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NUMERICAL CALCULATION OF TRANSONIC FLOW PATTERNS

by

Stefan Bergman, John G. Herriol and Thomas G. Kurtz

1. Introduction.

In order to obtain flow patte...s of incompressible fluids, one often

uses the well-known fact that the real ana imaginary pa:..s of an analytic

function f(z), z = x + iy, are solutions of the Laplace equation. In

particular Im f(z) dis the stream f...cuion ¥(x,y) of a possit’e .low

pattern. If on. wishes to investigate methods tor deter.aining the analwvuiac

tanction (2) wnich gives a fled in a prescribed channe' or around a

given arotile, onc is led to su boundary value problem which as a rule has

a solution.

As a first step in the calculation of desired flow patierns it is

instructive to compute the flow patterns which cor =apork!' to various

known functions f(z). These flow patterns may provide insight which

suggests how to form combinations of stream functions which yieid a de-

sired flow. For example R. Legendre [11, 12] showed that various trans-

cendental functions generate interesting flow patterns and he used these

in the solution of certain flow problems.

In some methods for the numerical solution of houndary value problems,

one first obtains a set of particular solutions, ¥, of the Aifferaatial

equation and then one determines a set of coefficierts A, co ‘hat
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(2.2) w= a,

approximates in some "best" sense tLe prescribed boundary values.

The aim of the present paper is to 4 cri.e procedures for computing

families o” cransonic flow patter. .ompressir?’- fluid. The partial

differential equation for the stream function of such flows is nonlinear

wher. cousidered in the physical plane but is linear if the equation is

considered in the so-called hodograph plane (or in the H, 6 plane which

is related to the hodcgraph plane ~s described below). For this reason

we shall determine a number of solutions of the differential equation

"~r the stream functica in the H, ¢ plane and we hall also calculate

the correspoiiding tlow patterns in the physical plane. It appeers to be

even more important to determine families of transonic flow patterns tanan

it was to determire incompressible fluid flows because it can be shown

that a flow pattern with boundary C does not necessarily exist for a

given contour CC. Moreover, while the determination of solutions cf the

Laplace equation is immediate, the determination of solutions of the

compressibility equation in the H, ¢ plane (equation (1.6) or (1.7))

requires the use uf methods which have been developed during the last

twenty-five years. The numericai eve!nation of these solutions poses

problems which are only now being investigated.

We proceed now to a more detailed description of the method to be

«s€d in the pi 2sent paper. As noted above, it is well-known that the

partial differential cquation satisfied by the stream function ¥ of a

two-dimensional compressible fluld flow when considered in the physical
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plane (i.e. when ¥ ig co.isidered ag a function of the coordinates x,y

of the plane in which the flow takes place) is non-linear. If, however,

we consider the equation in the hodograph plane, i.e. if we consider ¥

as & function of the speed v and the angle 6 which the velocity

vector makes with a fixed direction (say with the x-axis), then as

Chaplygin [9] and Molenbroek [14] have shown, ¥ satisfies the linear

partial differential equation

° i
1-0 vy , vo ,v(2.2) —_— + = (X 3%) = 0

Here p denotes the density which is related to the pressure p by the

relation p = co* where ¢ and k are constants (k = 1.4 for air).

The Mach number M and the density p are related to the velocity v

according to the relations

1/(k-1)-1 2

(1.3) p= (1-52)

1/2
(1.4) M=v/(l- == v°)

The denominator in (1.4) being the local velocity of sound, M will be

smaller or larger than one according as the flow is subsonic or super-

sonic. Instead of the velocity v we may introduce the variable

v v 1/(k-1)K-

(1.5) re teva [Ta-BRAT 4
"1 1 |
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vhere 4 denotes the velocity corresponding to M = 1. If one intro-

duces the potential ¢@ as well as the stream function ¥, then the

differential equations connecting these quantities assume the form

ae) 3-3 F--4nF, ra) = Ef
(See [1, 3, 4, 6, 13].)

From (1.6) we deduce at once that the differential equation for

may be written in the form

(1.7) 2 + MH) y = 09 39

Equation (1.7) is a differential equation of mixed type since Z(H) > 0

for H<O (i.e. for v < vy, M< 1) while £(H)<O for H>O

(i.e. for v> vi M> 1).

A representation of the solutions of equations (1.6) was obtained

by Bergman [1, 2]. In a joint investigation Bers and Gelbart (7, 8]

obtained independently of Bergman the same solutions. In their work the

existence of these solutions follows as a consequence of their approach

to more general partial differential equations by complex variable methods.

Bers and Gelbart call the complex functions which they introduced by the

name of Sigme-Monogenic functions. This method for obtaining a set of

particular solutions of (1.6) and (1.7) is a generalization of the method

of obtaining harmonic polynomials by taking real and imaginary parts of

the analytic functions (© + iH)®. These particular solutions Py, 4(E,6)
and ¥, 5(E:6), J=1,2, n=0,1,... which satisfy (1.6) (and hence
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(1.7) in the case of Vn, 4(8,6)) may be written in the form

0,1(10) + 13,(5,0) = (6+1)!™)

(1.8) = (6% = 21(2)672 p(k) + ke(D)e™ py (H) + +]

+ 1(1(2)e™2 8, (H) - 3¢(3)6"" 85(H) + 20]

Py,2(H0) + i, o(H,8) =1Q@ (6+17)(P]

(1.9) = - (1()e™ p(n) - 343)6" pm) + +0)

+ 1[0" - 21(3)6"2 s,(H) + be (2)en" 8) (H) = +++]

where

H

. Po(H) = 1 | p, (H) JA 4H, JAR,1.10
H H rH H

p(8) =| xu) [™ | «8 ,) | "Z.. ana, -I. m Ju Ju Rn 2 Ji aH, H, ai,
m=2,5,...

H

s,(H) = 1 , y(8) = 8-8 = [ Cam,
(1.11) °

H ¢H BH, (Eo

s (H) - | J= KH _,) /. » [= HE _,) coe aH, dH, cee aH
0 0 ) 0

m=2,3,...
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One easily deduces that p (EH) and s_(H) satisfy the recurrence
relations

H H

(1.10m) p(H) = Ji KH) JI "pyo_o)AH dH
Ho Ho

and

H H

(1.112) 5p(H) = | J TMH) ay p(B JAR ja
: H, H,

respectively. It will be convenient to choose Hy = 0 corresponding to
M=].

In Section 2 we approximate the function £(H) by polynomials and

calculate approximations Yo, 3 to the stream functions Ya, 5° In Section
3 we then form approximate stream functions which are linear combinations

of these Va, 3 and we determine the flow patterns in the physical plane
corresponding to these approximate stream functions.

The method of integral operators [S, Chap. 5] provides another method

for generating particular solutions of the compressible flow equation.

Some numerical calculations using this method have been carried out by

Stark (18, 19].

Essentially the same partial differential equations arise in the

study of magnetohydrodynamics. For the case of potential flow in a

magnetic field perpendicular to the plane of the flow, and under some

additional hypotheses, Nazarov [15, 16] has shown that the differential

equations are essentially the same as the equation (1.2) for mixed com-

pressible flow. He then showed how to determine various flow patterns

using the method of integral operators.
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2, Calculation of Stream Functions

In order to calculate the stream functions vo 1 and v, , 8&ivenJ 4

by (1.8) and (1.9) it is necessary to evaluate the functions 8 (H) which

are given by (1.11) in terms of multiple integrals involving the function

2(H). Because of the nature of the function Z(H) these integrals can-

not be evaluated exactly. One possible method for the evaluation of

these integrals is to approximate 4£(H) in suitable intervals by poly-

nomials in H. The intervals chosen vere

Ji: -1.0 < HL O corresponding to 284 <M

(2.1)

Ji 0K HZ 0.2 corresponding to 1<M<1.78

The polynomial used to approximate £(H) in J 18 denoted by

10 (x) v
(2.2) Z (u) = PN Aj Te? MH * H, n, =D5H, k= 1,2

In order to determine the coefficients of the approximating poly-

nomial in thege intervals we need an algorithm for the calculation of

L(H) as a function of H. We consider the special case of air for which

k=1l.h. Since op and M are functions of v as shown by equations

(1.3) and (1.4), then £(H) can be expressed as a function of v using

its definition in (1.6). In this special case the integral in (1.5) can

be evaluated in closed form and ylelds
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1/2 2 2

. - {a0.248) | Goer ) |, 1-0.2v° | y
(2.3) 2 1/2\ | V

_ 1 Pe 14(1-0.2v2 5.1/2 i
1-(1-0.2v") vy

where v, = V5/6 . From (2.3) we can devise an algorithm for the

calculation of v corresponding to any value of H in Jq or Jo and

then £(H) can be calculated at once.

We then make use of the Remez algorithm [17] as adapted for the

Burroughs B5500 computer by Golub and Smith [10] to determine the best

tenth-degree polynomials which approximate Z(H) in the Chebyshev sense

separately on the intervals Jy and Jae The values of the coefficients

al®), K=1,2, vV=0,1,...,1]0 are given in Table 1. Values of H,
v, M, 1.(n), Z(H) and 1H) - Z(H) are given in Table 2 for a repre-

. sentative set of values of H. From the approximation algorithm we know

that

max |£(H)-Z,(H)| < 1.7 x 107%
J
1

2.4)

max | 4(B)-2,(H)| < 2.6 x 107
Iz

The values given in Table 2 confirm these bounds.

The function £(H) becomes very large and negative when H exceeds

0.2. Indeed as H 0.2513, M—o=, vo 5 and LH) »-o. It vas

therefore practically impossible to obtain a good polynomial approximation

for H> 0.2.
8



+ Table 1. Valuesof the coefficients alr) of
the approximations to £(H) .

Ne
0 0.0001711222 -0.,00259853Th

1 | -9.3681945493 -1.3180899758

2 | -55.284916968 . -22,59865k078

3 -248, 0627057 280,04321217

bh | -840.80978809 -2002. 2845890 |
: 5 -2052.0104328 8142.5278038

T- | -3982.8542755 31196.920595
8 -2896.2958023 -29181 .568535

9 -1207.817h20k 15188.597028

10 | -219.39926509 -3388.9118171
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TABLE 2. VALUES OF I(H) AND ITS APPROXIMATING POLYNOMIALS

SUBBONIC

H v M t(H) t, (8) £()-1,(H)
é

-y,0000 0.281675 0.283937 0,99%929 0,9957%8 0.000171
~0.,9%00 0.296755 0.299404 0.994943 0,99494% «0,000002
=0.,9000 0.312719 0.315823 0.993706 0,993550 0.,00015%
-0.8500 0.32963) 0.333274 0,992148 0,992223 =0,000074

| =0,8000 0347870 0.351846 0,990181 0.990346 =0,000165
-0,7%00 0.366611 0.371640 0,98768% 0,987693 =0,000008
=0,7000 0.386848 0.392770 0.984504 0,984349 0.000155
«0.6300 0.406386 0.415372 0,9804631% 0,980299 0.000132
«00,6000 0.431346 0.439600 0.975181 0,975218 «0,000037
«0.35500 0.255859 0.865638 0.968349 0,968534 =0,000165
-0,5000 0.482091 0.493701 0.959460 0,95957¢9 «0,000119
«00,4500 0.510227 0.524052 0.947697 0,947646 0.000051
-0,4000 0.540492 0.557009 0.931997 0,931828 0,000169
=0,3500 0.573154 0.592964 0.910772 0.910672 0.000100
-0,3000 0.608543 0.532414 ¢,881631 0,881721 -0,000089
«0.2500 0.647071 0.675604 0,8a0877 0.881048 =0,000167
«0.2000 0.689261 0.724582 0,782574 0,782577 =0.000003

© =0,1%00 0.735800 0.779194 0,606775 0,696605% 0.000170
«0,1000 0.787612 0.841548 0,56%895 0.565909 «0,00001S
=0,0500 0.855096 0.913932 0,356635 0,356757 -0,000122
0.0000 0.912871 1.000000 0.000000 0,000171 «0,000171%

SUPERSONIC

Ho v M t(H) t,(H) t(H)-1,(H)

0.0005 0.912871 1.000000 0.000000 =0,002599 0.002599
00,0200 0.942622 1.039500 -0,214281% “0,2160638 0.002357
0.0400 0.974465 1.082684 =0,493622 «0.491117 =0.,002508%
0,0600 1.008744 1.130298 =0,86%912 =0,868276¢ 0.002365

| 0.0800 1.045902 1.183327 -],375578 -1,374987 «0,000591
0.1000 1,086529 1.263155 =2,096980 =2,095146 *0,001794
0,1200 1.131837 1.311754 «3,162109 =3,164673 0,002565
0,1400 1.181796 1.392111 ~§,825058 ~4,823672 =0,001385

0.1600 1.239389 1.889049 -7,627815 =7.,627813 «0,000002
0.1800 1.307166 1.611131 «12,911118 =12,910861 «0,000257
0,2000 1,390636 1.775837 =24,834790 =24,832192 «0,002598
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We may now calculate exactly the solutions V and V of the
n,l n,2

differential equation

(2.5) Vim + AHEN,, =0, XK) = Z(H) in J,

which approximates the differential equation (1.7). If we use (1.11) and

denote by s (H) the polynomials which approximate s_(H) we find that

§,(H) =1, s,(H) = H CL

~ H iy
5,(H) - | / I(H, )aH, aH,0 “0

5 H rH, H,
s3(H) - [ / KH,) / dH, dH, dH,0 “0 0

(2.6) 5 pl H) = / / KH Jey oH, o JaH af

If we make use of equation (2.2) and denote s (H) by 3) in J,
we obtain

(x)
10 A

~(F)iy (2,x) v (2,K) _ v _
(2.7) 85 (H) = H XL C. Ny » C, [E2596] » K=1,2

(x)
10 A

~(K) uy (3,%) v (3,K) _ v _| (2.8) 83 (H) = oy pH C, Nye ’ C. ’ Gov) ’ K= 1,2

The general expression for 5 _(H) takes the form |

ll



(x) lz) (m, x)~\ XK = m, K v =

(2.9) 5. (un) H LI cn, K=1,2
vhere

(2.20) cc" = | m2, . (vim-1)(vm
(¢lo < ¢ £10, 0 < v-¢ < 10(=571)

Note that [3] =3 1f m fs even but (3) =35= if m 1s odd.

The approximate stream functions ¥ and ¥ can now be
n,l n,2

calculated using equations (1.8) and (1.9) with 8, (H) replaced by

s (H).

It 1s seen from Table 1 that the coefficients of the polynomials

Zz (un) are very large; they are of constant sign in X, (0) which 1s used

for H<O and of alternating sign in Z,(n) which is used for H > O.
Hence in both cases the evaluation of these functions and of the functions

3X) (H) will involve large terms of alternating sign and this may result
in loss of several significant digits. The magnitude of the error given

in (2.4) indicates that single precision arithmetic (about 11 decimal

a1gits) on the Stanford Burroughs BS500 computer is adequate for the

calculation of x ( H). However, for the evaluation of (An) and the
subsequent calculation of v, 3? gingle precision arithmetic was found}

to be inadequate. Hence these calculations vere carried out in double

precision arithmetic (78 bit arithmetic equivalent to about 22 decimal

digits) on the B5500. Some typical values of V 4 ure given in Table2

3. (Since “11° H, V2.1 = 20H, Yo = 6, these are not included in
Table 3.) |
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It is important to investigate how well the approximate solutions

v, 3 satisfy the differential equation (1.6). We therefore study the2

behavior of S(¥, j) where0

3° 3°
(2.11) s(¥) = 2 + a(n)SF 36

If we choose | to be & solution of (2.5) then it follows at once that

.\ 3°
(2.12) s(V) = [4m)-Km)) ZF

ag

By formally differentiating equations (1.8) and (1.8) we can find formulas

for 3 4/3%° and these can be used to evaluate s(¥, 5) Theseb J 8

calculations were carried out in double precision arithmetic on the B5500.

Typical values are given in Table 3.

It is seen that the values of s(¥, 3) in Table 3 are small. It>

would be more meaningful to compare them with the magnitude of [A 3?

and st1ll better to consider the average values over some region G of.

the H,8 plane. We therefore introduce the quantity

| 2

INE aHao 1/2: G

(2.13) ML(¥) =| ————

| [1#iazaoG

If one chooses

15
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TABLE 3. - VALUESOF ¥,, ND 3(V,,).
PSIC 3, 34

THETA 0.50 1,00 2,00

H a(v) ' 3(v) J s(¥)

*1,00 0,1633700 =0,001028% =2,0060300 «0,0050285% -it1,0006300  =0,0010209%
«0,90 “0,0196152 «0,0008397 *2,0486152 “0.000839? »10.,1048152 «0,00008397
«0,80 -0,1489456 0,00C7931 “1,9.30456 0.90070) *9.1480456 0.0002911
=0.70 «0,2307471 «0,00065)7 -1,0087471 «0.000651? 8,1C37a71 ©0,0000517
“0.60 =0.2712086 0.000134} -1,8212006 0.000134) -7,0212086 0.,000134)
-0,30 =0,2765697 0,0003%8% *1,801%897 0.00023384 3 ,9015807 0-0003584
“0,40 =0,2931922 =0.0004052 *1.1531522 *0,00040%2 wa, 79531522 =0,0004052
“0.30 =0,2073768 0,0001605 “0,8823766 0.000160 3.982766 0.,0001605
«0,20 «0.1457304 0.0000032 =0,5957308 0.000002 v2.3997304 0,0000032
*0.10 =0,0T45577 © 0,0000084 ©0,2996577 ~~ 0.0000084 "1.199657? 0.,0000084
0,00 0,0000000 0.,0000000 0,C000000 0.000000 0.0000000 0.0000000
0,02 0,0150000 0,000282¢ 0,0600008 0.,0002828 0,2400008 0,0002828
0,06 0.0450761 0.000853 0,1800781 0.000851) 0.7200781 0.000851)
0,10 0,0757302 «0,001074aa 0,3007382 =0,0010744 1.2007302 «0,00107a48
C.14 0.1086399 «0,0011564 0,4236300 «0,0011564 1,6836399 =0,0011564
0.18 0,1468513 «0,0002686 0,5530%843 -0.0002686 2.173851) =0,0002686

PSII 4 3)

THETA 0.%0 1,00 : 2.00

H ¥ 8(v) v B(v) J 8(¥) |

-1,00 1,3267400 =0,0020530 *0,3465201 «3,0041C84 *24,5930402 «0,0082121
«0,90 0,8607697 -0,001679% “0,9784606 «0,0033%90 e23 I%56vL1) =0,0067179
=0,80 0,5021087 0,001584) “1,395782% 0,0031726 «21,901845¢C »,C063481
“0,70 0,2385057 «0,0013034 “1,06229889  «0,0026067 -20,0489770 ©0,005213%
=0,.60 0,0575827 0,0002687 =1.,6848348 0,0005173 oy 7.790669}  0,0010747
«0,30 =0.0531304 0.0007169 “1,6062788 0.001433 *195,212957¢ 0.0028870
“0.40 *0,1083084 «0,000810% “1.4126089 =0.,0016210 e12,02%2177 *0.,0032420
“0.30 «0,11875832 0,0003217 . =31,1295064 0,0006422 «9,459012¢ 0.,0012844
«0,20 «0,0914608 0.000006) =0,7829238 0,0000126 -6,36504)1 0.000028)
“0.10 =(,040315) 0,0000168 *0,3986307 0.000033 -3,197261) 0.,000067%
0,00 0,0000000 0.0000000 0,0000000 0.0000000 0.0000000 040000000
0.02 0,0100016 0.000565 0.080003) 00011312 0.6400049 0.00226248
0,06 0,0301%01 0.0017026 0,240312) 0,00348032 1.92082860 0.006805
0.10 0,0%3a7064 «0,0021480 0,4029827 -0,0042976 3,2059054 *0.00859%2
0.14 0,0772707 =0,0023129 0.574%959% 0.004425? 4,3001189 *0,0092515%
0,18 0,11770268 =0,0005372 0,7754092 -0,0010748 s,8708104 =0,0021489

PSIL 5» 1)

INETA 0,30 1.00 2.00

H ¢ o(v) \j 8(v) * s(¥)
*1.00 1.1393300 0,0005391 1,3221088 “0.007138  «84,2747059 «0,0379352
=0.99 0,8937381 «0,0000810 1.9903742 ©0,00635 /y *46,240000) ©0,031551)

“0,70 0,3972384 *0,0007161 *0.,0771151 «0.003603? o84,3499280 0,02%1543
=0,60 0,2080580 0.000202 “1,263%060 0.001209 30,099745) 0,0052400
20.30 0,0711690  .0,7006609 ~~ ©1,534353) 0.0033492  ~36.0014048 0.0141020
«0,40 =0,0131%03 «=95,0008%490 »1.,5367919 «0,00)808) «30,131358% «0.016051 6
«0,30 =0,030483) 0,000360¢ *1.324757¢ 0.,00157¢0 -23,2060861 0,00813904«0.20 «0,0310131 0.000007? *0,9573910 0.000034 «1§,J2903028 0.0001261
0.10 =0,030393) 0,0000209 “0.496277 0.000083 “7.906307? 0.00033%4
0.00 0,0000000 0.0000000 0,0000000 0.0000000 0,0C00000 0.0000000
0.02 0,0002420 9,0007%070 0.100008} 0.,0028280 1.600032% 0.,0113120
0.06 0,0189a3) 0,0021320 0,3007808 0.0083168 4,00312131 0.0380560
0.10 0.,0331006 «0.,0027124 0.,5073070 =0,010770% 8.020524 =0.0830026
0.14 0,0529204 «0,502001) 0,736800a *0,0116608¢ 11,.3454054¢ ~0.0863875
C.10 0,8219094 «0,0907404 1.039344) *0,0027450 14,9550833 «0.010813
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TABLE 3. - VALUES OF 2 AD 8s(v_.)2d n,J
PSL 65 1)

© v s(v) v 3(¥) ' S(¥)

*].,00 «0,3388509 0,0068000 7,.30708208 «0,0017780 «55,5000423) «0,1207378
0,90 3.0792901 0.008019? 4,9208%28 «0 ,00450647 ?3,500113) «0,10908004
«0.80 6.230351 «0,0024890 2.742110) 0.000019% «04,3892369 0.109015]
“9,70 0,24%4509 0.0011102 0,9671048 “0,0075540 =88,7552657 *0.,0933119
«0.60 0.1802196¢ «0 ,000064% *0,332690S 0.,0018861 -87.2108182 0.0190926
"0,00 0,09633%4 0,000190% "$.14833347 0.003756 «80,4750336 0,09545208
“Qo, 80 0,026310) «0,000538% .1.8948827 “0,00715%7 -$9,36759019% «0,0020409
00 «0,0151470 0.000207 =-1,85384831 0.003022) «%4,7971594 0,0253301
+0.,20 =0,027007) 0,0000072 “1,1151304 0,0000610 «37,7170070 0.,000%5026
*0,40 «g,0178873 0,0000207 -0,5931600 0.,0001672 v19,14%2399 0.0013e07
0.00 0,0000000 0.,0000000 0,0000000 0.0000000 0.0000000 0.0000000
0,08 0,0037520 0.000707} 0,1200163 0,00%54582 3,8401302 0,045248)
8,08 0.0114493 0,002139)3 0.3615%6821 0.017048) 11.5324931 0.}13025)%
0.10 0,0206111 =0,00276%) 0,6147948 *0,02164887 19,318171% 0,17222108
ela 0,03%5621° «0,0031917 0,9133448 ©0,0237300 27.483487S «0,10802320
0.10 0,0714722 «0,0008782 1.36321%9 “0,00878%7 36,784%837 «0,0438049

PSIL Te 1)

THETA 0,50 1,00 : 2.00

" ¥ 8(¥) ' 8(+¥) ¥ 8(¥)

1.00 -1,6003979 0,008332% 8,6363048 0.,0238747 “3,9740361 «0,3161400
0,90 e0,77846986 0,0058374 7.228838) 0,010387% «74,7920822 »0,30200606
-0,80 «0,2621240 «0,0083001 8,103306) “0,001832% =126,3823142 0.32006572
0,70 «0,013002¢ 0,002%887 2.9342%28% *0,0044127 ~1358,8205474 »Q,2890194
0,60 0,0700845 =0,00032061 0,9924421 0,0019802 «172,0815309 0.,0640907
«0,90 0,06015%87 «0.000357 -0,4432%a0 0.,0076998 ~170,0427264 0,1810654
0,80 0.0)168460 =0,000093) “y,2708002 «0,0108988 ~=133,4073160 =0,21368%0
0.50 0,0005804 0,000180% “1,5039%44 0,0049626 =124,6341%84 0.0872686
*0.20 «0,0120007 0.000008? =1.,2923010 0,0001058 «87,214333% 0.0017400
«0,10 «0,01039453 0,0000178 *0,6880418 0.0002919 =44,8083866 0.,008088%
0.00 0,0000000 0,0000000 0.,0000000 0,0000000 0,0000000 0.0000000
0.02 0.002380) 0,0008108 0.140028% 0,00008088 8.9804557 0.1581370%
0,08 0,0067330 0,0018810 0,8227146 0,029473) 26,9237298 9,4770422
0.10 0.,0125706 =0,0024804 0,729925%5 «0,0381597 4%,2130172 =0,6030872
0.14 0,0237%3) ~0,00300611 1.,10030351 ~0,042%850 04,76%949% =0.6560264
0.18 0.055477) «0,0009602 1.7669200 «0,0300902 86,88134340 =0,1562217

SIL 8, 1)

THETA 0.50 1,00 2.00

H v 3(v) v 8(¢) | 8(v)

»},00 -1,2978%19 «0,0032309 3,394201% 0.,0708942 250,558116) =0,5328284
“0,90 «0,0603520 0,0006907 6,1335915% 0.08200%9 50.3064492 =0,6400668
0,80 «0,454951) «0,0022037 6,11767%4 *0.,0253738 ~119,219%19S 0,7608800
eq,70 «0,1746207 0,0021328 4,95014798 0.008404] ~202,3328237 «0,7712069
«0,860 =0,0263269 =0,0003788 2,4492488 0.0006952 +=1314,808071% 0,1022398
“0,950 0,0283¢78 »0,0000aa7 0,49%1812 0,0076300 =313,91%949%) 0.5384875
“0,40 0,0224257 0,0002a88 «0,866968) “0.,018133% ~328,000208% =0,6%50222
“0,30 0,0053474 0,0000758 -1,46819038 0.007299 «278,0623392 0.2736735
“0,20 =0,0056309 0,0000040 1,369765) 0.0001643 =197,1878526 0,0085587
“0,10 «0,0056387 0,0000440 -0,7808918 0.000884) <~=101,78701372 0,0129840
0,00 0,0000000 0.0000000 0.8000000 0,0000000 0.0000000 0.0000000
0,02 0,0012914 0.00040s2 0,160043%6 0,0150389 20.,4814581 0,5087920
6,06 0,003887) 0,00151587 0,88a3776 0,047880 61.5799%26 1.9271969
0,10 0,007370a «0 ,00204468 0,0816206 *0,08616%502 103,72%1477 »1,9371814
6.14 0,0157638 «0,0027464) 1,3209337 =0,0708146 180,923327 =2.,1173111}
0,18 0,0430116 «0 ,0000087 2,2740323 -0,018087% 209 ,60477268  =0,5121994
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TABLE 3. - VALUES OF ¥ AND S(¢_ .).
n,J n,J

FSIC ©, 1)

THETA 0.50 1,00 2,00

H v 3(¢) v s(v) v 3(¥)

"1,00 0,.5594215 =0,0200113 9 ,5307835% D.1064768 1071,98R0079 «0,0485403
“0.90 «0,1351%682 =0, 0086734 -0,0205244 0.0800407 $81,720071¢9 ©0.837402)
0,80 =0,2510828 0.,00%118% a,33107894 =0,0611904 103,78406840 1.,%635659
«0,70 «0,1603341 =0,0001483 S,Ca82836 0,0327807 =324%_2147720 =1,7743036
0,80 =0,00644380 =0,000188) 3.0595488 “0,00266064 «S22 TB7S6842 0,4847486
“0.90 «0,0086504 =0,000%691 1.,5410878 0.0038132 *459,950%599%9 1.460207)
0,00 0.0111091 0.000233a7 =0,30785139 “0,01864889 «480,28A2579 -y 8850318
0,30 0,005261% =0,0000038 4 ,36428341 0.0006581 «S98 ,4402408 0.4002%10
=0,20 «-0,0020976 0,000002% -1,4522842 0.000237) =a38,0210187 0,01652%9
“0,10 «0,0030751 0,000010) “0,8713846 0,0006024 =22p,54810619 0.0448937
C.00 0.0000000 0.0000000 0.000000 0.0000000 0.0000000 0.,0000000

0,02 0,0007042 0,0003715 0.18008R4 0,0237599 45,.08813744 1,520803%
0,08 0,0022126 0.0011445% 0.,54485705 0,0719754 138,6%0023%0 4.5840730
0,10 0,00852%8 «0,0016219 0,96264)37 «0,003%050 234,37080421) =$.,8203474
0,18 0.0108330 =0,00235a5 1.9772621 =0,100057) 342,311173%6 =4,0197850
0.18 0,03331%59 =0,00099a) 2.918189) =0,0316368 a%1,27a638y »],584%289

PSIC10, 1)

THETA 0,50 1.00 : 2.00

H v S{v) v a(v) ’ s(v)

~1,00 2.029277 -0,0198234 «2%,6910180 0.0527421  3035,8488%7) 8,0106562
«0,90 0.,6780410 «“0,0120396 =10,508079) 0,08%8%324 2027.17176%8 0.7052990
*0,80 0,1032402 0,0067658 =5,7645080 -0,0900781 970,523047¢ 1.,77290%¢9
=0,70 «0,0553278 «0,0020386 3,720383) 0,0636007 16,540%828 3,3840080
«0.60 «0,05110A0 0,0000884 A,2031476 «0,008229% =724,320049) 1.063081%
«0,30 -0,0154502 =-0,0002619% 2.3210694 “0,0053244 ~=1105,232043%6 3,69082514
«0,40 0.00230272 0,0003a08 0.630294 “0,0138751 =1370,39913%% -8,984%324
«0,30 0,0036%01 «0,000048231 1.128584) 0,01178%6 =1273,2501647 2.2160320
0.20 =0,00056238 0,0000013 ~1,500386) 0,0003235 =9059,119480) 0.,0867044
“3,10 -0,0016A09 0,0000071 -0,9592010 0.0000824 +%508,7%50749) 0D.1280478¢
0.00 0,0000000 0.,0000000 0.000000 0.0000000 6,0000000 0,0000000
0,02 0.0003914 0.,0002654 0,20009768 0.013045% 102,4124%02 4,344008)
0,06 0.001248 0.000827) 0,6003034 0,1030888 308 ,4000033 13,1058642
0,10 0,0026A067 «0,001221) 1,0898088 *0,13%837% $23,3804100 “16,71640)31
0.14 0.0068949 «0,00195132 1,0500177 =0,1666594 773,442210) =18.57603138
0.18 0,0257a50 «0,0009040 3.731182¢ “0.0509112 1142,7453078 “8,6919438

Plt 2» 2) |

THETA 0,50 1,00 : 2.00

N v 8(v) v 3(¥) vy 8(v)

1.00 «0,%5216650 0,0003422 0.22833%0 0.,0003222 3,228313%0 0.,0003422
-0,00 =0,3588351 0.0033110 0,3911649 0,0003110 3,3911649 0.0003110
«0,00 =0,2198763 «0,000330% 0.534123? =0,000330% 3,5341237 «0,0003305
*0.70 «0,0902719) 0,000310) 0,6572807 0.000310) 3,8972007 0.000310)
=0,60 0,0107555% «0,0000746 0,7607555 =0.0000748 3,78073%% ©0,0000746
*0.50 0,0947367 «0,00021390 0,8087387 -0,0002390 3.,8447367 *0.0002390
“0,80 0,1595a62 0,0003377 0.,9090%62 0.000337? 3,9005462 0.,0003377
0,30 0,20975%0 «0,0001704 0.9997%%0 -0,0001784 3,99575%0 «0,.00017848
0,20 0,2344004 «=0,00000%) 0,9844084 «0,000005) 3,9644084 «0 ,0000053
«0,10 0,2475060 «0,0000280 0.9975080 -0,0000280 3,9073060  =0,0000280
0.00 0.2%00000 0,00%1960 1,0000000 ' 0.0099980 4,0000000 0.,00519080
0.02 0,250024% 0.004713) i ,00002865 0,004713) 4,000026% 0,00471323
0.08 0.2%08321 0,004720% 1.000832} 0.007298 4,0008321 0.,00472953
0,10 0.254587? «0,.003%81) 1.,00485877 =0,003881) 4,0045877 .0.0035813
0.14 0,2653657 =0,0027534 1,0153657 «0,002753a 0,0153657 =0,0027538
0.18 0,292870) =0,0004974 1.042870) «0,0004974 4,042870) =0,0004074

17



TABLE3. - VALIES OF "a, AMD 8(e, ) .J J
PSIC 3, 2)

THETA 0.90 1,00 2.00

. ’ s(v) v 8(+) ' 8(v)

1.80 *1.0324975 0.000913) 1.314905 0.0010268 3.3700099 0,0020530
“0,90 «0.700232? 0,0000465 «0,8265053 0.000910 4,344889) 0,00108661
-0,00 =0,3730144 =0,00C490%7 -0,3070208 -0,0000914 5,200742) «0,00190029
“8.79 =0,3090790 0,00040%% “0,0201579 0,0009310 5,9438842 0.0018620
8,80 *0,2338007 -0,0001119 0,282200% -0,000223¢ 6.564333) =0,0008478
*§.50 «0,3070030 «0,0003504 0,5342100 =0,0007169 7.,0004201 -0,0014338
0.8 =2.9108807 0.0005066 0,7286385% 0,001013¢ T.4572?771 0,0020262“0.5 0,058032¢ =0,000207¢ 0.067268 =0,0005352 7.730530) «0,0010703
8,20 0.,301612% «0,000007¢ 0.95322%1 “0,0000158 7,9064%02 ©0,0000316
“4,10 0.12130) =0,0000419 0,99270879 «0,0000039 7.9885758 =0,0001677
0,00 0.,1230000 0.0077970 1,0000000 0,0155040 8,0000000 0.0311880
0,02 0.1250398 0.0070700 1,00007606 0.0141399 8.00n1592 0.,028279%
8,08 0,.12824802 0,0070942 1,0024864 0,014188% 8,00a0027 0.,028376%9
0.10 0.131836 =0,0053720 1.013873) “0,0107440 8.027346) «0,0214881
0,14 0.148040% =0,004130} 1,0080071 «g,0082002 8,0021042 -0,016%2008
0.10 0,1893034 «0,000746) 1,1286108 “0,0014923 8.2572217 «0,0029046

PIL 4» 2)

THETA 0,90 1,00 2,00

" ’ 8(v) v 8(v) v 8(¥)
“1,00 =0,474534¢ «0,0010710 =3,0095209 0.0004888 “1,8004000 0.0068279
0,90 =0.48030000 «0,00080696 *2.2049268 0.000729 1.776041) 0.0063282
*0,00 =0,4070118 0,0006281 ©1,5667%51 «0,0010591 5,087471R «0,0070076
«3,70 =0,3270989% «0,0001726 «0,9318)3%) 9,0012238 7.899217) 0.0003097
*0.00 «0,23352251 «0,00000408 *0,37432%) -0,0003407 10,3102739 =0.,00160840
«0.50 =9,1443076 «0,0001358 0.0944175 -0,0012112 12,2906777 «0,00%%12%
«0,00 «0,0842327 0,0003233 0,46620%1 0,0018430 13,6380364 0.,0079216
“0.30 »=0.,00148996 «0,0002202 0.734608] -0,0010229 164,94020890 «0,0082339
“0,20 0.,0193869 «0,0000074 0.,9067248 “0,.0000311% 15,626075%1% «0,0001258
*0.,10 0.,0509006 =0,0000415 0,90055825 0.000567) 1%5,9423008 «0.0004705
0.00 0,082%000 0,0077070 1.0000000 0.03114880 16,0000000 0,1247520
0,02 0.0625308 0.007070? 1,00015902 0.0282806 16,0006368 0,113120)
0.00 0,0637490 0,0071178 1.0049938 0.0284008 16,0190718 0.313532
0.10 0,0693630 «0,00347¢C0 1.027372? “0,0215360 16,1004116 =0,0860%02
0.18 0,0850504 =0,0043840 1,09250%0 0.016774) 16,3690876 «0,0863357
0,18 0.,1293310 =0,000874) 1,259747) 0,003312¢ 17,0314324 =0,012006)

PSIC 9» 2)

THETA 0.50 1,00 2,00

v 8(v) v 8(v) ’ 8(v)
1,00 0,61782008 ©0,0035329 *3,6343409 “0,0044998 «23,528%0%2 0.,0115312
0,90 0.240016) «0,0024518 3,1879308 «0,0025%70¢ -12,8259604 0,013%198
0,80 8,0001411 0,001804)3 -2.5142499 0,001314} 3,.98%0708 «0,0172004
*0,70 «0,00590400 =0,0012074 =1.80ar907 «0,0000874 $.,8272606 0.010444)
*0,40 “0,1149516 0,0001748 ~y,0887369 *0,0002107 13.4710%569 ©0,004890}
«0,%0 =0,007813%7 0,0002578 *0,822646) «0,0012766 19.8389081 =0,0168%10
«0,80 »0,03%8071 . =0,000034} 0.1401021 0,00240800 24,85297%0 0,0251838
0,30 «0,0t841260 =0,0001046 0,5083897 «0.001547 .20,4820021 «0,0137972
“0,20 0,012088) «0,00000%3 0.045439) =0,0000%02 30,7%54428 «0,0004181)
0,10 0.,0302637 «0 ,0000339 0.979991 «0 ,000277S 31,8077440 «0.002224
0,00 0.6212%00 0.008897% 1.,0000000 0,0319800 32,0000000 0.815840)
0.02 0.0312832 0.00%5803s 1,00024%4 0.,0471369 32,0021220 0.377072%
0,06 0,0322023 0.00%%70¢ 1,008329% 0.0874129 32,0045785 0.378399
0,10 0.037013 -0,004723% 1.0487091 -0,0363031 32,3840012 «0,2874870
0,14 0,0512342 «0,00a0764 1.19%2112 ©0,0208024 33,2323001 «0,22268119%
0,18 0,0912019 «0,0009a18 1.4814309 .0,00%854) 35,4%50788 «0,0410744

18



PIL 6, 2)

THETA 0,50 1,00 2.00

H v 3(v) ¢ 3(v) ¢ 8{¢)

1,00 1,11339%88 «0,0028360 *1,77382)2 =0.015847) «82 ,277%923% =0,0097500
*0,00 0,6402214 =0,002158% “2,5622016 “0.010%5064 «50,0063109 0.,00024%¢
0.80 0,3219300 0,0023216 *2.,0744282 0.0077666 «34,21397368 ©0,0250210
“0.70 0,1151490 =0,0015220 2,3199610 *0.008337¢ e10,0207027 0.0367700
«0,60 0,0046992 0,000263) -1,6074508% 0.0004190 10,2319032 =0,0119920
«0,34 «=0,0360840 0,0009176 =0,9834308 =0,000338) 28,292204) =0,0840877
*0,40 «0,036594% «0,000325% -0,2237878 0.0023616 42,02%865%6 6.0700976
8,30 =0,01783a1 6,0000)a8 0.36073a8 *0,00190712 53.5113731 «0,0300767
«0,20 0,0020316 «0,00000%} 0,770239%% «0,0000716 60,2704620 =0,0012337
=0.10 0,013306) «0,0000247 0,96a0398 «0,00041)) 63,02%4326 0,0006068%1
0.00 0,0156250 0,0048734 1.,0000000 0.0779700 64 ,0000000 1,207520)
0.02 0,01%6499 0.00a8215 1.0003980 0.0707100 64,0043685 1.1312401
0.06 0,016408) 0,004522% 1,0124047 0.0712965% 64,1907611 1.136403
0.10 0,0199970 «0,0037262 1.0687418 =0,0551907 65,09%43%9% =0,86540006
G.14 0,0312027 “0,003540} 1,2391%48 =0.,0851218 or, 706424) «0,8760627
0,18 0,085%24% «0 ,000945) 1.,6014011 =0,0004004 Ta 0017677 =0,127082)

rSIL 7, 2) :

N ¢ 3(v) v 8(v) ’ 8(v)
“1,00 0.,4004706 0,0048380 2.972253) =0,025074y «223,0077192 «0,1690730
*0.90 0,4278564 0,0015702 0.040853) «“0,020%603 «17S.0AA7600 -0,0837709
“0,80 0.3034076 «0,0001399 *1,582558) 0.017062 +122,68162848 0.0207164
«0,70 0,1665800 «0,0005601 ~2.1621379 “0.,0117816 «68,09653T74 0.,03797%4
=0,40 0,0620002 0.,0001802 “1.995587 0,0017032 “13,87%8016 0.0211138
«0.50 0,0041129 0,0004910 1.381714) 0,0021209 30,8801310 =0,0995564
=0,40 «0,0156419 «0,0008219 *0,5033847 0.000093¢ 69.7022726 0.1762%525
“0.30 «0,0123201 0,00000690 0.14596084 “0.0021292 98,8720046 =0,1066988
*0,20 «0,0012367 =0,0000014 0,6821422 *0.000093s 117,.%9¢1620 «0,0033994
«0,10 0,0002841 «0,0000166 0,9407492 =0,.000%3730 126,384380) -0,0104732
0,00 0,007812% 0,0038112 1,0000000 0.1091%80 126,0000000 3.493038
0.02 0.0078209 0,0030964 1,000557) 0.09900%8 128,0178320 3,167%%6)
0.06 0,0083623 0,0032072 1,017%086 0.1001461 128,355904269 3,18aA280
0,10 0,0109105 -0,0027037 1,0066%60 =0,0786460 131.0701778 ~2,4381005
0.14 0,0192708 «0,0029624 t,3336058 =0,06679632 1360,0128774 i .921580%
0.18 0,047483520 «0,0009530 1,990310) *0,0150%90 157.5230798 «0,3703781

PSIC 8, 2)

THETA 0.%0 1,00 2,00

" ' 3(%) ’ 8(¥) v 8(v)

1.00 *0,7431922 0,010061} 9.004902 “0,0170070 «488,.3153571 .a0,8094140
=0,90 «0,.1976%50% 0.003653 8,255787} «0.022313 -828,3197002 =0,9145511
=0.080 0,0001931 «0,0020700 0.0208219 0.024747) =338,6181064 0.3165924
=¢.70 0,0938493 0,003000% =1,1527736 “0,0201350 ~223,8473109% «0,0941019%
«0,60 0,09595074 «0,0000098 “1.860373 0.00335202 =106,029080406 =0,02138%)
«0,50 0,0193909% 0,0002408 *1.,8511819 0.008312 ¢. 3004812 -0.1003028
=0,40 «0,00202)? «0,0003460 =0,93208%2 “0,002116) $03,8083357 0.8049%504
«0,30 =0,0047239 0,000089} =0,000153¢ “0.001041? 170,.120040% =0,207275%)
«0,20 «0,00174%6 «0,000000)3 0,5824078 «0,000113% 220,306A7A? =0,0008829
“0.10 0,002083¢ =0,0000108 0,9331547 *0.000754¢  231.0994970 «0,0896449
0,00 0,003904) 0.00227s) 1,0000000 0.145%440 256,0000000 9.3148101
0.02 0,003017¢ 0,0020654 1.,0007431 0.132029) 2956.007992)3 B,0470060
¢.08 0,0042741 0,002172¢ 1.,0233504 0.13408032 257,4921200 8.5016899%
0.10 0,006014¢ «0,00200%3 1.3290081 «0.,1071730 264.19700%S *$,527619%
0,18 0.01203%¢ =0,00240%4 1.45210% «0.0932249 203,0042180 «3,2190040
0.18 0.034047) =0,0009131 2.383122 =0.0234227  333,4928353  ~1,0360018
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TABLE 5. - VALUES OF ¥ ap sv.) .
n,J n,J’

PSC 9 2)

THETA 0.350 1,00 2.00

" ’ (+) ¢ S(v) v 3(v)

3,00 =1.,213)478 0.0054018 12,66%2944 0.036552 “AT&,8037672 «2,7584680
*§.90 =0,%403117 0.004790) 8,373340% 0.0004562 =R04 44323080 “1.,0704558
*$,80 «0,167262) «0,00:6007 3,9732a12 0,0148278 =788,0941918% 1.4505569
of 70 «0,0000840 0,0018610 0,638625%5% “0.0241540 ~=80% 9324997 «0,7807576
*$.40 0,027110% «0,00010682 *1.,2001908 0.,0053615%5 =3%58,5353439 0.002692
“0.30 0.0174598 «0.,00003%4 =1.680027¢ 0,0110888 «101,8030%30 «0.2656524
«9.80 0,0028102 =0,0001902 =1,2082774% -0,0072137 130,.8827630 0.8a7397a
*$.30 «0,00307)37 0,0000778 *0.3287600 -0,0009037a 316,78603905 oD, 0380848
*0.,30 =0,0014038 0,0000002 0.872849) 0.000129) aby ,256a767 -0,0222829
0,10 0,0013031 =0,000006) 0.,91029080 «0,00090554 %00,0401002 «0,1271048
0.00 0,00190%)31 0,0014619 1.,0000000 0.1071280 $12,0000000 23,952389)3
8.02 0.0010606 0,0013286 1,0000954 0,1607738 $12.,1222704 21.,7219709
0.00 0,00219009 0,0018238 1.030064 0.1732a18 S1S,R378791 21.8887130
0.10 0,0033406 =0,001,4078 1.167a3169 0,141387? $33,10ra4016 “16,8986748
0.10 0,007549S -0,0019110 1.592890 -0,1321908 %84a,062034) =13,710Aa787
0.18 0,02578814 «0,00085%a0 2.A778248 “0,0358539 719,9196076 «2.821098

P8110, 2)

THETA 0.50 1,00 2.00

“ v s(v) |] s(v) v s(¥)

eq,00 0,408722)3 «0,011%5214 8.7328481 0.1306283 <=11%0,024999¢ o?7,.,5178146
«90 «0,%030219 «0,0022049 9.6538534 0,0995%92 =1%87,753830% =5,.99468048
«8.80 «0,21088)38 «0,000080%2 6,86192%1 «0,0122068 <=1A83 _,0083741 a,9911078
«9,70 «0,0070881 0,0013106 2,8274878 “0,0160081 =1402,51941186 =3,126237%
«0,060 «0,0034079 «0,0001608 =0,081360)% 0.0062478 =003,0744736 0.3%007239
«0,50 0,0091792 «0,0002085% =1,42581318 0.,0177556 =a30,01%541489 «0,0084077
=g,.,80 0.003568) «0,0000429 *1,3808578 «0,0141768 98,9053530) 1.9577%018
“8.30 «0,20105%) 0,0000520 *0,5588002 0.000723? %43,06900845 *t, 4370189
“0.20 «0,0009282 0,00000048 0,3%4045%0 “0,0001380 ALB, 0545412 «0,0%400891
«9,10 0,0008757 «0,0000038 0,89321902 *0.,0011739 006,39%34082 =0,3164369
0.00 0,0000746 0,0000137 1.000000 0.233910} 1024 ,0000000 59.,88007232

0,02 0,0000812 0.0008210 1.001194) 0.2122%567 1024 ,30%6090 $4,307a487
0.00 0.,0011257 0,0009096 1,03782%6 0.2177983 1033,5075744 54,08012246
0,10 J,0018685 «0,0009607 1.2106738 *0,10202%7 1076,8601577 =82,5781384
0.18 0,00478468 «0,0034913 1.7581425% ~0,1799310 1205,2130088 =35,1742668
0,10 0,0191189 «0,0007832 3,4983490% -0,0533627 1552,6287527 e7.5100879
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5. Examples of Families of Flow Patterns in the H,6 and Physical

Planes.

In this section we construct a number of examples of particular

solutions of equation (2.5) in the H,6 plane and we show how to obtain

the corresponding flows in the physical plane.

In order to transform a solution from the H,8 plane to the physical

plane we make use of the relations

_ (M-1 }cos 6 sin © cos 6 gin ©J] 2 bo - EE fav 4 [eee ov toeov

(3.1)

_ (M-1)sin 0 cos 0 sin 6 cos 6| 2 to + 228 J [me ov toooov

We observe that Vv, av + ¥gd6 = 0 along a streamline. Hence when com-

puting a streamline V(x,y) = constant, if we integrate along the stream-

line, the transformation equetions (3.1) simplify to

_ |] cos 6 a-1
Xx = |=[5 Vgdv + 1,2]v

(3.2)

_f sin 6 M-1yY [ene [3 Vgdv + v.20] .
We note that if the Jacobian of this transformation vanishes at any

point the transformation fails to be one-to-one in a neighborhood of such

a point and the flow may have no physical significance in the neighborhood.

See e.g. |6, p. 17] or [13, p. 311ff.].
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The following five particular solutions of the equation (2.5) were

invegtigated:

| (1) _

(2) _

(3) _
v SV 1 * V1 t Vy 0

(4) _ ¥
| Vie V1 FV ts Yt LA

(5)
= + +

Table 4 gives sets of points in the H,0 plane at which these solutions

assume certain chosen values. The corresponding values of x,y in the

physical plane are also given in this table. The streamlines are drawn

in both the hodograph or v, 6-plane and in the physical plane in Figures

1-5.

As noted above the transformation from the H, O-plane to the

physical plane may fail to be one-to-one. Consequently the flows

represented by the above streamfunctions correspond to physically possible

flows only in certain subdomains. This explains why some of the stream-

lines drawn intersect. It should also be observed that not all of the

intersections of the streamlines with the sonic line (shown as a dotted

line) correspond to transitions between subsonic and supersonic flow.

Those intersections which do correspond to such transitions are indicated

on the figures.
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