 5)

((enable at mrhoi))) (union-at-n 1p k "(8 9 10 11 12)))
(lessp Jj (nth h k)))

(prove—-lemma h-k-eg-addl-n (rewrite) ( (enable union-at-n at mrhoi)))

(implies (and (molws n 1 g h)

(member 1 (nset n)) (prove-lemma k-in-15-then-j-not-14 (rewrite)
(member k (nset n)) (implies (and (molws n 1 g h)

(mrhoi n k 1 g h 1p gp hp) (member Jj (nset nj)

(blb n 1 gh i k) (member k (nset n))

(at h k (addl n)) (mrhoi n k 1 g h 1p gp hp)
(union-at-n 1 1 "(8 9 10 11 12))) (at 1 k 5)

(not (at 1p k 4))) (union-at-n 1p k "(8 9 10 11 12))
( (use (h-k-eg-addl-n-k-not—-in-13)) (bla n 1 h k §))
(use (not-13-then-not-1p4)))) (not (at 1 3 4)))

((enable bla) (use (15-j~1t-h-k))))
(prove—-lemma h-k-neg-addl-n (rewrite)

(implies (and (molws n 1 g hh) (prove-lemma 1p9-12-k-in-18=12 (rewrite)
(member k (nset n)) (implies (and (molws n 1 g h)
(mrhoi n k1 g h 1p gp hp) (member k (nset n))

(not (at h k (addl n)))) (mrhoi n k 1 g h 1p gp hp)
(not (at 1p k 4))) (union-at-n 1p k "(9 10 11 12)))

((enable at mrhoi))) (union-at-n 1 k '(8 9 10 11 12)))

( (enable at union-at-n mrhoi)))

:::;The order of the hints is crucial.

(prove-lemma Im-bla-i-neg-k-j-eg-k (rewrite) (prove-lemma k-in-1p9-12-then-j-not-14 (rewrite)

(implies (and (molws n 1 g h) (implies (and (molws n 1 g h)
(member i (nset n)) (member Jj (nset n))

(member k (nset n)) (member k (nset n))

(mrhoi n k 1 g h 1p gp hp) (mrhoi n k 1 g h 1p gp hp)
(blob n 1 g h 1 k) (bla1 k J)
(union-at-n 1 1! (8 9 10 11 12))) (union-at-n lp k "(9 10 11 12)))

(not (at 1p k 4))) (not (at 1 J 4)))

((use (h-k-eg-addl-n) (h—-k-neg-addl-n)))) ((enable bla) (use (1lp9-12-k-in-18-12))))

; 3 sneed m-l-same-lp. (prove-lemma k-not-in-17-then-1p9-12-0r-15 (rewrite)

(prove-lemma bla-i-neg-k-j-eg-k (rewrite) (implies (and (molws n 1 g h)

(implies (and (molws n 1 g h) (member k (nset n))

(member i (nset n)) (mrhoi n k 1 g h 1p gp hp)

(member k (nset n)) (union-at-n lp k "(8 9 10 11 12))
(mrhoi n k 1 g h 1p gp hp) (not (at 1 k 7))

(not (equal 1 k)) (not (union-at-n 1lp k * (9 10 11 12))))

(blb n 1 g h i k)) (at 1 k 5))

(bla 1p 1 k)) ((enable at union-at-n mrhoi)))
( (enable bla) (use (Im-bla-i-neg-k-j-eg-k))))

(prove—-lemma k-in-not-17-imp (rewrite)

(prove-lemma bla-i-j-neg-k (rewrite) (implies (and (molws n 1 g h)

(implies (and (molws n 1 g h) (member Jj (nset n))

(member 1 (nset n)) (member k (nset n))

(member J (nset n)) (mrhoi n k 1 g h 1p gp hp)

(member k (nset n)) (not (at 1 k 7))

(mrhoi n kX 1 g h 1p gp hp) (bla n 1 h k Jj)

(not (equal i k)) (bla 1 k 3)

(not (equal j k)) (union-at-n 1p k "(8 9 10 11 12)))

(bla 1 i 3)) (not tat 1 j 4)))

(bla 1p i 3)) ( (use (k—not-in-17-then-1p9%-12-0r-15))
( (enable bla)})) (use (k—in-1p9-12-then-j-not-14))

(use (k-in-15-then-j-not=14))))
(prove-lemma bla-i-neg-k (rewrite)

(implies (and (molws n 1 g h) :::;I wonder why the following two do not imply
(member i (nset nj} ps2 lm-bla-i-eg-k-j-neg-k although those without

(member j (nset nj) 2: (member u (nset n)) are perfectly able to
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2: imply it. (prove-lemma 18-11-k-in-gp34 (rewrite)
::: (prove-lemma k-in-1p9-12-then-j-not-14 (rewrite) (implies (and (member r (nset n))

HHH (implies (and (molws n 1 g h) {lg n 1 g)
Piz (member Jj (nset n)) (union-at-n 1 r '(8 9 10 11)))

OH (member k (nset n)) (union-at-n gp r ! (3 4)))

HHH (mrhoi n k 1 g h 1p gp hp) ((enable 1g 1lg-at-n 1lg-2-at-n 1lg-3-at-n
HH (bla 1 k 3) union-at-n at nset}))

pe: (union-at-n 1p k "(9 10 11 12)))

HHH (not tat 1 5 4)))) (prove—-lemma u-if4 (rewrite)

HH (implies (and (member 1 (nset n))

; 7: (prove—-lemma k-in-1p8-then-j-not-14 (rewrite) {lg n 1 g)
12: (implies (and (at 1p k 8) tat g u 4))
HE (molws n 1 g h) (not (at 1 u 2)))

HH (member Jj (nset n)) ((enable 1g lg-at-n 1lg-3-at-n at nset)))
FH (member UU (nset n))

HHH (member k (nset n)) (prove—lemma 1ll2-then-unl0=-12 (rewrite)

HHH (mrhoi n k 1 g h 1p gp hp) (implies (at 1 u 12)

LF (lg n 1 q) (union-at-n 1 u ’ {10 11 12)))
HHH (ba n 1 h k J) ((enable at union-at-n)))
HI (bla 1 (nth h Kk) j))

HEH (not tat 1 J 4)))) (prove—-lemma r-neg-k (rewrite)
(implies (and (union-at-n 1 k (8 9 10 11))

(prove—-lemma Im-bla-i-eg-k-Jj-neg-k (rewrite) (at 1 r 12))

(implies (and (molws n 1 g h) (not (equal k r)))
(member Jj (nset n)) ((enable union-at-n at)))

(member k (nset n)) Jr» yrrcommon in mole and atom end.

(mrhoi n k 1 g h 1p gp hp) $3:3iisiiiiiiii:;Lemmas on hints.
(bld n 1 h Kk)

(lg n 1 g) (prove—-lemma ex-hint-in-18-12 (rewrite)

(ba n 1 h k J) (implies (exist-hint-8-12-3-4 n 1 g h jj)
(bla 1 k 73) (union-at-n 1 (exist-hint-8-12-3-4 n

(bla1 (nthh Xk) j) lghi3j) "(89 10 11 12)))
(union-at-n 1p k “(8 9 10 11 12))) ((enable exist-hint-8-12-3-4 union-at-n at

(not tat 1 J 4))) hint-8-12-3-4~-at-n

((use (k—-in-17-imp)) intersect-8«12-3~4-at~n)}))
(use (k—in-not-17-imp))))

(prove—-lemma ex-hint-in-g34 (rewrite)

;:m-l-same-lp-at-not is used. (implies (exist-hint-8-12-3-4 n 1 g h k)
(prove-lemma bla-i-eg-k-Jj-negq-k (rewrite) (union-at-n g (exist-hint-8-12-3-4 n

(implies (and (molws n 1 g h) I g hk) "(3 4)))
(member Jj (nset n)) ((enable exist-hint-8-12-3-4 wunion-at-n at

(member k (nset n)) hint-8-12-3-4-at—-n

(mrhoi n k 1 g h 1p gp hp) intersect-8-12-3-4-at-n)))
(not (equal J k))

(bld n 1 h k) (prove-lemma ex-hint-l-g-h (rewrite)

(lg n 1 q) (implies (exist-hint-8-12-3-4 n 1 g h J)
(bla n 1 h k Jj) (not (lessp (exist-hint-8-12-3-4 n
(bla 1 k 7) 1 ghJ) (nthh 3))))
(bla 1 (nth h k) 3)) ((enable exist-hint-8-12-3-4 hint-8-12-3-4-at-n)))

(bla 1p k 9))

((enable bkla) (use (lm-bla-i-eg-k-j-neg-k)))) (prove-lemma ex-hint-lp-gp-h-in-int-8-12-3-4 (rewrite)

(implies (exist-hint-8-12-3-4 n 1p gp h 3)
(prove—-lemma bla-i-j-eg-k (rewrite) (intersect-8-12-3-4-at-n

(implies (and (molws n 1 g h) (exist-hint-8-12-3-4 n 1p gp h J) 1p gp))
(member k (nset n)) ((enable hint-8-12-3-4-at-n exist-hint-8-12-3-4)))

(mrhoi n k 1 g h 1p gp hp)

(bla 1 k k)) (prove—-lemma ex-hint-lp-gp-h-legq-h-3j (rewrite)

(bla 1p k k)) (implies (exist-hint-8-12-3-4 n lp gp h 3)
((enable bla at wunion-at-n))) (not (lessp (exist-hint-8-12-3-4 n

1p gp h 3) (nth h j§))))
(prove—-lemma bla-i-eg-k (rewrite) ( (enable hint-8-12-3-4-at-n exist-hint-8-12-3-4)))

(implies (and (molws n 1 g h)

(member Jj (nset n)) (prove—-lemma ex-hint-not-in-g02 (rewrite)

(member k (nset n)) (implies (exist-hint-8-12-3-4 n 1 g h Kk)

(mrhoi n k 1 g h 1p gp hp) (not (union-at-n g (exist-hint-8-12-3-4 n

(bld n 1 h k) l ghk)"(01 2))))
{lg nl gq) ((enable union-at-n)

(bla n 1 h k J) (use (ex-hint-in-g34))))
(bla 1 k J)

(bla 1 (nth h k) 3J)) (prove-lemma hint-wtn (rewrite)

(bla 1p k J)) (implies (and (member r (nset n}))

( (use (bla-i-eg-k-j-neg-k)) (intersect-8-12-3-4-at-n r lp gp)

(use (bla-i-j-eg-k)))) (not (lessp r (nth h J))))

(exist-hint-8-12-3-4 n 1p gp h J))
(prove—-lemma mrho-preserves-bla |) ( (enable nset exist-hint-8-12-3-4

(implies (and (molws n 1 g h) hint-8«12-3-4-at-n})))
(member i (nset n))

(member Jj (nset n)) 2rriisiriririli: Flemmas on hints end.

(member k (nset n))

(mrhoi n kx 1 g h 1p gp hp) (prove-lemma Im-k-in-17-imp (rewrite)
(bld n 1 h 1) (implies (and (molws n 1 g h)

(lg nl g) (member k (nset n))

{(blan1 h i 9) (mrhoin k 1 g h 1p gp hp)
(bla 1 i 9) (bld n 1 h k)

(bla 1 (nth h i) 3) {lg nig
(bb n 1 g h i 3)) (at 1 k 7)

(bla 1p i J)) (blbnlgh (nthhk) 3)

((use (bla-i-neg-k) (bla-i-eg-k)))) tat 1 J 3)
(union-at-n lp k “(8 9 10 11 12)))

(exist-hint-8-12-3-4 n 1 g h 3J))

SHIH HE SH blb Prisiiiiiziiii ((enable blb bld)

(use (cond=17) (bla-if4 (u (nth h k))))))

Frrlirrriiiiiirrcommon in mole and atom.

(prove-lemma un8-ll-then-un8-12 (rewrite) (prove—-lemma ex-hint-neg-k—-imp (rewrite)

(implies (union-at-n lp r '(8 9 10 11)) (implies (and (molws n 1 g h)

(union-at-n 1p r "(8 9 10 11 12))) (member k (nset n))

( (enable union-at-n))) (mrhoi n kx 1 g h 1p gp hp)
(exist-hint-8-12-3-4 n 1 g h J)
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(not (equal k (union-at-n 1p k "(8 9 10 11 12)))
(exist-hint-8-12-3-4 n 1 g h J)))) (union-at-n gp k '(3 4)))

{intersect~8-12-3-4-at-n ((use (un8-12-then-18-0r-19-12))
(exist-hint-8-12-3-4 n 1 g h Jj) 1p gp)) (use (lpg-then-~k-in=-g34))

( (enable intersect-8-12-3-4-at-n) (use (1lp92-12-then-k-in-g34))))
(use (ex—hint-in-g34))

(use (ex-hint-in-18-12)))) (prove-lemma k-in-g34 (rewrite)
(implies (and (molws n 1 g h)

(prove-lemma ex-hint-neg-k-in-17 (rewrite) (member k (nset n))

(implies (and (at 1 k 7) (mrhoi n k 1 g h 1p gp hp)

(exist-hint-8-12-3-4 n 1 g h JI)) {lg n 1 qg)
(not (equal k (exist-hint-8-12-3-4 n (at 1 k 5)

1 gh in) (union-at-n lp k ’¢8 9 10 11 12)))
((enable at union-at-n) (use (ex-hint-in-18-12)))) (union-at-n gp k "(3 4)))

((use (1lm—k-in-g34))

(prove-lemma ex-hint-in-int-8-12-3-4-17 (rewrite) (use (mrho-preserves-1g))))
(implies (and (molws n 1 g h)

(member k (nset n)) (prove-lemma k-in-int (rewrite)

(mrhoi n k 1 g h 1p gp hp) (implies (and (molws n 1 g h)
(at 1 k 7) (member k (nset nj)

(exist-hint-8-12-3-4 n 1 g h I}) (mrhoi n k 1 g h 1p gp hp)
(intersect-8-12-3-4-at~n (lg nl gq)
(exist-hint-8-12-3-4 n 1 g h J) 1p gp)) (at 1 k 5)

((use (ex-hint-neg-k-imp)) (union-at-n lp k "(8 9 10 11 12)))

(use  (ex-hint-neg-k-in-17)))) (intersect-8-12-3-4-at-n k 1p gp))
((enable intersect-8-12-3-4-at-n)

(prove—-lemma ex-hint-wtn-17 (rewrite) (use (k~-in-g34))))
(implies (and (molws n 1 g h)

(member k (nset n)) (prove-lemma k-in-15-imp (rewrite)

(mrhoi n kX 1 g h 1p gp hp) (implies (and (molws n 1 g h)
(at 1 k 7) (member Jj (nset n))

(exist-hint-8-12-3-4 n 1 g h 3)) (member k {nset n))
(exist-hint-8-12-3-4 n 1p gp h J)) (mrhoi n k 1 g h 1p gp hp)

((use (hint-wtn (lg n 1 g)
(r (exist-hint-8-12-3-4 n 1 g h 3)))) tat 1 J 3)

(use (ex-hint-in-int-8-12-3-4-17)) (at 1 k 5)

(use (ex-hint-1-g-h)))) (bOb n 1 h k J)
(union-at-n 1p k "(8 9 10 11 12)))

(prove-lemma blb-k-in-17-imp (rewrite) (exist-hint-8-12-3-4 n 1p gp h 3))
(implies (and (molws n 1 g h) ((use (k-in-int))

(member k (nset n)) (use (h-j-leg-k))

(mrhoi n k 1 g h 1p gp hp) (use (hint-wtn (r k)))))
(bld n 1 h k)

(lg n lg) ;::;This is slow.

(at 1 k 7) (prove-lemma ex-hint-in-112 (rewrite)
(blbnlgh (nthhk) J) (implies (and (molws n 1 g h)

fat 1 3 3) (member k (nset n))

(union-at-n 1p k (8 9 10 11 12))) (mrhoi n k 1 g h 1p gp hp)
(exist-hint-8-12-3-4 n 1lp gp h J)) (union-at-n 1 k *(8 9 10 11))

((use (lm-k-in-17-imp)) (exist-hint-8-12-3-4 n 1 g h Jj)
(use (ex-hint-wtn-17)))) (at 1 (exist-hint-8-12-3-4 n 1 g h Jj) 12))

(intersect-8-12-3-4-at-n

(prove—-lemma h-j-leg-k (rewrite) (exist-hint-8-12-3-4 n 1 g h J) lp gpl)
(implies (and (molws n 1 g h) ((use (r-neg-k (r (exist-hint-8-12-3-4 n 1 g h 3))))

(member J (nset n)) (use (ex-hint-neg-k-imp))))
(member k (nset nj)

(mrhoi n k 1 g h 1p gp hp) (prove-lemma r-neqg-k-18-11-k-in-1p8-12 (rewrite)

(at 1 3 3) (implies (and (molws n 1 g h)
(at 1 k 5) (member r (nset nj)

(b0bn 1 h k J) (member k (nset n))
(union—-at—-n ip k * {8 © 10 11 12))) (mrhoi n k 1 g h ip gp hp)

(not (lessp k (nth h J)))) (not (equal r k))
( (enable bib) (union-at-n 1 r (8 9 10 11)))

(use {15-j~-lt-h-k)))) (union-at-n 1p r ¥ (8 9 10 11)))
((use (m—lp-same-1 (J r) (m "(8 9 10 11))))))

(prove-lemma Im~lp8-then-k-in-g34 (rewrite)

(implies (and (listp 1) (prove-lemma r-eg-k-18-11-k-in-1p8-12 (rewrite)
(numberp n) (implies (and (molws n 1 g h)

(equal (length 1) n) (member k (nset n))

(mrhoi n k 1 g h 1p gp hp) (mrhoi n k 1 g h 1p gp hp)
(member k (nset n)) (union-at-n 1 k "(8 9 10 11)))

(lg n 1 g) (union-at-n 1p k (8 9 10 11 12)))
(at 1 k 5) ((enable union—-at-n at mrhoi)))

tat lp k 8))

(union-at-n gp k 7 (3 4))) (prove-lemma 18-11-k-in-1p8~12 (rewrite)
((enable mrhoi at wunion-at-n 1g lg-at-n (implies (and (molws n 1 g h)

lg-2-at-n 1lg-3-at-n nset))) (member r (nset n))

(member k (nset nj}

(disable lm-lp8~then~k-in-g34) (mrhoi n k 1 g h 1p gp hp)
(union-at-n 1 r (8 9 10 11)))

(prove-lemma lp8-then-k-in-g34 (rewrite) (union-at-n 1p r "(8 9 10 11 12)))
(implies (and (melws n 1 g h) ( (use (r-neg-k-18-11-k-in-1p8-12))

(member k (nset n)) (use (un8=ll-then-unt-12))

(mrhoi n k 1 g h 1p gp hp) (use (r-eg-k-18-11-k-in-1p8-12))))

(lg n 1 g)
(at 1 k 5) (prove-lemma hint-in-18-11 (rewrite)

(at 1p k 8)) (implies (and (molws n 1 g h)

(union-at-n gp k "(3 4))) (member k (nset n))

( (enable lm-1p8-then-k-in-g34) (mrhoi n k 1 g h lp gp hp)
(use (lm=-1p8-then-k=-in-g34)))) (lg n 1 qg)

(exist-hint-8-12-3-4 n 1 g h 3)

(prove-lemma Im-k-in-g34 (rewrite) (union-at-n 1 (exist-hint-8-12-3-4

(implies (and (molws n 1 g h) nlgh J) "(89 10 11)))
(member k (nset n)) (intersect-8-12-3-4-at-n

(mrhoi n kx 1 g h 1p gp hp) (exist-hint-8-12-3-4 n 1 g h J) lp gp))

{ignl gq) ( (enable intersect-8-12-3~4-~-at-n)

(lg n 1p gp) (use (18-1l-k-in-gp34
(at 1 k 5) (r (exist-hint-8-12-3-4 n 1 g h 3))))
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(use (18-11-k-in-1p8-12 (blb n 1 g h (nth h k) J)
(r (exist-hint-8-12-3-4 n 1 g h j)))})) (union-at-n 1p k '(8 9 10 11 12)))

(exist-hint-8-12-3-4 n 1p gp h 31)
(prove—-lemma ex—-hint-not-in-112 (rewrite) ((use (blb-k-in-17-imp))

(implies (and (molws n 1 g h) (use (k-not-in-17-imp))))
(member k (nset n))

(mrhoi n kx 1 g h 1p gp hp) (prove-lemma ex-hint-lp-gp-h-leg-hp-j (rewrite)
(lg n 1 g) (implies (and (molws n 1 g h)
(exist-hint-8-12-3-4 n 1 g h J) (member J (nset n))
(not (at 1 (exist-hint-8-12-3-4 n 1 g h j} 12))) (member k (nset n))

(intersect-8-12-3-4-at-n (mrhoi n k 1 g h 1p gp hp)
(exist-hint-8-12-3-4 n 1 g h Jj) 1p gp)) (not (equal J k))

((use (hint-in-18-11)) (exist-hint-8-12-3-4 n 1p gp h J))
(use (ex-hint-in-18-12)) (not (lessp (exist-hint-8-12-3-4 n

(use (case-k (k (exist-hint-8-12-3-4 n 1 g h 3)))))) lp gp n J) (nth hp 9))))
( (use (ex—hint-l1p-gp-h-leg-h-3))))

(prove-lemma ex-hint-in-int-8-12-3-4-18-11 (rewrite)

implies (and (molws n 1 g h) (prove-lemma Jj-neg-k-then-hp-eg-h (rewrite)
(member k (nset n)) (implies (and (molws n 1 g h)
(mrhoi n k 1 g h 1p gp hp) (member J (nset n))
{lg n 1 gq) (member k (nset n))

(union-at-n 1 k (8 9 10 11)) (mrhoi n k 1 g h 1p gp hp)
(exist-hint-8-12-3-4 n 1 g h 3)) (not (equal J k))

(intersect-8~12-3-4~at-n (exist-hint-8-12-3-4 n 1p gp h 3J))
(exist-hint-8-12-3-4 n 1 g h J) 1p gp)) (exist-hint-8-12-3-4 n 1p gp hp 3I))

((use (ex-hint-not-in-112)) ((use (hint-wtn (h hp)

(use (ex-hint-in-112)))) (r (exist-hint-8-12-3-4 n 1p gp h JI)
(use (ex—hint-lp-gp-h-in-int-8-12-3-4))

(prove-lemma ex-hint-wtn-18-11 (rewrite) (use (ex-hint-1p-gp-h-leg-hp-3))))

(implies (and (molws n 1 g h)

(member k (nset n)) (prove-lemma Im-blb-i-eg-k-j-neg-k (rewrite)
(mrhoi n k 1 g h 1p gp hp) (implies (and (molws n 1 g h)
(lg nlgq) (member J (nset n))
(union-at-n 1 k "(8B 9 10 11)) (member k (nset n))

(exist-hint-8-12-3-4 n 1 g h J)) (mrhoi n k 1 g h 1p gp hp)
(exist-hint-8-12-3-4 n 1p gp h 3)) (bld n 1 h Kk)

((use (hint-wtn (r (exist-hint-8-12-3-4 n 1 g h 3j)))) (not (equal Jj k))

(use (ex-hint-in-int-8-12-3-4-18-11)) (lg n 1 q)
(use (ex-hint-1-g-h)))) (bOb n 1 h k J)

(blob n 1 g h k J)
(prove-lemma k-in-18-11-imp (rewrite) (blob n 1 g h (nth h k) 3)

(implies (and (molws n 1 g h) (at 1 3 3)
(member k (nset n)) (union-at-n 1p k "(8 9 10 11 12)))

(mrhoi n k 1 g h 1p gp hp) (exist-hint-8-12-3-4 n 1p gp hp 3I))
(lg nlag) ((use  (Ilml-blb-i-eg-k-j-neg-k))

(at 1 3 3) (use  (j-neg-k—then—-hp-eqg-h))))
(blb n 1 g h k J)

(union-at-n 1 k */ (8 9 10 11))) (prove-lemma blb-i-eg-k-j-neg-k (rewrite)
(exist-hint-8-12-3-4 n 1p gp h J)) (implies (and (molws n 1 g h)

( (enable blb) (member J (nset n))

(use (unB-l1ll-then-ung-12)))) (member k {nset nj)

(mrhoi n k 1 g h 1p gp hp)
(prove—lemma m-1p9-12-k~in-18+-11 (rewrite) (bld n 1 h Kk)

(implies (and (molws n 1 g h) (not (equal J k))

(member k (nset n)) (lg n 1 q)
(mrhoi n k 1 g h 1p gp hp) (bOb n 1 h k J)
(union-at-n lp k {9 10 11 12))) (blb n 1 g h k J)

(union-at-n 1 k *(8 9 10 11))) (blb n 1 g h (nth h k) 7))

((enable mrhoi wunion-at-n at))) (blb n 1p gp hp x 9))
( (enable blb)

(prove-lemma k-in-1p9-12-imp (rewrite) (use (Ilm-blb-i-eg-k-j-neg-k))))

(implies (and (molws n 1 g h)

(member k (nset n)) (prove—-lemma blb-i-j-eg-k (rewrite)

(mrhoi n k 1 g h 1p gp hp) (implies (and (molws n 1 g h)

(lg nl gq) (member k (nset n))

(at 1 3 3) (mrhoi n k 1 g h 1p gp hp)

(blb n 1 g h k 3) (blb n 1 g h k k))

(union-at-n 1p k 7 (9 10 11 12))) (blb 1 1p gp hp kx k))
(exist-hint-8-12-3-4 n 1p gp h I}) ((enable blb union-at-n at)))

((use (k—-in-18-11-imp))

(use (m=lp9-12-k-in-18-11)))) 27:1 wonder if (bldn 1 nh 1) is

;::better than (bld n 1 h k).

(prove-lemma k-not-in-17-imp (rewrite) (prove—-lemma blb-i-eg-k (rewrite)

(implies (and (molws n 1 g h) (implies (and (molws n 1 g h)

(member Jj (nset n)) (member J (nset n))

(member k {(nset n)) (member k (nset n))

(mrhoi n k 1 g h 1p gp hp) (mrhoi n k 1 g h 1p gp hp)

(lg n 1g) (bldn 1 h Kk)
(at 1 3 3) (lgn 1 g)
(not (at 1 k 7)) (bOb n 1 h k J)

(kb n 1 h k J) (blb n 1 g h k 3)

(blb n 1 g h k J) {(blbn 1 g h (nth h k) 3))

(union-at-n 1p kx ' (8 9 10 11 12))) (blb n 1p gp hp k 3))
(exist-hint-8-12-3-4 n 1p gp h 3J)) ((use (blb-i-eg-k-j-neqg-k))

( (use (k—not-in-17-then-1p9%-12-0r-15)) (use (blb-i-j-eg-k))))
(use (k—-in-15-imp))

(use (k—-in-1p9%-12-imp)))) 22:1 wonder why the following two do not imply

2: lm—-Dblb-i-neg-k-j-eg-k.

(prove-lemma Iml-blb-i-eg-k-j-neg-k (rewrite) ;s. (prove-lemma k-not-in-13 (rewrite)

(implies (and (molws n 1 g h) HH (implies (and (molws n 1 g h)

(member J (nset n)) HE (member 1 (nset n))
(member k (nset n)) HIF (member k (nset n))

(mrhoi n k 1 g h 1p gp hp) Pi: (mrhoi n kx 1 g h 1p gp hp)
(bld n 1 h k) $i (not (equal i k))

{lg n 1g) HH (lg n 1 qg)

tat1 3 3) Pi (at Ipk 3)
(bCbn 1 h k J) HICH (not (at 1 k 3))
(bb n 1 g h k J) HE (union—-at-n 1 i "(8 9 10 11 12)))
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HES (exist-hint-8-12-3-4 n 1p gp hp Kk))) i: ex-hint-neq-k-in-13 and ex-hint-in-18-12.
HH (prove-lemma ex-hint-l-g-h-in-int-8-12-3-4 (rewrite)

1s: (prove-lemma k-in-13 (rewrite) (implies (and (molws n 1 g h)
HE (implies (and (molws n 1 g h) (member k (nset n))

HE (member i (nset n)) (mrhoi n k 1 g h 1p gp hp)
FI (member k (nset n)) (at 1 k 3)

IY (mrhoi n k 1 g h 1p gp hp) (exist-hint-8-12-3-4 n 1 g h k}))
HE (at 1 k 3) (intersect-8-12-3-4-at-n

HES (at 1p k 3) (exist-hint-8-12-3-4 n 1 g h k) lp gp))
HHH (union-at-n 1 1 7 (8 9 10 11 12))) ((use (ex-hint-neg-k-imp))
Pr (exist-hint-8-12-3-4 n 1p gp hp k))) (use (ex-hint-neg-k-in-13))))

;:; (prove-lemma 1lm-blb-i-neg-k-j-eg-k (rewrite) (prove-lemma ex-l-g-h-k-in-13 (rewrite)
HH (implies (and (molws n 1 g h) (implies (and (molws n 1 g h)
HH (member 1 (nset n)) (member k (nset nj)

ii (member k (nset n)) (mrhoi n k 1 g h 1p gp hp)
I (mrhoi n k 1 g h 1p gp hp) (at 1 k 3)

LH (not (equal i k)) (at 1p k 3)

pi {lg n 1 g) (exist-hint-8-12-3-4 n 1 g h k})
HF (at 1p k 3) (exist-hint-8-12-3-4 n 1p gp hp k))
Pi: (union-at-n 1 1 "(8 9 10 11 12))) ((use (hint-wtn (h hp) (J Kk)
733 (exist-hint-8-12-3-4 n lp gp hp k))) (r (exist-hint-8-12-3-4 n 1 g h k))))

(use (ex—-hint-1-g-h-in-int-8-12-3-4))

(prove-lemma ex-hint-leg-h-k (rewrite) (use (hp-k-leg-ex-1-g-h))))
(implies (exist-hint-8-12-3-4 n 1 g h k)

(not (lessp (exist-hint-8-12-3-4 n 1 g h k) (prove—lemma 1m-k-in-13 (rewrite)
(nth h kK)» (implies (and (molws n 1 g h)

(member 1 (nset n))

(prove—-lemma h-k-leg-subl-ex-hint (rewrite) (member k (nset mN))

(implies (and (exist-hint-8-12-3-4 n 1 g h k) (mrhoi n k 1 g h 1p gp hp)
(not (equal (nth h k) (at 1 k 3)

(exist-hint-8-12-3-4 n 1 g h k))}) (at lp k 3)
(not (lessp {subl (exist-hint-8-12-3-4 (union-at-n 1 i '(8 9 10 11 12))

nl gh k)) (nth h k)))) (blb n 1 g h i k))
((enable at) (exist-hint-8-12-3-4 n lp gp hp k))
(use (ex-hint-leqg-h-k)))) ((enable blb)

(use (ex—1-g-h-k-in-13))))

(prove-lemma k-in-13 (rewrite)

(prove-lemma ex-hint-neg-h-k (rewrite) (implies (and (molws n 1 g h)
(implies (and (molws n 1 g h) (member i (nset nj}

(member k (nset n)) (member k (nset n))

(mrhoi n k 1 g h lp gp hp) (mrhoi n kx 1 g h lp gp hp)
(exist-hint-8-12-3-4 n 1 g h k) (not (equal i Kk))
(at 1 k 3) (at 1 k 3)

(at 1p k 3)) (blb n 1 g h i k))
(not (equal (nth h kJ) (blb n 1p gp hp 1 k))

(exist-hint-8-12-3-4 n 1 g h k})}}) ( (enable blb)

((use (ex-hint-not-in-g02)) (use (1lm-k-in-13))))
(use (h-k-g02))))

(prove-lemma hp-k-leg-i (rewrite)

(prove-lemma lm-hp-k-leg-ex-1-g-h (rewrite) (implies (and (molws n 1 g h)
(implies (and (molws n 1 g h) (member i (nset n))

(member k (nset nj) (member k (nset n}))

(mrhoi n k 1 g h 1p gp hp) (mrhoi n k 1 g h 1p gp hp)
(at 1 k 3) (at 1 k 2)

(at 1p k 3) (at 1p x 3))

(not (lessp (subl (exist-hint-8-12-3-4 n ((enable mrhoi at)))
1g nh k)) (nth n x))))

((use (h-k-leg-subl-ex-hint)) (prove—lemma blb-u-neqg-k (rewrite)
(use (ex-hint-neg-h-k)))) (implies (and (member wu (nset n))

(member k (nset n))

(prove—-lemma ex—-cond-13 (rewrite) (lg n 1 q)
(implies (and (molws n 1 g h) (at § U 4)

(member k (nset nj) (at 1 k 2))

(mrhoi n k 1 g h 1p gp hp) (not (equal k u)))
(at 1 k 3) ((use (u-if4))))
(exist-hint-8-12-3-4 n 1 g h Kk)

(not (lessp (subl (exist-hint-8-12-3-4 n (prove—lemma Im-u-in-int-8-12-3-4 (rewrite)
1 g h k})) (nth h k)))) (implies (and (molws n 1 g h)

(not (lessp (exist-hint-8-12-3-4 n 1 g h k) (member U1 (nset n))

(nth hp k)))) (member k (nset n))

((use (cond-13 (i (exist-hint-8-12-3-4 n 1 g h k)))))) (mrhoi n k 1 g h 1p gp hp)
(lg n 1 gq)

(prove-lemma hp-k-leg-ex-1-g-h (rewrite) (at 1 k 2)

(implies (and (molws n 1 g h) (at g u 4)
(member k (nset n)) (union-at-n 1p u {8 9 10 11 12)))

(mrhoi n k 1 g h 1p gp hp) {intersect-8-12-3-4-at-n u 1p gp))
(at 1 k 3) ( (enable intersect-8-12-3-4-at—-n)

(at 1p k 3) (use (blb-u-neqg-k))))
(exist-hint-8-12-3-4 n 1 g h k))

(not (lessp (exist-hint-8-12-3-4 n 1 g h k) (prove—-lemma k-neg-u-in-1p8-12 (rewrite)

(nth hp k)))) (implies (and (melws n 1 g h)

((use (hint-member (3 k))) (member 1 (nset n))

(use (Im-hp-k-leg-ex-1-g-h)) (member k (nset n))

(use (ex—cond-13)))) (mrhoi n k 1 g h 1p gp hp)
(not (equal u kj)

(prove-lemma ex-hint-neg-k-in-13 (rewrite) (lg n 1 q)

(implies (and (at 1 k 3) (at g u 4))

(union-at-n 1 (exist-hint-8-12-3-4 n 1 g h Kk) (union-at-n 1p u '(8 9 10 11 12)))
"(8 9 10 11 12))) ( (use (bla-if4))))

(not (equal k (exist-hint-8-12-3-4 n 1 g h k))))

((enable at union-at-n) (use (ex-hint-in-18-12)))) (prove-lemma Iml-u-in-int-8-12-3-4 (rewrite)

(implies (and (molws n 1 g h)

:: + This is successfully proved (member u (nset n))

;::by m-gp-same-g and m-lp-same-1. (member k (nset n))
;2:This is successfully proved by ex-hint-neg-k-imp, (mrhoi n k 1 g h 1p gp hp)
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(lg n 1 q) (prove-lemma k-in-12 (rewrite)
(at 1 k 2) (implies (and (molws n 1 g h)

(at g a 4)) (member 1 (nset n))
(union-at-n 1p wu 7 (8 9 10 11 12))) (member k (nset n))

( (use (k-neg-u-in-1p8-12)))) (mrhoi n k 1 g h 1p gp hp)
{bld n 1 h k)

(prove-lemma u-in-int-8-12-3-4 (rewrite) (not (equal 1 k))

(implies (and (molws n 1 g h) (lg n 1 q)
(member 1 (nset n)) (at 1 k 2)

(member k (nset n)) (at 1p k 3)
(mrhoi n k 1 g h 1p gp hp) (blc n 1 gh 1)
{lg n 1 g) (union-at-n 1 1 "(8 9 10 11 12)))

(at 1 k 2) (exist-hint-8-12-3-4 n lp gp hp k))
(at g u 4)) ((use (i—not-in-g34))

(intersect-8-12-3-4-at-n u 1p gp}) (use (i-in-g34))))
((use (lm-u-in-int-8-12-3-4))

(use  (lml-u-in-int-8-12-3-4)))) (prove-lemma l1lp3-then-13-o0or=-12 (rewrite)
(implies (and (molws n 1 g h)

:2:;1 wonder why the following does not trigger (member k (nset n))

;;:molws-1ln-1lp, molws~ln-gp. (mrhoi n k 1 g h lp gp hp)
33: (prove-lemma h-i-in-g34-imp (rewrite) (not (at 1 k 3))

FI (implies (and (molws n 1 g h) (at 1p k 3))
1: (member k (nset n)) (at 1 k 2))
HE (mrhoi n k 1 g h 1p gp hp) ((enable mrhoi at)))

HE (member (nth h i) (nset n))

HHH (lg n 1 q) (prove—-lemma Im-k-not-in-13 (rewrite)
HH (at 1 k 2) (implies (and (molws n 1 g h)

HH (at lp k 3) (member i (nset n))
LE (at g (nth h i) 4)) (member k (nset n))

1: (exist-hint-8-12-3-4 n 1p gp hp k}}) (mrhoi n k 1 g h 1p gp hp)
: 7: although (bld n 1 h k)

: 22 (prove-lemma h-i-in-g34-imp (rewrite) (not (equal i k))
FE (implies (and (member (nth h 1) (nset n)) (lg n 1 g)
HEH (molws n 1 g h) (not (at 1 k 3))

HEH (member k (nset n)) (at 1p k 3)
1: (mrhoin k 1 g h 1p gp hp) (blen 1 g h 1)
HH {lg n 1 gq) (union-at-n 1 1 "(8 9 10 11 12)))
HES (at 1 k 2) (exist-hint-8-12-3-4 n 1p gp hp k))
HEN (at 1p k 3) ((use (k-in-12))

HE (at g (nth h 1) 4)) (use (lp3-then~13-or~12))))
HH (exist-hint-8-12-3-4 n 1p gp hp k)))

;; does. (prove-lemma k-not-in-13 (rewrite)
(implies (and (molws n 1 g h)

(prove-lemma h-i-in-g34-imp (rewrite) (member i (nset n))

(implies (and (member (nth h 1) (nset n)) (member k (nset n))
(molws n 1 g h) (mrhoi n k 1 g h 1p gp hp)
(member k (nset n)) (bld n 1 h k)

(mrhoi n k 1 g h lp gp hp) (not (equal i k))
(lg ni q (lgn 1 g)
(at 1 k 2) (not (at 1 k 3))

(at 1p k 3) (blb n 1 g h i k)
(at g (nth h 1) 4)) (blc n 1 gh 1i))

(exist-hint-8-12-3-4 n lp gp hp k)) (blb n 1p gp hp 1 k))
((use (hint-wtn (h hp) (J k) (r (nth h 1i)))) ( (enable blb)

(use (hp-k-leg-i (1 (nth h 1i)))) (use (Im—k-not-in-13))))
(use (u-in-int-8-12-3-4 (u (nth h 1))))))

(prove-lemma blb-i-neg-k-j-eg-k (rewrite)

(prove-lemma i1-not-in-g34 (rewrite) (implies (and (molws n 1 g h)

(implies (and (not (union-at-n g i ?(3 4))) (member i (nset n))
(molws n 1 g h) (member k (nset n))

(member i (nset n)) (mrhoi n k 1 g h lp gp hp)
(member k (nset mn)) (bld n 1 h Kk)

(mrhoi n k 1 g h 1p gp hp) (not (equal i Kk))
(lg n 1 g) (lgn 1 g)
(at 1 k 2) (blb n 1 g h 1 k)

(at 1p k 3) (blc n 1 gh 1))

(ble n 1 g h 1) (blb n 1p gp hp i x))
(union-at-n 1 i "(8 9 10 11 12))) ((use (k-not-in-13))

(exist-hint-8-12-3-4 n 1p gp hp k)) (use (k—-in-13))))
( (enable ble)

(use (h-i-in-g34-imp)))) (prove—-lemma lm-i-neg-k—-in-int-8-12-3-4 (rewrite)

(implies (and (molws n 1 g h)

(prove-lemma i-in-int-8-12-3-4 (rewrite) (member 1 (nset n))

(implies (and (union-at-n g 1 "(3 4)) (member k (nset n))

(molws n 1 g h) (mrhoi n k 1 g h 1p gp hp)

(member i (nset n)) (not (equal i k))

(member k (nset n)) (lgn 1 q)
(mrhoi n k 1 g h lp gp hp) (at g 1 4))

(not (equal 1 k)) (intersect-8-12-3-4-at-n i 1p gp))
(union-at-n 1 1 "(8 9 10 11 12))) ( (enable intersect-8-12-3-4-at—-n)

(intersect-8-12-3-4-at-n i 1p gp)) (use (k-neg-u-in-1p8-12 {(u 1i)))))
( (enable intersect-8-12-3-4-at-n)))

(prove-lemma i-neg-k-in-int-8-12-3-4 (rewrite)

(prove-lemma 1i-in-g34 (rewrite) (implies (and (molws n 1 g h)

(implies (and (union-at-n g i '(3 4)) (member 1 {(nset n))

(molws n 1 g h) (member k (nset n))

(member 1 (nset n)) (mrhoi n k 1 g h 1p gp hp)
(member k (nset n)) (not (equal i k))

(mrhoi n k 1 g h 1p gp hp) (union-at-n 1 i '(8 9 10 11 12))

(not (equal i k)) (gn 1g)
(at 1 k 2) (at 1 (exist-hint-8-12-3-4 n 1 g h J) 12)

(at 1p k 3) (b3a 1 g
(union-at-n 1 1 "(8 9 10 11 12))) (exist-hint-8-12-3-4 n 1 g h 3j) 1i))

(exist-hint-8-12-3-4 n lp gp hp k)) (intersect-8-12-3-4-at-n 1 1p gp))

((use (hint-wtn (h hp) {3 ky (r i))) ( (enable b3a)
(use (i-in-int-8-12-3-4)) (use (lm-i-neg-k-in-int-8-12-3-4))

(use (hp-k-leg-i)))) (use (un8-12-then-uns5-12))))
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(prove—-lemma h-j-leq-i (rewrite) (member k (nset n))

(implies (and (union-at-n 1 i "(8 9 10 11 12)) (mrhoi n k 1 g h 1p gp hp)
(exist-hint-8-12-3-4 n 1 g h 3) (bld n 1 h k)
(at 1 (exist-hint-8-12-3-4 n 1 g h Jj) 12) (not (equal i k))
{(b2a 1 (exist-hint-8-12-3-4 n 1 g h J) 1)) (lg n 1 q)

(not (lessp L (nth h 3)))) (b0b n 1 ni J
((enable b2a) (blb n 1 gh i)
(use (l112-then-unl0-12 (ble n 1 g h 1)

(u (exist-hint-8-12-3-4 n 1 g h 3)))) (b2a 1 (exist-hint-8-12-3-4 n 1 g h Jj) 1)
(use (un8-12-then-und-12)) (b3a 1 g
(use (ex-hint-1-g-h)))) (exist-hint-8-12-3-4 n 1 g h 3) 1i))

(blb n 1p gp hp i 3))
(prove-lemma i-neg-k-ex-hint-in-112 (rewrite) ((use (blb-i-j-neqg-k))

(implies (and (molws n 1 g h) (use (blb-i-neqg-k-j-eqg-k))))
(member 1 (nset n))

(member k (nset n))

(mrhoi n k 1 g h 1p gp hp) :::I wonder if (bld n 1 h 1) and

(not (equal 1 k)) ;2:(bld n 1 h J) are better than
(lg n lq) s2:(bldn 1 h Xk).
(union-at-n 1 1 "(8 9 10 11 12)) 327 (blb D1 g h (nth h 1) J) and (blb n 1 g h (nth h k) J).
(exist-hint-8-12-3-4 n 1 g h 3) :2:What about (b2a 1 (exist-hint-8-12-3-4 n 1 g h J) i)
(at 1 (exist-hint-8-12-3-4 n 1 g h 3j) 12) pi (b3a 1 g (exist-hint-8-12-3-4 n 1 g h J) 1)) 2
(b2a 1 (exist-hint-8-12-3-4 n 1 g h j) i)

(b3a 1 g (prove—-lemma mrho-preserves-blb ()
(exist-hint-8-12-3-4 n 1 g h J) i)) (implies (and (molws n 1 g h)

(exist-hint-8-12-3-4 n 1p gp h J)) (member i {(nset n))

((use (hint-wtn (r 1})) (member J (nset n))
(use (h-j-leg-i)) (member k (nset n))

(use (i—-neg-k-in-int-8-12-3-4)))) (mrhoi n k 1 g h 1p gp hp)
(bld n 1 h k)

(prove-lemma i-neg-k-ex-hint-not-in-112 (rewrite) (lg n 1 g)
(implies (and (melws n 1 g h) (bb n 1 h i Jj)

(member k (nset n)) (blbnlgh (nthhk) 1)
(mrhoi n k 1 g h lp gp hp) (blob n 1 g hi J)
{lg nlgqg) (ble n 1 g h 1)
(exist-hint-8-12-3-4 n 1 g h 3} (b2a 1 (exist-hint-8-12-3-4 n 1 g h J) i)
(not (at 1 (b3a 1 g

(exist-hint-8-12-3-4 n 1 g h J) 12))) (exist-hint-8-12-3-4 n 1 g h J) 1))
(exist-hint-8-12-3-4 n 1p gp h J)) (blb n 1p gp hp i 9))

((use (hint-wtn (r (exist-hint-8-12-3-4 n 1 g h J)))) ((use (blb-i-neg-k) (blb-i-eqg-k))))
(use (ex-hint-not-in-112))

(use (ex—hint-1-g-h))))

HEE EH b1lc Frrreriisiiiliig
(prove-lemma lml-blb-i-j-neqg-k (rewrite)

(implies (and (molws n 1 g h) Fsrrriiii2 common in mole and atom.

(member 1 (nset n)) (prove-lemma not—-g34-then-not-g4 (rewrite)
(member Jj (nset n)) (implies (not (union-at-n g i * (3 4)))

(member k (nset n)) (not (at g 1 4)))
(mrhoi n k 1 g h 1p gp hp) ( (enable union-at-n at)))

(not (equal 1 k))

{lg nl g) (prove—-lemma contra-if4 (rewrite)
(union-at-n 1 i '(8 9 10 11 12)) (implies (and (member J (nset n))

(exist-hint-8-12-3-4 n 1 g h J) (lg n 1 q)
(b2za 1 (exist-hint-8-12-3-4 n 1 g h 3) 1) (at g 3 4)
(b3a 1 g (union-at-n 1 J '(9 10 11 12)))
(exist-hint-8-12-3-4 n 1 g h 3j) 1)) ((enable lg lg-at-n lg-3-at-n union-at-n at nset)))

(exist-hint-8-12-3-4 n 1p gp h J)) sirisiziisrrtrcommon in mole and atom end.
((use (i-neg-k-ex-hint-in-112))

(use (i—-neg-k-ex-hint-not-in-112)))) (prove-lemma lp8-not-15-then-17 (rewrite)
(implies (and (melws n 1 g h)

(prove-lemma Im-blb-i-j-neg-k (rewrite) (member k (nset n))

(implies (and (molws n 1 g h) (mrhoi n k 1 g h 1p gp hp)
(member 1 (nset n)) (not (at 1 k 5))

(member J (nset n)) (at 1p k 8))
(member k (nset n)) (at 1 k 7))

(mrhoi n k 1 g h 1p gp hp) ((enable at mrhoi)))
(not (equal 1 k))

(not (equal J k)) (prove-lemma lp8-not-g34-then-k-in-17 (rewrite)
(lg nl gq) (implies (and (molws n 1 g h)
(union-at-n 1 i "(8 9 10 11 12)) (member k (nset n))

(b2a 1 (exist-hint-8-12-3-4 n 1 g h 3) 1) (mrhoi n k 1 g h 1p gp hp)
(b3a 1 g (exist-hint-8-12-3-4 n 1 g h 3) 1) {lg n 1 g)
(exist-hint-8-12-3-4 n 1 g h 73J)) (at 1p k 8)

(exist-hint-8-12-3-4 n 1p gp hp 3J)) (union-at-n 1p k (8 9 10 11 12))

((use (lml-blb-i-j-neg-k)) (not (union-at-n gp k {3 4))))
(use (j—neg-k—-then-hp-eg-h)))) (at 1 k 7))

((use (1B8-not<15-then-17))

(prove-lemma blb-i-j-neq-k (rewrite) (use {(lp8-then-k-in-g34))))
(implies (and (molws n 1 g h)

(member i (nset n)) (prove-lemma 1lm-k-in-17 (rewrite)

(member Jj {nset n)) (implies (and (molws n 1 g h)
(member k (nset n)) (member k (nset n))

(mrhoi n k 1 g h 1p gp hp) (mrhoi n k 1 g h 1p gp hp)
(not (equal i k)) (lg n 1 q)

(not (equal J k)) (lg n 1p gp)

(lg n 1 q) (union-at-n 1p k {8 9 10 11 12))
(bb n 1 g h i J) (not (union-at-n gp k (3 4))))

(b2a 1 (exist-hint-8-12-3-4 n 1 g h 3) i) (at 1 k 7))

{(b3a 1 g¢ ((use (un8-12-then-18-or-19-12))

(exist-hint-8-12-3-4 n 1 g h J) 1i)) (use (lp92=-12-then-k-in-g34))

(blb n 1p gp hp 1 5) (use (lp8-not-g34-then-k-in-17))))
( (enable blb)

(use (lm-blb-i-j-neqg-k)))) (prove-lemma k-in-17 (rewrite)

(implies (and (molws n 1 g h)

(prove—-lemma blb-i-neg-k (rewrite) (member k (nset n))

(implies (and (molws n 1 g h) (mrhoi n k 1 g h 1p gp hp)

(member i (nset n)) (lgnlg)

(member J (nset n)) (union-at-n 1p k "(8 9 10 11 12))
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(not (union-at-n gp k (3 4)))) (member k (nset n))

(at 1 k 7)) (mrhoi n k 1 g h 1p gp hp)
((use (lm-k-in-17)) (bldn 1 nh k)

(use (mrho-preserves-1g)))) (lg nlg))
(plc n 1p gp hp k))

(prove—-lemma h-k-cond-17 (rewrite) ((enable blc)

(implies (and (molws n 1 g h) (use (blc-i-eg-k-hp-k-neqg-k))
(member k (nset n)) (use  (i-eg-k-then-h-k-neg-k))))

(mrhoi n kX 1 g h 1p gp hp)

(at 1 k 7) (prove—lemma 19-11-then-in-1p9%-12 (rewrite)
(union—-at-n 1p k "(8 9 10 11 12))) (implies (and (molws n 1 g h)

(equal (nth hp k) (nth h k))) (member k (nset n))

( (enable at union-at-n mrhoi))) (mrhoi n k 1 g h 1p gp hp)
(not (at 1 k 12))

(prove—-lemma Im-h-k-g4 (rewrite) (union-at-n 1 k "(9 10 11 12)))

(implies (and (molws n 1 g h) (union-at-n 1p k "(9 10 11 12)))
(member k (nset n)) ( (enable union-at-n at mrhoi)))

(mrhoi n kX 1 g h 1p gp hp)

(bld n 1 h k) (prove-lemma k-in-1p9%9-12 (rewrite)

(lg n 1 g) (implies (and (melws n 1 g h)
(at 1 k 7) (member k (nset n))

(union-at-n 1p k '(8 9 10 11 12))) (mrhoi n k 1 g h 1p gp hp)
(and (member (nth hp k) (nset n)) (lg n 1 g)

(at g (nth hp k) 4))) (at g k 4)
((enable bld) (not (at 1 k 12)))

(use (h-k-cond-17)) (union—-at-n 1p k "(9 10 11 12)))

(use (k-in-17)) ((use (contra-if4 (J k)))

(use (cond-17)))) (use (19-11-then-in-1p9%9-12)))}

(prove—-lemma h-k-g4 (rewrite)

(implies (and (molws n 1 g h) (prove-lemma 1Im-k-not-in-112-imp (rewrite)
(member k (nset nj) (implies (and (molws n 1 g h)
(mrhoi n k 1 g h 1p gp hp) (member k (nset n))

(bld n 1 h Kk) (mrhoi n k 1 g h 1p gp hp)

(lg n 1 gq) (lgn 1g)
(union-at-n 1p k ‘(8 9 10 11 12)) (1g n 1p gp)
(not (union-at-n gp k "(3 4)))) (at g k 4)

(and (member (nth hp kK) (nset n)) (not (at 1 k 12) ))

(at g (nth hp k) 4) })) (at gp k 4))
((use (lm-h-k-g4)) ((disable mrho-preserves-1g)

(use (k-in-17)) (use (k-in-1p9-12))

(use (cond-17)))) fuse (1f4 (J k) (1 1p) (g gp)))))

(prove-lemma Iml-i-eg-k-then-h-k-neg-k (rewrite) (prove—-lemma k-not-in-112-imp (rewrite)
(implies (and (molws n 1 g h) (implies (and (molws n 1 g h)

(member k (nset n})) (member k (nset n))

(mrhoi n k 1 g h 1p gp hp) (mrhoi n k 1 g h 1p gp hp)
(bld n 1 h Kk) (lg n 1 gq)
(lg nlgq) (atg k 4)
(at 1 k 7) (not (at 1 k 12)))

(at g (nth hp k) 4)) (at gp x 4))
(not (at hp k Kk})) ((use (lm-k-not-in-112-imp))

((enable at bld union-at-n) (use (mrho-preserves-1g))))
(use (contra-if4 (J (nth hp k))))))

(prove—-lemma k-not-in-112 (rewrite)

: 2 :Need k-in-17. (implies (and (molws n 1 g h)
(prove-lemma Ilm-i-eg-k-then-h-k-neqg-k (rewrite) (member 1 (nset n))

(implies (and (molws n 1 g h) (member k (nset n))

(member k {(nset nj) (mrhoi n k 1 g h 1p gp hp)
(mrhoi n k 1 g h 1p gp hp) (b3a 1 g k 1)
(bld n 1 nh k) (union—-at-n 1 i '(8 9 10 11 12))

(lgnlaq (not (union-at-n g i "(3 4}})))
(at 1 k 7) (not (at 1 k 12)))

(union-at-n 1p k *(8 9 10 11 12)) ( (enable b3a)

(not (union-at-n gp k "(3 4)))) (use {(un8-12-then-uns5-12))

(not (at hp k k))) (use (not-g34-then-not-g4))))
( (use (Ilml-i-eg-k-then-h-k-neqg-k))

(use (h-k-g4)))) (prove-lemma Iml-blc-i-neg-k-h-i-eg-k (rewrite)

(implies (and (meclus n 1 g h)

(prove-lemma i-eg-k-then-h-k-neg-k (rewrite) (member i (nset n})}

(implies (and (molws n 1 g h) (member k (nset n))

(member k {nset nj) (mrhoi n k 1 g h 1p gp hp)

(mrhoi n k 1 g h 1p gp hp) (equal (nth h i) k)

(bld n 1 h k) (lg n 1 q)

(lg n 1 g) (blen 1 g h i)
(union-at-n lp k 7 (8 9 10 11 12)) (b3a 1 g (nth h i) 1)
(not (union-at-n gp k "(3 4)))) (union-at-n 1 i '(8 9 10 11 12))

(not (at hp k k))) (not (union-at-n g 1 "(3 4))))

((use (h-k-g4)) (at gp k 4))
(use (Ilm-i-eg-k-then-h-k-neqg-k)) ( (enable Dblc)
(use (k—=in-17)))) (use (k-not-in-112))

(use (k—not—-in-112-imp))))

(prove-lemma blc-i-eg-k-hp-k-neqg-k (rewrite)

(implies (and (molws n 1 g h) (prove-lemma Im-blc-i-neg-k-h-i-eg-k (rewrite)
(member k {nset n)) (implies (and (molws n 1 g h)
(mrhoi n k 1 g h lp gp hp) (member 1 (nset n))

(bld n 1 h k) (member k (nset n))

(not (at hp k k)) (mrhoi n k 1 g h 1p gp hp)

(1g n 1 g) (ath i Xk)
(union-at-n 1p k “(8 9 10 11 12)) (lg n 1 q)
(not (union-at-n gp k "(3 4)))) (ble n 1 gh i)

(and (member (nth hp k) (nset n)) {(b3a 1 g (nth nh 1) i)

(at gp (nth hp k) 4))) (union-at-n 1 1 "(8 9 10 11 12))
( (enable at) (not (union-at-n g 1 '(3 4))))

(use th~-k-g4)))) (and (member (nth h 1) (nset n))

(at gp (nth h 1) 4)))
(prove-lemma blc-i-eg-k (rewrite) ( (enable at)

(implies (and (molws n 1 ¢g h) (use (Iml-blc-i-neg-k-h-i-eg-k))))
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( (enable nset}))

(prove-lemma b3a-h-rholemma (rewrite)

(implies (and (molws n 1 g h) (prove—-lemma one-nset (rewrite)

(member 1 (nset n)) (implies (not (zerop n))
(member k (nset n)) (member 1 (nset n)))

(mrhoi n k 1 g h 1p gp hp) ((enable nset)))
(not (equal 1 k))

(b3a 1 g (nth h 1) iy) (prove—lemma lm-bld-i-eg-k (rewrite)
{(b3a 1 g (nth hp 1) i))) (implies (and (listp 1)

(listp h)

;;:m-l-same-l1p and m-gp-same—-g are used. (numberp n)

(prove—-lemma blc-i-neg-k-h-i-eg-k (rewrite) (numberp (nth h k))

(implies (and (molws n 1 g h) (equal (length 1) n)

(member 1 (nset n)) (equal (length h) mn)
(member k (nset n)) (member k (nset n))

(mrhoi n k 1 g h 1p gp hp) (mrhoi n k 1 g h 1p gp hp)
(not (equal 1 k)) (bld n 1 h k))

(at h 1 k) (bld n 1p hp k))
(lg 1 g) ((enable mrhoi bld at)

(blc n 1 g h 1) (use (member-remainder (J (nth h k})}))))
(b3a 1 g (nth h i) 1))

(blc n 1p gp hp 1)) (prove—-lemma bld-i-eq-k (rewrite)
((enable blc) (implies (and (molws n 1 g h)

(use (Ilm-blc-i-neg-k-h-i-eg-k)) (member k (nset n))
(use (b3a~h=-rholemma)))) (mrhoi n k 1 g h 1p gp hp)

(bld n 1 h k))

(prove-lemma Im-blc-i-h-i-neg-k (rewrite) (bld n 1p hp k))
(implies (and (molws n 1 g h) ((disable bld)

(member 1 (nset n)) (enable 1m-bld-i-eg-k)
(member k (nset n)) (use (lm—bld-i-eqg-k))))

(mrhoi n k 1 g h 1p gp hp)

(not (at h 1 k)) (prove—lemma bld-neg-k (rewrite)
(ble n 1 g h 1) (implies (and (melws n 1 g h)
(union-at-n 1 1 7{8 9 10 11 12)) (member 1 (nset n))

(not (union-at-n g i {3 4)))) (member k (nset n))

(and (member (nth h 1) (nset n)) (mrhoi n k 1 gh 1p gp hp)
(at gp (nth h 1) 4))) (not (equal 1 k))

((enable blc at) (bld n 1 h 1))

(use (g-mrholemma (Jj (nth h 1i)))))) (bld n 1p hp 1i))
( (enable bld)))

(prove-lemma blc-i-h-i-neg-k (rewrite)

(implies (and (molws n 1 g h) (prove—-lemma mrhoi-preserves-bld (rewrite)

(member i (nset n)) (implies (and (molws n 1 g h)

(member k (nset n)) (member i (nset n))

(mrhoi n k 1 g h 1p gp hp) (member k (nset n))

(not (equal 1 k)) (mrhoi n k 1 g h lp gp hp)
(not (at h 1 k)) (bld n 1 h 1i))

(ble n 1 gh 1)) (bld n 1p hp i))

(ble n 1p gp np 1)) ((disable bld)
( (enable ble) (use (bld-i-neg-k))

(use (Im-blc-i-h-i-neqg-k)))) (use (bld-i-eg-k))))

(prove—-lemma blc-i-neg-k (rewrite)

(implies (and (melws n 1 g h)

(member 1 (nset n))

(member k (nset n))

(mrhoi n k 1 g h 1p gp hp)
(not (equal i k))

(lgn lq)
(ble n 1 g h 1)

(b3a 1 g (nth nh 1) i))

(ble n 1p gp hp 1))
((use (blc-i-h-i-neg-k))

(use (blc-i-neg-k-h-i-eg-k))))

(prove-lemma mrho-preserves-blc ()

(implies (and (molws n 1 g h)
{member i (nset n)

{member k (nset n)

(mrhoi n k 1 g h 1p gp hp)
(bld n 1 h k)

(lg n 1 g)

(blcnlghli
(b3a 1 g (nth h 1) 1))

(ble n 1p gp hp 1))
((use (blc-i-neg-k))

(use (blc-i-eg-k)}))

HEI HH bld HHH SH

(prove—-lemma remainder—-quotient (rewrite)

(equal (remainder x (addl X))

(fix x)))

(prove—-lemma Iml-member-remainder (rewrite)

(implies (not (lessp x n))
(not (member (addl x) (nset (subl n})))))

( (enable nset)))

(prove—-lemma Im-member-remainder (rewrite)

(implies (member (addl Xx) (nset (subl n)))

(member (addl (remainder x n)) (nset (subl n))))

( (enable nset)))

(prove—-lemma member-remainder (rewrite)

(implies (member J (nset n))

(member (addl (remainder (subl Jj) n)) (nset n)))



b2.ev Wed Mar 6 10:25:31 1991 1

Iii: b2a Drriiiiiiiiiiii: I; {(b2b 1 h k J)
HH (union-at-n 1p k * (10 11 12)))

;*  i-eg-k-Jj-neg-k HEH (not (union-at-n 1 J "(5 6 7 8 9 10 11 12)))))
;siand tried to prove the following lemma counting on

(prove-lemma Jj-1lt-h-k (rewrite) ;;:m-lp-same-1l, but it was unsuccessful.
(implies (and (molws n 1 g h)

(member Jj (nset n)) (prove-lemma b2a-i-eg-k-j-neq-k (rewrite)
(member k (nset n)) (implies (and (molws n 1 g h)

(mrhoi n k 1 g h 1p gp hp) (member J (nset n))
(lessp J Kk) (member k (nset n))

(at 1 k 9) (mrhoi n k 1 g h 1p gp hp)
(union-at-n lp k '(10 11 12))) (not (equal J k))

(lessp Jj (nth h k))) (lessp J k)

( (enable mrhoi union-at-n at))) (lg n 1 gq)
(b2b 1 n k J)

(prove-lemma lIm-case-k-in-19 (rewrite) (b2a 1 k j))
(implies (and (melws n 1 g h) (b2a 1p kx 9))

(member Jj (nset n)) ((enable b2a) (use (lm-b2a-i-eqgq-k-j-neg-k)) ))
(member k (nset n))

(mrhoi n k 1 g h 1p gp hp) ;* i-neg-k-j-eg-k
(not (equal j Kk))

(lessp J k) ;:331If the k's entry in 1 is not 4 and
(b2b 1 h k Jj) :;;the k's entry in lp is between 5 and 7, then
(at 1 k 9) :;:the k's entry in 1 is between 5 and 7.

(lessp J (nth h k)) (prove—-lemma m-k-in-1p5-7-not-14-then-15-7(rewrite)
(union-at-n 1p k "(10 11 12))) (implies (and (molws n 1 g h)

(not (union-at-n 1 3 "(5 6 7 8 9 10 11 12)))) (member k (nset n))

((enable b2b)}) (mrhoi n kx 1 g h 1p gp hp)
(not (at 1 k 4))

$2: In the rewrite rule a set of hypotheses is replaced (union-at-n 1p k "(5 6 7)))
:::by anther set of formulas. Thus if in a proof (union-at-n 1 k "(5 6 7)))

:: intended beforehand there is a formula belonging to ( (enable union-at-n at mrhoi)))
;;smore than one set of hypotheses which are expected to

:;+be replaced, Bmp is very likely to be unsuccessful. ;:2If the k's entry in lp is between 5 and 7 then
;::If J is not equal to k and the k's entry in 1 is s¢:the k's entry in 1 is certainly between 5 and 12.
;::between 10 and 12, then the j's entry in 1p is not (prove-lemma m-k-in-1p5-7-then-15-11 (rewrite)
;:; between 5 and 12. (implies (and (molws n 1 g h)
(prove—-lemma case-k-in-19 (rewrite) (member k (nset n))

(implies (and (molws n 1 g h) (mrhoi n k 1 g h 1p gp hp)
(member Jj (nset n)) (not (at 1 k 4))

(member k (nset n)) (union-at-n 1p k (5 6 7}))
(mrhoi n k 1 g h 1p gp hp) (union—-at-n 1 k "(5 6 7 8 9 10 11)))
(not (equal J k)) ( (use (m-k-in-1p5-7-not-14-then-15-7))

(lessp J k) (use {unS-7-then-un5-11))))
(b2b 1 h k J)

(at 1 k 9) :2:;If the k's entry in lp is 8 then k's entry
(union-at-n 1p k * (10 11 12))) ;::1in 1 is either 5 or 7.

(not (union-at-n lp J "(5 6 7 8 9 10 11 12)))) (prove—lemma m~1p8-k-in=~157 (rewrite)
((use (lm-case-k-in-19) (J-1t-h-k)))) (implies (and (molws n 1 g h)

(member k (nset n))

;;;need unlf-1l-then-unlQ-12. (mrhoi n k 1 g h 1p gp hp)
(prove-lemma case-k-in-110-11 (rewrite) (at 1p k 8))

(implies (and (molws n 1 g h) (union—-at-n 1 k "(5 7)))

(member Jj (nset n)) ((enable mrhoi wunion-at-n at)))
(member k (nset n))

(mrhoi n k 1 g h lp gp hp) ;::If the k's entry in 1lp is 8,
(not (equal J K)) ;:ithen the k's entry in 1 is between 5 and 11.
(lessp J Kk) (prove-lemma m-k-in-lp8-then-15-11 (rewrite)
(bza 1 kx J) (implies (and (molws n 1 g h)
(union-at-n 1 k 7 (10 11))) (member k (nset nj)

(not (union-at-n 1p J '(5 6 7 8 9 10 11 12)))) (mrhoi n k 1 g h 1p gp hp)
((enable b2a))) (at 1p k 8})

(union-at-n 1 k "(5 6 7 8 9 10 11)))

(prove-lemma k-in-110-11-or-19 (rewrite) ((use (un57-then-un5-11) (m-lp8-k-in-157))))
(implies (and (molws n 1 g h)

(member k (nset n)) ;:2If the k's entry in lp is between 9 and 12,
(mrhoi n k 1 g h 1p gp hp) :::then the k's entry in 1 is between 5 and 12.
(union-at-n 1p k "(10 11 12)) (prove-lemma m-k-in-1p9-12-then-15-11 (rewrite)
(not (union-at-n 1 k 7 (10 11)))) (implies (and (molws n 1 g h)

(at 1 k 9)) (member k (nset n))

((enable mrhoi wunion-at-n at))) (mrhoi n k 1 g h 1p gp hp)
(union-at-n 1p k * (9 10 11 12)))

(prove—lemma lm-b2a~i-eq~k-j-neq-k (rewrite) (union-at-n 1 k "(5 6 7 8 9 10 11)))

(implies (and (molws n 1 g h) ((use (m-1p9-12-k-in-18-11) (unB-il-then-un5-11))}))
(member Jj (nset n))

(member k (nset n)) $7: If the k's entry in 1 is 4 an the k's entry in lp is
(mrhoi n k 1 g h 1p gp hp) :::between 5 and 12, then the k's entry in 1 is
(not (equal Jj k)) ; between 5 and 11.

{lessp j k) (prove—lemma m-k-in-15-11 (rewrite)
(lg n 1 q) {implies (and (molws n 1 g h)
(b2a 1 k 3) (member k (nset n))

{b2b 1 nh k 7) (mrhoi n k 1 g h 1p gp hp)
(union-at-n 1p k '(10 11 12))) (not (at 1 k 4))

(not (union-at-n 1lp J "(5 6 7 8 9 10 11 12)))) (union-at-n 1p k "(5 6 7 8 9 10 11 12)))
( (use (k=in-110-11-0r-19)) (union-at-n 1 k "(5 6 7 8 9 10 11)))

(use (case-k-in-110-11)) ( (use (k—=in-1p5-7-or-1p8-or-1p9%-12))

(use (case-k-1n-19)))) (use (m—-k-in-1p8-then-15-11))

(use (m—k-in-1p5-7-then-15-11))

$1:1 proved (use (m-k-in-1p9-12-then-15-11)) 1})

7:1; (prove-lemma lm-b2a-i-eg-k~j-neg-k (rewrite)
FS (implies (and (molws n 1 g h) (prove-lemma m-k-not-in-14 (rewrite)

BE (member Jj (nset n)) (implies (and (molws n 1 g h)

HH (member k (nset nj) (member k (nset n))

RE (mrhoi n k 1 g h 1p gp hp) (mrhoi n k 1 g h 1p gp hp)

11: (not (equal j k)) (not (at 1 k 4))

HEH (lessp J k) (not (union-at-n 1 k '(5 6 7 8 9 10 11 12))))

HE (lg 1 1 q) (not (union-at-n lp k ? (5 6 7 8 9 10 11 12))))
HE (b2a 1 k 7) ((use (un5-11-then-un5-12) (m-k-in-15-11)}))
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(prove-lemma 1l19-then-ung8-12 (rewrite)

(prove-lemma m-k-not-in-1p5-12 (rewrite) (implies (at 1 1 9)

(implies (and (molws n 1 g h) (union-at-n 1 1 *(8 9 10 11 12)))

(member i (nset n)) ((enable at union-at-n)))

(member k (nset n)) $ii232i2ii2iii Common in atom and mole end.

(mrhoi n k ¥ g h 1p gp hp)

(bla 1 1 k) (prove—-lemma lg-nth-h-k (rewrite)

(union-at-n 1 i "(10 11 12)) (implies (and (molws n 1 g h)

(not (union-at-n 1 k '"(5 6 7 8 9 10 11 12)))) (member J (nset mJ)
(not (union-at-n lp k "(5 6 7 8 9 10 11 12)))) (member k (nset n))

( (enable bla) (mrhoi n k 1 g h 1p gp hp)

(use {(unl0-12-then-ung&-12) (m-k-not-in-14)))) (lgn lag
(at h k 9)

(prove-lemma lm-b2a-i-neq-k-j-eq-k (rewrite) (union—at-n g (nth h k) "(0 1)))
(implies (and (molws n 1 g bh) (not (union-at-n 1 J "(5 6 7 8 9 10 11 12))))

(member 1 (nset n)) ((enable at) (use (1f1))))
(member k (nset n))

(mrhoi n k 1 g h 1p gp hp) (prove-lemma 19-g01 (rewrite)
(not (equal 1 k)) (implies (and (molws n 1 g h)

(lessp k 1) (member J (nset n))
(bla 1 1 k) (member k {(nset n))

{b2a 1 1 k) (mrhoi n k 1 g h 1p gp hp)
(union-at-n 1p i '(10 11 12))) (at n k J)

(not (union-at-n 1p k "(5 6 7 8 9 10 11 12)))) (at 1 k 9)

((enable b2a) (use (m—k-not-in-1p5-12)))) (at 1p k 9))
(union—-at-n g (nth h k) "(0 1)))

(prove—lemma b2a~i-neq-k-i-eq-k (rewrite) ((enable mrhoi at)))
(implies (and (melws n 1 g h)

(member i (nset n)) prove-lemma 1l19-nth-~h-k-egq-j (rewrite)

(member k (nset n)) (implies (and (at h k J)
(mrhoi n kX 1 g h 1p gp hp) (molws n 1 g h)
(not (equal i k)) (member Jj (nset n))

(lessp k 1) (member k {nset nj)

(bla 1 1 k) (mrhoi n k 1 g h 1p gp hp)
{(bza 1 i k)) {lg n 1 g)

(b2a 1p i k)) (at 1 k 9)

((enable b2a) (use (1lm-b2a-i-neqg-k~j-eg-k)))) (at 1p k 9))
(not (union-at-n 1 Jj '(5 6 7 8 9 10 11 12))))

:* i-j-neg-k-neg-k ((use (19%-g0l) (lg-nth-h-k))))

(prove—lemma b2a-i-j-neqg-k (rewrite) (prove-lemma lm-j-not-in-15-12 (rewrite)
(implies (and (melws n 1 g hj} (implies (and (melws n 1 g h)

(member 1 (nset n)) (member J (nset n))
(member Jj (nset Nn)) (member k (nset n))

(member k (nset n)) (mrhoi n k 1 g h 1p gp hp)
(mrhoi n k 1 g h 1p gp hp) (lessp J k)

(not (equal i k)) (lg n1 gq)
(not (equal J k)) (b2b 1 h kx I)
(lessp 5 1) (at 1 k 9)
(b2a 1 i 3)) (at 1p k 9)

(b2a 1p i 3j)) (lessp (subl Jj) (nth h k}})
( (enable b2a))) (not (union-at-n 1 J "(5 6 7 8 9 10 11 12))))

( (enable bib)

(prove—lemma b2a-i-neqg-k (rewrite) (use (nth-k-lt-j-or-eg-j) (1l2-nth-h-k-eqg-3j))))
(implies (and (molws n 1 g h)

(member i (nset n)) (prove—-lemma cond-19 (rewrite)
(member Jj (nset n)) (implies (and (molws n 1 g h)

(member k (nset n)) (member Jj (nset n))

(mrhoi n k 1 g h 1p gp hp) (member k (nset n))

(not (equal i k)) (mrhoi n k 1 g h 1p gp hp)
(lessp § 1) (at 1 k 9)
(bla 1 i J) (lesspJ (nth hp k)))
(b2a 1 i J) (lessp (subl j) (nth h k)))
{(b2b 1 h 1 7)) ((enable mrhoi at)))

(b2a 1p 1 9))
((use (b2a-i-j-neq-k) (b2a-i-neq-k-j-eq-k)))) (prove—lemma Jj-not-in-15-12 (rewrite)

(implies (and (molws n 1 g h)

(prove—lemma b2a~i-eqg-k (rewrite) (member J (nset n))
(implies (and (molws n 1 g h) (member k (nset n))

(member Jj (nset n)) (mrhoi n k 1 g h 1p gp hp)

(member k (nset n)) (lessp 3 k)
(mrhoi n kx 1 g h 1p gp hp) (lg n 1 q)
(lessp J k) {(b2b 1 h k J)

(lg n 1 q) (at1 k 9)

(b2a 1 k J) (at 1p k 9)

(b2b 1 h k J)) (lessp Jj (nth hp k)))
(b2a 1p k J)) (not (union-at-n 1 j "(5 6 7 8 9 10 11 12))))

((use (b2a~-i-eg-k-j-neqg-k)))) ((use (Im—j-not-in-15-12) (cond-19))))

(prove-lemma mrho-preserves-b2a () (prove-lemma k-in-19 (rewrite)

(implies (and (molws n 1 g h) (implies (and (molws n 1 g h)
(member 1 (nset n)) (member Jj (nset n))

(member Jj (nset n)) (member k (nset n))

(member k (nset n)) (mrhoi n kx 1 g h 1p gp hp)
(mrhoi n k 1 g h 1p gp hp) (at 1p k 9)

(lessp j 1) (lessp j (nth hp k)))
{lg n 1 g) (at 1 k 9))

(bla 1 1 7) ((enable mrhoi at)))

(b2a 1 1 J)
{(b2b 1 nh i 9) :::The order of the hints if crucial.

{bza 1p 1 J) (prove-lemma lm-b2b-i-eg-k-j-neg-k (rewrite)
((use (b2a=-i-neg-k) (b2a-i-eg-k) ))) (implies (and (molws n 1 g h)

(member J (nset n))

(member k (nset n))

(mrhoi n k 1 g h 1p gp hp)

PR1222222E b2b PPiiiiiiiiiiiii (not (equal Jj k))

(lessp J k)

prreriziisrsCommon in atom and mole. (lg 1 g)
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(b2b 1 h k J) (member i (nset n))
(at 1p k 9) (member Jj (nset n))

(lessp § (nth hp k))) (member k (nset n))

(not (union-at-n 1p Jj "(5 6 7 8 9 10 11 12)))) (mrhoi n k 1 g h 1p gp hp)
((use (j-not-in-15-12) (k-in-19)))) (lessp 3 1)

(lg nl qq

(prove-lemma b2b-1-eq-k-j-neq-k (rewrite) (bla 1 i 3)
(implies (and (molws n 1 g h) (b2b1 nh i 3,)

(member Jj (nset n)) (b2b 1p hp i j))
(member k (nset n)) ((use (b2b-i-neg~k) (b2b-i-eq-k))))
(mrhoi n kX 1 g h 1p gp hp)

(not (equal J k))

(lessp § k)

{lg n 1 q)
(b2b 1 h k 7))

(b2b 1p hp k 3)
((enable b2b) (use (lm-b2b-i-eqg-k-j-neq-k))))

(prove-lemma b2b-i-eq-k (rewrite)
(implies (and (molws n 1 g h)

(member Jj (nset n))

(member k (nset n))

(mrhoi n k 1 g h 1p gp hp)

(lessp j k)

(lg n 1 9)

(b2b 1 h k 3))

(b2b 1p hp k 7))
((use (b2b-i-egq-k-j-neqg-k))))

(prove—-lemma not-k-in-15-12-imp (rewrite)

(implies (and (molws n 1 g h)

(member 1 (nset n))

(member k (nset n))

(mrhoi n k 1 g h 1p gp hp)
(bla 1 i k)

(at 1 1 9)

(not (union-at-n 1 k "(5 6 7 8 9 10 11 12))))

(not (union-at-n lp k "(5 6 7 8 9 10 11 12))))
( (enable bla)

(use (1l9-then-un8-12) (m-k-not-in-14))))

2+ The order of hyptheses is crucial.

(prove—lemma lm-b2b-i-neq-k~j-eq~k (rewrite)
(implies (and (molws n 1 g h)

(member 1 (nset n))

(member k (nset n))

(mrhoi n k 1 g h 1p gp hp)

(not (equal 1 k))
(lessp k 1)
(bla 1 i k)

(b2b 1 h i k)

(at 1 1 9)

(lessp k (nth h 1)))

(not (union-at-n 1p k (5 6 7 8 9 10 11 12))))

((enable b2b) (use (not-k-in-15-12-imp))))

(prove-lemma b2b-i-neq-k-j-eq-k (rewrite)
(implies (and (molws n 1 g h)

(member 1 (nset n))

(member k (nset n))

(mrhoi n k 1 g h 1p gp hp)

(not (equal i k))

(lessp k 1)

(bla 1 i k)

(b2b 1 h 1 k))

(b2b 1p hp 1 k))

((enable b2b) (use (1lm-b2b-i~neq-k-j-eqg-k))))

:::; The position of (member k (nset N}) is

;2; crucial to trigger rholemmas.

(prove—lemma b2b-i-j-neg-k (rewrite)
(implies (and (molws n 1 g h)

(member 1 (nset n))

(member Jj (nset n))

(member k (nset n))

(mrhoi n k 1 g h 1p gp hp)

(not (equal i k))

(not (equal Jj k))

{lessp § 1)
(b2b 1 h i 9))

(b2b 1p hp i j))
( (enable b2b)))

(prove—lemma b2b~i-neg-~k (rewrite)
(implies (and (molws n 1 g h)

(member 1 (nset n))

(member J {(nset n))

(member k (nset n))

(mrhoi n k 1 g h 1p gp hp)

(not (equal i k))

(lessp j 1)
(bla 1 1 3)
{(b2b 1 h i 3J))

(b2b lp hp i 9)

((use (b2b-i-j-neq-k) (b2b-i-neqg-k-j-eqg-k)}))

(prove—-lemma mrho-preserves-b2b {}
(implies (and (molws n 1 g h)
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Priisiiiiiii: b3a srriiiiiiiiiiii: (at 1 k 11))

((enable mrhoi at)))

}*  i-neg-k-J-eg-k

(prove-lemma lm-b3a-l-eq-k-j-negq-k (rewrite)
(prove-lemma 1lm-~b3a-k~in-19-11 (rewrite) (implies (and (molws n 1 g h)

(implies (and (molws n 1 g h) (member Jj (nset n))
(member i (nset n})) (member k (nset n))

(member k (nset n)) (mrhoi n k 1 g h 1p gp hp)

(mrhoi n k 1 g h 1p gp hp) (not (equal Jj k))
(kg n 1 q) (lgn 1 q)
(b3a 1 g 1 kx) (b3b1 g h k J)
(at 1 1 12) (at 1p k 12)
(union-at-n 1 k '(5 6 7 8 9 10 11))) (union-at-n 1p J '(5 6 7 8 9 10 11 12)))

(union-at-n 1 k '(9 10 11))) (at g J 4))
((enable b3a) ((use (b3a-j-in-15-12} (m-k-in-111))))
(use (un5=-1ll-then-unt-12) (k—=in-15-11-g4-then-19-11))))

(prove-lemma b3a-il-eq~k-j-neq-k (rewrite)
(prove—lemma b3a=k~-in-19-11 (rewrite) (implies (and (molws n 1 g h)

(implies (and (molws n 1 g h) (member J (nset n))
(member i (nset n)) (member k (nset n))

(member k (nset n)) (mrhoi n k 1 g h 1p gp hp)
(mrhoi n k 1 g h 1p gp hp) (not (equal Jj k))
(lg n 1 q) (lg n 1 q)
(bla 1 i kJ) (b3b 1 g h k 3))

(b3a 1 g 1 k) (b3a 1p gp x 3J))
(at 1 1 12) ((enable b3a) (use (lm-b3a~i-eqg~-k-j~neq-k))))
(union-at-n 1p k (5 6 7 8 9 10 11 12)))

(union-at-n 1 k "(9 10 11))) +* i-j-neg-k
( (enable bla)

(use (1lm~b3a-k=-in-19-11) (ll12-then-un8-12) (m-k-in-15-11)))) (prove-lemma b3a-i-j-neg-k (rewrite)
(implies (and (molws n 1 g h)

(prove-lemma m-k-in-1p9-12 (rewrite) (member 1 (nset nj)

(implies (and (melws n 1 g h) (member Jj (nset n))
(member k (nset n)) (member k (nset n))

(mrhoi n k 1 g h 1p gp hp) (mrhoi n k 1 g h 1p gp hp)
(union-at-n 1 k "(9 10 11) )) (not (equal i Kk))

(union-at-n 1p k '(9 10 11 12))) (not (equal J k))
((enable union-at-n at mrhoi))) (b3a 1 g i J))

(b3a 1p gp i 3))
(prove-lemma lm-b3a-i-neqg-k-j-eq-k (rewrite) ( (enable b3a)))

(implies (and (molws n 1 g h)

(member i (nset n)) (prove-lemma b3a-i-neg-k (rewrite)
(member k (nset n)) (implies (and (molws n 1 g h)

(mrhoi n k 1 g h 1p gp hp) (member i (nset n))

(1g n 1 gq) (member J (nset n))
(lg n 1p gp) (member k (nset n))

(bla 1 1 k) (mrhoi n k 1 g h 1p gp hp)
(b3a 1 g i k) (not (equal 1 k))

(at 1 i 12) (lg nig
(union-at-n 1p k '(5 6 7 8 9 10 11 12))) (bla 1 1 79)

(at gpk 4)) (b3a1 g 1 3))
((disable mrho-preserves-1g) (b3a 1p gp i J))
(use (b3a-k-in-19~11} (m-k-in-1p9-12)) ((use (b3a-i-j-neg-k) (b3a-i-neg-k-j-eqg-k))))
(use (if4 (3 k) (1 ip) (g gpP)))))

;* i-Jj-eg-k

(prove-lemma b3a-i-neg-k-j-eqg~k (rewrite)

(implies (and (molws n 1 g h) (prove—lemma b3a-i-j-eq-k (rewrite)
(member i (nset n)) (implies (and (melws n 1 g h)
(member k (nset n)) (member k (nset n))

(mrhoi n k 1 g h 1p gp hp) (mrhoi n k 1 g h lp gp hp)
(not (equal i k)) (lg n 1 q)
(lgniqg {(b3a1 g k k)
(bla 1 i k) (b3b1g h k k))

(b3a 1 g 1 k)) (b3a 1p gp k k))
{(b3a 1p gp i k)) ((enable b3a)

((enable b3a) (use (if4 (3 k) (1 1p) (g gpl)
(use (lm-b3a-i-neg~k-j-eqg-k)) (use (ll12-then-un9-12))))
(use (mrho-preserves-1g))))

(prove—lemma b3a-l-eq-k (rewrite)
;* i-eg-k-j-neg-k (implies (and (molws n 1 g h)

(prove—-lemma cond-1pl2 (rewrite) (member J (nset n}))

(implies (and (molws n 1 g h) (member k (nset nj)

(member k (nset n)) (mrhoi n k 1 g h 1p gp hp)

(member Jj (nset n)) {lgnlgqg
(mrhoi n k 1 g h 1p gp hp) (3a 1 g k J)

(at 1pk 12) (b3b1 g h k 9)

(at 1 k 11)) (b3a 1p gp k 7J))
(lessp J (nth h k))) ((use (b3a-li-eg-k-j-neqg-k) (b3a-i-j-eqg-k))))

((enable mrhoi at)))

(prove—-lemma mrho-preserves—-b3a {}

(prove-lemma b3a-j-in=-15-12 (rewrite) (implies (and (molws n 1 g h)
(implies (and (molws n 1 g h) (member 1 (nset n))

(member J (nset n)) (member Jj (nset n))

(member k (nset n)) (member k (nset n))

(mrhoi n k 1 g h 1p gp hp) (mrhoi n k 1 g h 1p gp hp)

(lgni1 gq (lgn 1 q)
(b3b 1 g h k J) (bla 1 1 73)

(at 1 k 11) (b3a 1 g 1 9)
(at 1pk 12) (b3b1 gh1 3))

(union-at-n 1 J 7 (6 6 7 8 9 10 11 12))) (b3a 1p gp i J))
(at g 3 4)) ((use (b3a-i-neq-k) (b3a-i-eqg-k))))

((enable b3b) (use (cond-1pl2))))

(prove-lemma m-k-in-111 (rewrite) PEirriiiile; b3b Pr1RR2NIR2IIZ

(implies (and (molws n 1 g h)

(member k (nset n)) P1122) :common in atom and mole.

(mrhoi n k 1 g h 1p gp hp) (prove-lemma 110-then-unl0-12 (rewrite)

(at 1p k 12)) (implies (at 1 k 10)
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(union-at-n 1 k {10 11 12))) (at 1 k 11)

( (enable at union-at-n))) (at 1p k 11))
(not (union-at-n g (nth h k) '(2 3))))

(prove-lemma lll-then-un9-12 (rewrite) ( (enable mrhoi at)))
(implies (at 1p k 11)

(union-at-n 1p k '(9 10 11 12))) (prove-lemma Ill-nth-h-k-eq-3j (rewrite)
((enable union-at-n at))) (implies (and (at h k 3)

(molws n 1 g h)

(prove—-lemma Ill-then-un8-12 (rewrite) (member Jj (nset n))
(implies (at 1 i 11) (member k (nset n})

(union-at-n 1 i “(8 9 10 11 12))) (mrhoi n k 1 g h 1p gp hp)
( (enable union-at-n at))) (lg n lq)

Prisiidiiii2iiscommon in atom and mole end. (at 1 k 11)

(at 1p k 11)
;*  i-neqg-k-j-eqg-k (union-at-n 1 Jj {56 7 8 9 10 11 12)))

(at g 3 4))
(prove—lemma 1m-b3b-k-in-19-11 (rewrite) ((use (lll-gl4) (j-in-g4))))

(implies (and (molws n 1 g h)

(member i (nset n)) (prove-lemma 1lm-j-in-15-12 (rewrite)
(member k (nset n)) (implies (and (molws n 1 g h)

(mrhoi n k 1 g h 1p gp hp) (member J (nset n))
(lg n 1 g) (member k (nset n))

(b3b 1 g h i Kk) (mrhoi n k 1 g h 1p gp hp)
(at 1 i 11) {lg n 1 gq)
(lessp k (nth h 1)) (b3b 1 g h k J)
(union-at-n 1 k # (5 6 7 8 9 10 11))) (at 1 k 11)

(union-at-n 1 k '(9 10 11))) (at 1p k 11)
( (enable b3b) (lessp (subl Jj) (nth h k))
(use {(uns5-ll-then-unS5-~12)) (union-at-n 1 J (56 7 8 9 10 11 12)))

(use (k-in-15-11-g4-then-19-11)))) (at g J 4))
( (enable b3b)

(prrove-lemma b3b-k-in-19-11 (rewrite) (use (nth-k-1lt-j-or-eg-7j))
(implies (and (molws n 1 g h) (use (I1l-nth-h-k-eg-3))))

(member 1 (nset n))

(member k (nset n)) (prove-lemma cond-111 (rewrite)

(mrhoi n k 1 g h 1p gp hp) (implies (and (molws n 1 g h)
(bla 1 1 k) (member J (nset n))
(b3b 1 g h 1 k) (member k (nset n))

(lg n 1 g) (mrhoi n k 1 g h 1p gp hp)
(at 1 i 11) (at 1 k 11)

(lessp k (nth h 1)) (lessp Jj (nth hp k)))
(union-at-n 1p k ’(56 78 9 10 11 12))) (lessp (subl j) (nth h k)))

(union-at-n 1 k (9 10 11))) ( (enable mrhoi at)))
( (enable bla)

(use (1lm-b3b-k-in-19-11) (Ill-then-un8-12) (m-k-in-15-11)))) (prove-lemma Jj-in-15-12 (rewrite)
(implies (and (molws n 1 g h)

(prove-lemma lm-b3b-i-neq-k-j~eq-k (rewrite) (member Jj (nset n))
(implies (and (molws n 1 g h) (member k (nset nj)

(member i (nset n)) (mrhoi n k 1 g h 1p gp hp)
(member k (nset n)) (not (equal j k})

(mrhoi n k 1 g h 1p gp hp) (lg n 1 q)
(lg n 1 q) (b3b1 g h k J)
(lg n ip gp) (at 1 k 11)
(bla 1 i k) (at 1p k 11)
(b3b 1 g h 1 k) (lessp J (nth hp Kk})
(at 1 i 11) (union-at-n 1 J (56 7 8 9 10 11 12)))

(lessp k (nth h 1i)) {fat g | 4))
(union-at-n 1p k ’(56 78 9 10 11 12)) ((use (lm-j-in-15-12) (cond-111))))

(at gp k 4))

((disable mrho-preserves-1q) (prove-lemma j-leg-addlk-then-k-not-in-110 (rewrite)

(use (b3b-k~in-19-11) (m-k-in-1p9-12)) (implies (and (melws n 1 g h)
(use (if4 (3 x) (1 1p) (g gpP))))) (member k (nset n))

(member J (nset n))

(prove-lemma b3b-i-neg-k-j-eq-k (rewrite) (mrhoi n k 1 g h 1p gp hp)
(implies (and (molws n 1 g h) (b2a 1 k 7)

(member i (nset n)) (union-at-n 1 Jj (56 7 8 9 10 11 12))

(member k (nset n)) (not (equal J Kk))

(mrhoi n k 1 g h 1p gp hp) (lessp J (addl k)))
(not (equal i k)) (not (at 1 k 10)))

{lgn1laq ((enable b2a) (use (1l10-then-unl(0-12))))
(bla 1 i k)

(b3b 1 g h i Xk)) (prove-lemma not-j-leg-addlk-then-k-not-in-110 (rewrite)
(b3b 1p gp hp 1 x)) (implies (and (molws n 1 g h)

( (enable b3b) (member k (nset n))

(use (lm-b3b-i-neg-k-j-eq-k)) (member J (nset n))
(use (mrho-preserves-1qg)))) (mrhoi n k 1 g h 1p gp hp)

(at 1p k 11)

1 *  i-eg-k-j-neg-k (lessp Jj (nth hp k))

(not (lessp J (addl k))))

(prove—-lemma Jj-in-g4 (rewrite) (not (at 1 k 10)))

(implies (and (molws n 1 g h) ((enable mrhoi at)))

(member Jj (nset n))

(member k (nset n}) 22: The order of (member k (nset n)) and

(mrhoi n k 1 g h 1p gp hp) 5:2 (member J (nset n)) are switched deliberately.

(lg 1 1 qg) (prove-lemma k-not-in-110 (rewrite)

(at h k 3) (implies (and (melws n 1 g h)

(not (union-at-n g (nth h k) '(2 3))) (member k (nset n))

(union-at-n 1 Jj ‘(5 6 7 8 9 10 11 12))) (member Jj (nset n))

(at g J 4)) (mrhoi n k 1 g h 1p gp hp)
( (enable at) (not (equal Jj k))

(use (if4) (15-12-~eq-15-8-o0r-19-12) (if3)))) (b2a 1 k J)
(union-at-n 1 Jj ‘(5 6 7 8 9 10 11 12))

(prove-lemma 111-gl4 (rewrite) (at 1p k 11)
(implies (and (molws n 1 g h) (lessp 3 (nth hp Kk}))

(member Jj (nset n)) (not (at 1 k 10)))

(member k (nset n)) ( (use (not-j-leg-addlk-then-k-not-in-110))

(mrhoi n k 1 g h 1p gp hp) (use (j—Leg-addlk-then-k-not-in-110))))

(at h k I)
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(prove-lemma 1pll-then-111-o0r-110 (rewrite) (lg n 1 q)
(implies (and (molws n 1 g h) (bla 1 k 3)

(member k (nset n)) (b3b 1 g h k J)
(mrhoi n k 1 g h 1p gp hp) (b2a 1 k 3))

(at 1p k 11) (b3b 1p gp hp k J))

(not (at 1 k 10))) ((use (b3b-i-eq-k-j-neg-k) (b3b-i-j-eq-k))))
(at 1 k 11))

( (enable mrhoi at))) (prove-lemma mrho-preserves-b3b ()

(implies (and (molws nn 1 g h)

;::When the order of (member J {(nset n)) and (member i (nset n))

rrr (member k (nset n)) is switched, the order of (member Jj (nset n))

;:;:hints must be switched, in order to make the proof (member k (nset n))

; ::successful., (mrhoi n k 1 g h 1p gp hp)
(prove—lemma b3b-k-in-111 (rewrite) (lg n 1 q)

(implies (and (molws n 1 g h) (bla 1 1 73)

(member J (nset n)) {(b3b 1 g nh 1 J)
(member k (nset n)) (b2za 1 1 3))

(mrhoi n k 1 g h 1p gp hp) (b3b 1p gp hp 1 ij}
(not (equal J k)) ((use (b3b-i-neqg-k) (b3b-i-eqg-k))))
{b2a 1 k 7)

(union-at-n 1 j '(5 6 7 8 9 10 11 12))

(at 1p k 11)

(lessp Jj (nth hp k)))
(at 1 k 11))

((use (k-not-in-110))

(use (lpll-then-111-0r-110))))

22 sWhen the order of (member Jj (nset n) and

pry (member k (nset n)) is switched then the order of

;::hints must be switched in order to make the proof
3: :successful.

(prove-lemma lm-b3b-i-eq-k-j-neg-k (rewrite)
(implies (and (molws n 1 g h)

(member Jj (nset n))

(member k (nset n))

(mrhoi n k 1 g h 1p gp hp)
(not (equal J k))

(lg n 1 gq)

(b2a 1 k 7)

(b3b 1 g h k 7)

(at 1p k 11)

(lessp Jj (nth hp k))

(union-at-n 1 Jj '(5 6 7 8 9 10 11 12)))

(at g J 4))
((use (b3b-k-in-111) (3-in-15-12))))

(prove-lemma b3b-i~eq-k-j-neg-k (rewrite)
(implies (and (molws n 1 g h}

(member Jj (nset n))

(member k (nset n))

(mrhoi n k1 g h 1p gp hp)

(not (equal J kJ)

(lg n 1g)

(b3b1 g h k 73)

(b2a 1 k 9))
{b3b 1p gp hp k J))

((enable b3b) (use {(lm-b3b-i-eq-k-j-neg-k))))

prove-lemma b3b-i-j-neq-k (rewrite)
(implies (and (molws n 1 g h)

(member i (nset nj)

(member Jj (nset n))

(member k (nset n))

(mrhoi n k 1 g h 1p gp hp)

(not (equal i k))

(not (equal J k))

(b3b 1 gh i J))

( (enable b3b)))

(prove—lemma b3b~i-neg-k (rewrite)
(implies (and (molws n 1 g h)

(member 1 (nset n))

(member Jj (nset n))

(member k (nset n))

(mrhoi n k 1 g h 1p gp hp)

(not (equal i k))

(lgnigqg
(bla 1 1 J)

(b3b 1 g h i 9))

(b3b 1p gp hp i J))
((use (b3b-i-j-neg-k) (b3b-i-neq-k-j~eq-k))))

(prove—lemma b3b-i-j}-eg~k (rewrite)
(implies (and (molws n 1 g h)

(member k (nset n))

(mrhoi n k 1 g h 1p gp hp)

(lg n 1g)
{(b3b1 g h k k))

(b3b 1p gp hp k Xk) )
( (enable b3b)

(use (if4 (J k) (1 1p) (g gp)) (I1ll-then-und9-12))))

(prove-lemma b3b-i-eqg-k (rewrite)
(implies (and (molws n 1 g h)

(member J (nset n))

(member k (nset n))

(mrhoi n k 1 g h 1p gp hp)


