Queuing theory and statistical methods are used in this paper to
derive formulas for determining average turnaround time in tele-
processing systems that handle messages on a priority basis. This
information is needed to ensure, for example, that messages are
processed within acceplable time limats and that efficient use 1is made
of system resources.

Factors considered in arriving at the formulas described here include
wating time in message queues, message processing time, 1/0 wail-
ing time, and delays for higher priority processing. Resulls conform
closely with those obtained from simulation studies.

Turnaround time for messages of differing priorities
by C. Hauth

Average turnaround time for processing messages of different
priorities has far-reaching implications in the design of a tele-
processing system. Low average turnaround time for some types
of messages may be highly desirable or even critical. For example,
in an insurance application, the processing of claims, endorse-
ments, and cancellations might each be done at different priori-
ties. Moreover, a claims analyst might want claims to be proc-
essed within five minutes, so that he could assure an insurance
agent that a claimant is covered. But thought must also be given
to the kind of processing required by each priority class of mes-
sage. If the kind of processing is not considered, system through-
put may suffer. For example, if the processing required for higher
priority messages involves little 1/0 activity and the messages are
received at a sufficiently high rate, lower priority messages may
never be processed.

Thus, many of the basic decisions that must be made in de-
signing a useful and efficient teleprocessing system require a means
of determining average turnaround time for processing messages
of each priority in a given installation. The purpose of this paper
is to assist in determining average message turnaround time—the
interval between the time that a message is received and the com-
pletion of its processing in the computer.

The system assumed permits up to four separate jobs to be  operating
run concurrently within a single computing system having only  environment
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one central processing unit (cru).! The separately scheduled jobs
reside within their own predefined partitions in main storage, and
the work done within each partition is assigned a different pri-
ority. While one job awaits completion of an event, such as an 1/0
operation, processing is switched to a lower priority job to take
advantage of the temporary processing delay.

Figure 1 illustrates the main storage layout of a two-partition
system. The higher-address partition is P;, and the lower-address
partition is P,. Moreover, the job in partition P; has preferential
access to the cpu; the job in partition 2 is given control of the
¢rU only when either there is no work to be done in the higher-
priority partition or when the higher-priority job is suspended (in
the wait condition). By dividing main storage into as many as
four partitions, four separate jobs can be executed concurrently,
with P, having the lowest priority.

For teleprocessing, the highest priority partition, P, is nor-
mally occupied by a telecommunications control program,? which
handles both the receiving and sending of messages. The remain-
ing three partitions are occupied by message processing programs.
For example, in the insurance application cited, one of the three
partitions might handle claims, another endorsements, and the
third cancellations.

In the system to be analyzed, all messages are received in
partition 1 (the telecommunications control program). Then, mes-
sages with priority 1 are processed in partition 2, and messages
with priority 2 are processed in partition 3. In general,
messages with priority j are received in partition 1, processed in
partition j + 1, and sent from partition 1. (An initial wait time
precedes entry into any partition.) In the interest of generality,
m partitions are considered here, rather than four. Turnaround
time is developed for each priority class of messages. Note that
the higher the number of the partition, the lower the priority.

Arrival rates to the partitions are assumed to have a Poisson
distribution. Service time in the first partition is assumed to have
an exponential distribution. The basic assumption here is that the
distribution of all departing output messages from the partitions
is also Poisson. Service times in the m partitions are assumed to
be mutually independent. The sum of the service time in a par-
ticular partition and the initial wait time in the message queue
for that partition is called queuing tvme. (Initial wait time should
not be confused with wait time for 1/0 operations after processing
in the partition has started.) From Figures 2 and 3, it is clear that
data processing turnaround time for a message with priority 7 is
equal to the sum of the receiving and sending queuing times for
partition 1 and the queuing time for partition j 4+ 1. Therefore,
determining turnaround time for a message that will be processed
in a particular partition is reduced to finding the queuing times
for partition 1 and for that partition.

Note that for a system with only one partition, the analysis is
essentially simple. The service time is the sum of the execution
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Figure 2 Partitioned teleprocessing system
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where \ is the arrival rate of messages to the partition, b, is the
second moment of the service time for the partition, and b, is the
mean of the service time for the partition. However, in a system
with more than one partition, finding the queuing time for parti-
tion j, where j > 1, is much more complicated. The difficulty
arises because both the initial waiting time and the service time
for this partition may be extended due to interruptions originating
in higher priority partitions. For example, if execution time for a
macroinstruction in partition j is 5 milliseconds, it may be ex-
tended to 50 milliseconds due to interruptions from higher priority
partitions.

It is important to note that if each partition contained no
WAIT macroinstructions, the simple Preemptive-Resume Priority
queuing equation could be used.*

W

J

Z Niba:

— bxj + _lfl]__

1— D> Abus 2(1 - Zx,-bl,)
i=1 =1

, 1
T, =

where:
T,;is the queuing time for partition j,

A; Is the arrival rate to partition 7,
by; is the mean of the service time for partition 7,
by; is the second moment of the service time for partition 7.

We first discuss the process of finding the service time for a
partition (assuming that waiting will occur) and then that of find-
ing the initial waiting time for each partition.
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In general, the service time for a partition consists of processing
time, wait time (nonoverlapped 1/0 time), and extensions of the
service time due to interruptions from higher priority partitions.
For example, execution of the following sequence of macroinstruc-
tions® might take place in a partition:

. PROCESS (10 milliseconds)

. GET TAPE FILE A (50 milliseconds)
. PROCESS (20 milliseconds)

. READ TAPE FILE B (60 milliseconds)
. PROCESS (35 milliseconds)

. WAIT (for READ to complete)

where service time in milliseconds is

10+ E1 + 50 + E; + 20 + E; + 35 + Es + 25 + Es

The time for the WAIT macroinstruction equals the READ
time (60 milliseconds) minus the intervening processing time (35
milliseconds) or 25 milliseconds. E; represents the extensions due
to interruptions from higher priority partitions. Although de-
termining processing time presents no particular difficulty, wait
time and extensions to service time present a total of five problems:

1. Determining the extension of time for executing an input/out-
put instruction due to requests for the same channel and/or
device from other partitions.

. Determining the WAIT macroinstruction time.

. Determining the extension of time for a WAIT macroinstruction.

. Determining the extension of time for a GET/PUT macroin-
struction. (A GET/PUT has an embedded wait.)

. Determining the extension of time for a PROCESS macroin-
struction.

The extension of time for an input/output instruction in the
partition under consideration due to input/output instructions in
other partitions requesting the same channel and/or device is the
delay caused by the channel and/or device being busy. The effect
of 1/0 requests in higher priority partitions, lower priority parti-
tions, and the same partition must be considered.

Each 1/0 instruetion must be examined separately to determine
its effect. The sum of the delays plus the actual 1/0 time consti-
tutes the total time for this request. The influence of READ,
WRITE, or EXCP macroinstructions (involving the same channel
and/or device) in higher priority partitions can be seen from the
example in Table 1.

Consider first the READ, WRITE, or EXCP requests in parti-
tion 7 (where ¢ = 1,2, ---, j — 1) that refer to the same channel
or device. First, the difference between the 1/0 time and the inter-
vening processing time (oceurring before the corresponding WAIT)
must be obtained. (If this difference is not positive, the request
has no effect on READ,.) Call this difference Dy;. If the request
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Table 1 1/O activity in more than one partition

Partition 1 (1 < j) Partition j

Process; (1st PROCESS) Process; (1st PROCESS)

READy; (kth 1/0 in partition 2) READ, (1/0 request being
considered)
Process (intervening processing
time)
WAITy;

(READy;) requires the same channel and device as the request in
partition j (READ,), the total added time is

0.5 (Nis:)) Dis( Wi/ Ts)

where \; is the arrival rate for partition 1, s; is the service time for
partition ¢, Wy, is the wait time for the corresponding WAIT, and
T; is the total wait time for partition ¢ (sum of the times for all
WAIT macroinstructions). If the request does not require the same
device, several conditions may be present. If 0.5Dy; is less than
or equal to the data transfer time of the request in partition ¢, the
added time is again

0.5 (i) Dis(Wii/T'5)

If the remaining seek time for the 1/0 request in partition < is
greater than the seek time for the request in partition j, the added
time is zero. In all other cases, the additional time is equal to the
data transfer time plus the remaining seek time for the 1/0 re-
quest in partition ¢ minus the seek time of the 1/0 request in par-
tition 7 multiplied by A:;s:(Wi/T:). The added delay for the re-
maining types of input/output requests ean be determined in a
similar manner. The resulting formulas are tabulated in the
Appendix.

The second problem encountered in determining the service
time is determining the wait time. Consider the following example:

READ TAPE FILE A (40 milliseconds)
PROCESS 25 milliseconds
WAIT TAPE FILE A

In the above example, the WAIT time is the difference be-
tween the READ time and the intervening processing time or 15
milliseconds. The difficulty in calculating the WAIT time occurs
when the assoclated 1/0 instruction has a nonzero variance. For
example, an 1/0 request for a disk file normally has a nonzero
variance. In this case, the mean of the maximum of the 1/0 time
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and the intervening processing time must be obtained. From this,
the intervening processing time is subtracted to determine the
WAIT time. Since the 1/0 operation and the processing are occur-
ring simultaneously, the WAIT time is equal to the time required
for the longer of the two minus the intervening processing time.

In order to determine the mean of the maximum of the 1/0
time and the intervening processing time, the type of distribution
of the 1/0 time must first be determined. This can be done by
analyzing the variance and mean for the 1/0 time, and using one
of six equations shown later. If the variance is zero, the distribu-
tion is constant and Equation 1 should be used. If mean?/variance
is greater than 5, the distribution is considered constant and again
Equation 1 should be used. If 0 < mean?/variance < 1.5, the
distribution is considered exponential and Equation 2 should be
used. If 1.5 < mean?/variance < 2.5, the distribution is Erlang-2
and Equation 3 should be used. If 2.5 < mean?/variance < 3.5,
the distribution is Erlang-3 and Equation 4 should be used. If
3.5 < mean?/variance < 4.5, the distribution is Erlang-4 and
Equation 5 should be used. If 4.5 < mean?/variance < 5, the
distribution is Erlang-5 and Equation 6 should be used.

If the intervening processing time is represented as ¢ and the
mean of the 1/0 time as b, the first two formulas are:

mean of max = max (a, b)
variance of max = 0 (1)

mean of max = g + be—a’
variance of max = $2(2¢¢"* — e 2e/) (2)

In Equations 3 through 6, the distribution of the 1/0 time is
Erlang-2 through Erlang-5, respectively. If the Erlang parameter
is m, the general formula is:

mean of max = f tdH (t)
0

where H(t) is the distribution function of the maximum of F(t)
and G(f), which are the distribution funections of the processing
time and the 1/0 time, respectively. Note that the processing time
and the 1/0 time are independent of each other. The distribution
function of the maximum of F(¢)G(¢), where F(t) and G(¢) are in-
dependent, is equal to their product. Thus

H(t) = FOG(@)

_J0fori < a
F@) = {1 fort > a

G@) =1 — e—’"””g(ﬂ%b—)k

. © _ mm * m —mit/b
/0 Wl () = o =y 1)!b"‘/a ey

m—1 k
+ a[l -ty (ﬂ%—{b) :I
k=0 :
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Equations 3 through 6 represent the value of this expression for
m = 2, 3, 4, 5, respectively.

l:baz —2a/b n b2a6—2a/b + b3e-—2a/b]
b2 2 2 4

+a— ae"m/b(l + %)

i[base_m/b + b2a26~3a/b + 2b3ae—3a/b + 2b48—3a/b]
2b° 3 3 3? 3

30/ 3a , 9d°
+a——aesb<1+?+§Z—2> 4)

ba4 —da/b b2a3e—4a/b 3b3a26~4a/b 6b4ae_'4”/b 6b5 —4a/b
[ + + + =

31b* 4 4 4* 4®

+a—a “‘“/”<1+ +——+?f7i) 5)

5+5+52

12b4 2 —5a/b 24b5ae—5a/b 24b66—5a/b
5° + 5 5°

m( 254> 1254° 625a4>
- 1 6
+a + 2 + " T o T o (6)

5_5 I:base-sa/b b2a4e—5a/b 4b3a3e—5a/b
416°

_I_

In Equations 3 through 6, the expressions enclosed in brackets
represent the value of the integral

©
/ tme—m t/b
a

The expressions enclosed in parentheses represent the value of the
summation in the Erlang-m distribution evaluated at t = a, i.e.,

=g | (mt)k
Z‘I‘ i\ b

The general equation for the second moment of the maximum of
a and b, where b has an Erlang-m distribution, is:

m m+-1 —mal/b 0
m . [ba e n (m + l)b/ tme—mt/bdt]
(m — 1) m

+ (l _ a?g—-ma/b I:il 1 (mt>:|
E'\D

The values for the integral and summation in the Erlang-m
distribution obtained when calculating the mean can be substi-
tuted in this formula in order to obtain the second moment. The
variance is then obtained by subtracting the square of the mean
from the second moment.
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extensions
to wait .time

The intervening processing time should then be subtracted
from the mean of the maximum (a, b) to form the wait time for
this 1/0 operation. The largest positive wait time of all the 1/0 op-
erations waited for by this WAIT macroinstruction and the asso-
ciated variance then represent the mean and variance of wait
time for the WAIT macroinstruction. If there are no positive wait
times corresponding to the 1/0 operations, the wait time for this
WAIT macroinstruction is zero.

In this way, the wait time for each WAIT macroinstruction in
partition j can be obtained. Thus, the second problem has been
solved.

The third problem deals with finding the extension of time for
a WAIT macroinstruction due to interruptions from higher pri-
ority partitions. If the WAIT macroinstructian is in partition 1,
this extension is zero. However, if the WAIT macroinstruction is
in a lower-priority partition, the wait time may be extended by
interruptions from higher priority partitions. For example, if a
WAIT macroinstruction takes 40 milliseconds but is interrupted
for 50 milliseconds beginning after the first 10 milliseconds, the
extension of the wait time is 20 milliseconds. Note that the ex-
tension is not 50 milliseconds, because use of the central processor
by a higher priority partition while a lower priority partition is
waiting has no effect on the lower priority partition.

Consider an interval of cru time, 2. Let b, be the total cru
processing time (excluding 1/0 time and wait time) for partition <.
Let A; be the arrival rate to partition ¢ (assumed to have a Poisson
distribution). Therefore, during an interval of cpu time, z milli-
seconds, partition 7 requires on the average A,z milliseconds.
Therefore, partition ¢ used the cpu a fraction of time equal to

Nbiz/z or Ab;

(Note that A\;b; must be less than 1, or the system is over-utilized
and lower-priority processing will not be done). Therefore, during
an interval of cpuU time, z milliseconds, partitions 1 through 7 — 1
will use on the average

i—1

> Abez milliseconds,

=1

leaving

j—1
(z - Z_,: )\ibiz> milliseconds

for partition j. Therefore, for every y milliseconds required by
partition 7,

i—1

>N

=1

—= — |y milliseconds
=1

1 — D> N
7=1
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Figure 4 Extended wait time

will be required by partitions 1 through j — 1. Let

i—-1
IV P
=1

p= _
j—1

1— Db
=1

Therefore, p represents the fraction (which could be greater than
1) of cru time taken from partition j by higher priority partitions.
Note that for the first partition p = 0, and there is no extension
of the wait time.

Let x be the value of the unextended wait time just calculated.
The extended wait time can be thought of as broken up into por-
tions y; (as shown in Figure 4), where the computer is idle, and
portions py;, where the computer is being used by higher priority
partitions. As an illustration, during the first 10 milliseconds of a
40-millisecond WAIT, the computer is idle; then, an interruption
of 5 milliseconds occurs, followed by a 20-millisecond idle period
and another interruption of 10 milliseconds. The extended wait
time is therefore 45 milliseconds.

Thus, the extended wait time, W, can be represented as a
sum of idle periods and interruptions as follows:

We= 2, (yj + pw)

7=1
where

n—1

,; (y;i + py;) > = and ; (; + py;) <=z

However, it is only the last interruption that really affects the
wait time. The interruptions that are overlapped with wait time
have no effect on the time of the WAIT macroinstruction. For
example, if the cPu were used by another partition for 5 milli-
seconds after 10 milliseconds of a 40-millisecond wait had passed,
the WAIT macroinstruction would not be affected. However, if
this interruption occurred after 37 milliseconds of the wait had
passed, the wait time would be increased by 2 milliseconds.
Therefore, the extended wait time can be thought of as the
sum of the last interruption time and the wait time occurring prior
to the last interruption. If the wait is completed during an idle
period, the last interruption is denoted as zero. Therefore, all
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possibilities for the extended wait time can be represented as
follows:

¥+ pz

where
z

1+p

In this equation, pz represents the last interruption and y rep-
resents the wait time prior to the last interruption. Since y + pz
> z, y must be greater than or equal to /(1 + p). But y cannot
be greater than z, because the wait would be ended at that point.
Time z is actually the last idle period occurring before the final
interruption, which is of length pz. Since y + pz > z, 2 must be
greater than or equal to (x — y)/p. Since y is the wait time prior
to the last interruption, z cannot be greater than y.

The average value of the function ¥ + pz over the region

/A +p)<y<Lz;@—y)/p<Lz<y]

can be determined as follows. (Note that it is the average value
of the extended wait time that is being represented by this func-
tion.)

<y<z and z;—yﬁzgy

z u
average value = 1 / (y + pz)dz dy
A Joiaim? @ /o

where

2

_ [ v __xp
A= /< “d =50 1)

2/ (14+p) ¥ (=) /p

P+ 5p* + 7p + 3]

x
average value = -—"—
: 30+ 2P
Thus the average value of the extended wait time can be ob-
tained. The mean of the extension is the average value minus z.
The moment of extension of wait time is

1 [° / v .
— —2)%
A rom W+ pz — x)'dedy

z—y)/p

Thus, the second moment is

2 (p® + 3p* — 3p® — 17p° — 18p — 6) )
3 +e
6(1 + p)

The variance of the extension is equal to the second moment minus
the mean squared.

The average value of the extended wait time can be determined,
and the variance of the extension of the wait time can be ob-
tained. This variance can be added to the variance of the unex-
tended wait time to give the total variance for this wait.

A GET/PUT macroinstruction has an imbedded WAIT macro-
instruction. That is, no intervening processing is allowed between
the start of the input/output operation and the WAIT. Therefore,
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the input/output time of this macroinstruction is the same as the
wait time for a WAIT macroinstruction. The computer is idle,
waiting for the input/output operation to be completed. There-
fore, the extension of this time due to interruptions from higher
priority partitions can be determined in exactly the same way as
the extension of the wait time.

The last problem encountered in finding the service time for
partition j is finding the extension of the time for a PROCESS
macroinstruction due to interruptions from higher priority parti-
tions. For example, if the computer is interrupted for a total of 5
milliseconds during execution of a PROCESS macroinstruction re-
quiring 10 milliseconds, the effective time for the PROCESS macro-
instruction is 15 milliseconds and the extension is 5 milliseconds.
Note that for partition 1, a PROCESS macroinstruction cannot be
extended, since there are no higher priority partitions. Let b; be
the mean of the total processing time for partition 7 (b; excludes
nonoverlapped 1/0 time and wait time). Let A; be the arrival rate
(assumed to have Poisson distribution) at partition 7. Therefore,
cpyU utilization for partition ¢ is A;b;. That is, during a time span
of = milliseconds, partition ¢ will use the cPU an average of \bix
milliseconds. Therefore, the fraction of cPU time used by partition
i is M/ or Abi. Therefore, the fraction of cpu time used by
partitions 1 through j — 1 equals

-1
PPV
=1

and partition j has the cpu available to it only a fraction of the
time equaling

j—1
1— > b
=1

Assume that a PROCESS macroinstruction in partition j re-
quires b;; milliseconds. The extended processing time, bi*, is
equal to the sum of bj plus the average total interruption time
from higher priority partitions. (The asterisk indicates that the
time extension has been included.) But, during a time span of
b* milliseconds, partitions 1 through j — 1 use the cpu for an
average of

j—1

> A\bby* milliseconds

=1

j—1
bjk* = bjk —*— Z )\,bib]k* — 2 milliseconds .
=1 j-

Note that for partition 1, b* = b, since there are no higher
priority partitions. The extension of time for a PROCESS macro-
instruction in partition j requiring b;; milliseconds can be de-
termined as bj* — bj, where b;* is given above.
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So far we have shown how to find the extensions of the time
needed for input/output, PROCESS, and WAIT macroinstructions.
The service time, s;, for partition j is equal to the sum of the times
for each macroinstruction plus the extension of time for each
macroinstruction. The variance, v;, is equal to the sum of the
variances for each WAIT macroinstruction. Consider a partition
containing the following instructions:

1 PROCESS (30 milliseconds)
2 READ TAPE FILE A (40 milliseconds)
3 PROCESS (15 milliseconds)
4 WAIT (25 milliseconds)

The mean service time is equal to the sum of 30 milliseconds, plus
15 milliseconds, plus 25 milliseconds, plus the extension of PRO-
CESS #1, and the extension of WAIT. The variance of the service
time, ;, is equal to the variance of the wait time plus the variance
of the extension of the time wait. (PROCESS times are assumed to
be constant.)

Initial wait time

Since the service time for each partition can be found, the remain-
ing problem is to determine the initial waiting time for each par-
tition. The initial waiting time for partition j is the time a message
must wait before being processed in this partition. After de-
termining the service time and the initial waiting time, the queuing
time can be determined as their sum.

Note that the initial waiting time for the first partition can
be found by the Pollaczek-Khintchine equation:

_ >\1k812 + v1)
7 2(1 — Asy)

The size of the waiting line is Mw;. It will soon be shown that the
initial waiting time for partition j is dependent on the initial wait-
ing times for partitions 1 through j — 1. Therefore, the initial
waiting time must be solved for partitions 1 through j — 1 before
it can be solved for partition j. Since the value of the initial wait-
ing time for partition 1 can be found as shown above, this presents
no problem.

In addition to the service time, s;, a message arriving at par-
tition j and finding it free encounters an additional delay, W,
caused by the cpv being used by the higher priority partitions 1
through j — 1. For example, if a message arrives at partition 2
and no other messages are in the queue, but the cpu is currently
processing in partition 1, the initiation of service for this message
is delayed until processing in partition 1 is suspended. Note that
the delay for partition 1 is zero, since there are no higher priority
partitions.

We first develop the mean and second moment of this delay.
Then we use the moments of this delay, the moments of the
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Table 2 lllustration of process blocks

Partition

PROCESS 10 msec
READ FILE A

WAIT

READ FILE B
PROCESS 30 msec

WAIT
PROCESS 20 msec PROCESS BLOCK #3

} PROCESS BLOCK #1

} PROCESS BLOCK #2 = 30 msec

service time, and the arrival rate to determine the initial waiting
time.

In order to determine the moments of W, it is necessary to
examine the processing in the higher priority partitions. Any par-
tition can be broken up into processing blocks. A processing block
is the total cPU processing time and GET/PUT time that occurs:
between 2 WAIT macroinstructions, prior to the first WAIT macro-
instruction in the partition, or after the last WAIT maecroinstruc-
tion in the partition, as shown in Table 2.

Only processing blocks affect the delay in the lower priority
partition. If the higher priority partition is in a wait state, there
is no delay to processing in the lower priority partition.

In partition %, call the first process block 71 and the kth process
block k. Let the number of process blocks in partition Z be n;. Let
pa* represent the time for processing block ¢k, which is extended
to reflect interruptions from higher priority partitions.

Let A; be the arrival rate to partition 7 (where ¢ = 1, 2, -+,
J — 1). When a new message arrives at partition j and there are
no prior messages being served or in the queue for this partition,
a delay may be encountered because a process block in a higher
priority partition is being executed. If all higher priority partitions
are in a wait condition or are not busy, they do not affect the new
arrival. The probability that partition 7 (wherez = 1,2, ---,7 — 1)
is handling a message is \;s;, where s; represents the service time
for partition 7. Since processing block ik represents a fraction of
the service time equal to pi*, the probability that processing
block ik is being executed is

ANsi(pa*/ss) = Npar
Assuming that, on the average, half of the processing block re-
mains to be processed, the average total delay, D, caused by the
cPU being busy processing this block is 0.5p..*.

If the cpu is busy executing the last process block of partition

%, a further delay dj may result if there is another message wait-
ing to be served in partition 7. The cPU executes the first process
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Table 3 Partition states

State Probability (P:) Delay (Dix)

el <k <(n,— 1) Aipar* 0.5p.*
Block % is being processed in

partition 1.

€in, Niin Fe M (5T w;) 0.5pin,*
Last block is being processed in

partition 7, and nothing is in the
waiting line for this partition.

€\ (ny+1) Nipin F[1 — e~ Milotu))

Last block is being processed in
partition ¢, and there are one or
more messages in the waiting line
for this partition.
(1 - )\,‘Si))\i’w.' forz > 1

birnir®) 0 fori=1
Probability that partition 7 is free

with a message(s) in the waiting
line.

block 71 in the partition for the new message after it has exe-
cuted the last block for the previous message. The probability
that the last block in partition <, (in,), is being executed is A;bini.
The probability of at least one arrival for this partition during
the initial waiting time and service time of the prior message is

1 — e-—)\i(wi+8i)

where w; represents the initial wait time for partition ¢ and s;
represents the service time for partition 7. (With a Poisson ar-
rival rate, A;, the probability of no new arrivals during time ¢ is
e it} Therefore, the delay, d;, caused when the cpu is busy
executing the last process block in partition 7 and when there is
another message waiting to be served by partition 7, is equal to
Ih‘l*-

If the cpu is busy executing a process block for partition &,
{(where h = 1,2, ---, 7 — 2), and partition h + 1 is free with a
new arrival waiting to be served, an additional delay results for
the newly arriving message for partition j. Processing in partition
J cannot be initiated until processing in partition 2 + 1 has been
initiated and suspended. The probability that partition A + 1
is free is 1 — Aapi8i4, since the utilization for this partition is
Mi1Sp41, 1.€., the product of the arrival rate and the service time.
The probability that there is a message in the waiting line for this
partition is Appawng1, where wj,,; represents the initial waiting
time for this partition. Therefore, the probability of this occur-
rence 18 (1 — AppiSap1)(Anpaiya), and the associated delay is
Pry11* (the length of the first processing block).
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Therefore, when a message for partition j arrives and parti-
tion j is free, partition ¢ (where ¢ = 1,2, ..., 7 — 1) can be in
any of n; + 2 states, which results in a delay in the processing
of the message for partition j. The states, e, and the associated
probability and delay associated with each are shown in Table 3.

Therefore, the mean of the delay (w;;) encountered by a mes-
sage arriving at partition j and finding it free is equal to the sum-
mation of all permutations and combinations of the probabilities,
P, multiplied by the sum of the associated delays. (Note that
7 # % and 7y # 7, in the summations below.)

. w; (mean of w;;) =
j—1n42 -1 j—1 n;+2n;+2

Z Z szDzk + Z Z Z Z P11k1P12k2 (anl + Dlzkz)

21=1 12=1 k1=1 ko=1

(Zl = 12)

—1 j—1 J—1 Mig41 i1 i1

-+ 21 E Z:l kz kz ZPnklekz "'Pizkt(thl +Di2k2+ +Ditkt)
i1=1 ip=1 ig=1 k=1 ko=1
(iy # i, for f # g)
n14-2 ngt2 n(j=1)+2

4o D> D 2L PuPuy o P vig;_gy Dy + Doy + -+ + Dimnig_yy)

k1=1 ko=1 k(j—1)=1

W% (2nd moment of le) _

j—1n42 —1 M2 Riyt2

E 2 sz zk + Z Z Z Z Pnklezkz (Dukl + ngkz)

=1 i=1 22=1 k=1 ko=1

(11 F ’Lz)

=1 Mipt2 ng 2

-1 j—1
+ Z_:l 21 e > s X Piw Py - Pigy(Digy + Dige, + - 4 D)’

Ti=1 k=1 Ep=1

(iy # 1,for f #= g)
n1+-2 na+2 n(j=1+2

4 3 e > PuPu, - Pionkien(Duy + Doy + -+ 4 Dionrgy)’

k=1 kg=1 k(j—1)=1

At this point, the mean s; and variance of the service time for
partition j (where j = 1, 2, ---, m) have been found in addition
to the mean w;; and second moment ;2 of the delay of a message
that arrives at partition j and finds it idle. Note that a message
that arrives at partition j when it is busy must wait for all of the
previous services for partition j to be completed. However, as
soon as the preceding message has been processed, the newly ar-
rived message is immediately processed. In this case, there is no
possibility of interruptions from higher priority partitions. The
interval between the termination of one message and the initiation
of processing of the next message in a partition is considered to
be zero for this analysis. Therefore, since the ¢pPu belongs to parti-
tion j at the termination of processing of a message, partition j
can immediately begin processing the next message in the queue.

In order to determine the initial waiting time, including delay
(W), some previously developed results have been used.®
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Table 4 Comparison of analysis and simulation results

Test
case

Number of

partitions

Service

Arrival Queuing times (msec) Largest
Partition rates percentage

macroinstructions number (msg/msec) analysis stmulation difference

1

2

tape 1/0
WAIT
PROCESS

tape 1/0
WAIT
PROCESS

disk 1/0
WAIT
PROCESS

tape 1/0
WAIT
PROCESS

tape 1/0
WAIT
PROCESS

tape 1/0 to
3 channels
WAIT

PROCESS

1 0.004 43.477 43.613 4
2 0.013333 46.307 44 .484

.008 48.666 49.578 less than 1
.006667 42.151 42.414

.001 79.898 80.713
.001 92.005 96.751

.008 48.977 49 302
.006667 43.021 41.729
.006667 55.273 58.369

.004 43.717 43.372
.013333 47.189 46.104
006667 62.889 66.070

.00096 40.22 40.13
.00104 31.47 31.29
.00098 32.39 32.52
.00097 33.32 33.25
.00102 34.33 34.16
.00102 34.71 35.48
.00087 35.73 36.73
.00095 36.79 37.40
.00095 37.94 39.45
.00102 39.21 41.30

O OO0 NO UL W
OO oCocOoOCCoCcooCo o

—

The assumptions and results are as follows. Assume a single
partition to service messages (partition j where j = 1,2, ---, m);
Poisson distributed input; and a queue with input parameter X\;
and with a service distribution function G;(x) (mean = s;, vari-
ance = v;). Suppose, in addition, that if a message arrives and
finds the partition idle, the message has to wait before servicing
of it begins a random delay with distribution function Wix).
Further, suppose that if a message arrives and the partition is
busy, it must wait until the message ahead has been serviced and
an additional random delay with a distribution function H(x)
before servicing of it begins. (For this system, the delay with dis-
tribution function Hy(x) is a constant zero.) Let ¢(s), u.(s), and
us(s) be the Laplace-Stieltjes transforms of G,(x), W), and
Hy(x), respectively. Then, the Laplace-Stieltjes transform 5(s) of
the initial waiting time (including the delay for service) is as
follows:

1= Ny | Nifue(s) — up(s)] — su(s)
n(s) = 14+ 3\Wa |: Ni— s — Mo (s)us(s) :I
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Since Hy(x) is the distribution function for a constant 0, ux(s) =
The mean of the initial waiting time is equal to (—1)7'(s), s

1 — A;s;
7'(s) = =

14+ Awy
I:[M — 8 — Np ()N ue(s) — sue(s) — ue(s)] — {Nj[uo(s) — 1] — su.(s)}[—1 — >\¢'(S)]]
N — s — No(s)]

Using L’Hospital’s rule twice:

en LA = A8,) T H 4 2win) + ML 4 Aw;n) (555 + v3)]
(=1)n'(0) = 20— A (L + Nwp)

The expression (—1)%'(0) represents the mean of the initial wait-
ing time, including the delay for service.

At this point, the mean of service time s; has been found, and
the initial waiting time has been found for partitions 1 through
m. The queuing time for the partition is simply the sum of these
two results.

Once the queuing time for each partition has been found, the
message data processing turnaround time for a message with pri-
ority j can be found by summing the queuing times for partitions
landj + 1.

In order to validate the analysis, message queuing time was
tested using the formulas and simulation. Identical models were
used with the results in Table 4.

Summary

Performing data processing services at different priorities involves
considerations not usually associated with queuing theory. Ba-
sically, this is due to the fact that a lower priority service can be
performed at the same time that an input/output operation is
taking place as part of a higher priority service. This overlapping
of 1/0 operations with the execution of instructions complicates
the problem of obtaining quantitative information about data
processing services done on a priority basis. Yet this kind of in-
formation is highly desirable for designing efficient systems.

Our problem was to find the average time required to process
a message of a given priority in a system that can process messages
at different priorities (average turnaround time). We find average
turnaround time by adding together all of the component times
that elapse in processing a message of a given priority.

In the system under consideration, all messages are processed
in both a control program partition and a processing partition of
main storage. Total turnaround time here is the sum of the queuing
times for these partitions. Queuing time, in turn, is the initial
waiting time before processing in a partition begins plus the
processing time after the message has been accepted into the
partition.
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Determining initial waiting time for the highest priority par-
tition is relatively simple. However, finding initial waiting time
for lower priority partitions is complicated by the fact that this
time may be increased because of interruptions by higher priority
processing.

Service time is the sum of the times required to execute in-
structions within the partition and the times spent waiting for 1/0
operations that are not overlapped with program execution. How-
ever, both of these times may also be extended because of inter-
ruptions from higher priority partitions.

The equations used here to determine each of these times take
account of factors frequently encountered in performing data
processing tasks on a priority basis. Thus, the approach used to
solve this problem is applicable to many comparable problems.
Moreover, many of the equations can be applied directly where
identical conditions prevail.
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Appendix

Equations for the extension of time A for an input/output in-
struction caused by other requests for the same channel and/or
device are stated below.

The following notation applies in the these equations:
7 partition containing request for which added time is being

calculated.

ki request that is influencing the request in partition j.
U.: input/output time of request ki.
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B
Wi
T

Rki
T,

Skj
I
Se;

1.

blocking factor for request ki.

time for WAIT macroinstruction associated with request kz.
processing time occurring between the 1/0 macroinstruction
in partition j and the prior WAIT macroinstruction.

data transfer time for request ki

processing time occurring between 1/0 request kj and the
1/0 macroinstruction in partition j.

seek time for request kj.

index seek and read time for request kj.

seek time for request in partition j.

GET/PUT instructions on the same channel and device—
higher priority partitions:

_ Uki
A_[Lfmmﬂr+wu

where

)] Uki — (0.5 + L)By;(1/NWis)

_ Us:
Bii(l/ni + Wii)’

which is evaluated first and the result is truncated.

L

. GET/PUT instructions on the same channel—higher priority

partitions:
A = U]“‘ —_ (05 + L)Bkl(l/)\t + Wki)
where

— Ulci
Bii(1/Ni + W)’

which is evaluated first and the result is truncated.

L

. READ/WRITE or EXCP instructions on the same channel and

device—lower priority partitions.

_ >\iUki2> _
A= (———2 T

. READ/WRITE or EXCP instructions on the same channel—

lower priority partitions.

4= ()\iU;iRki> _7

. GET/PUT instructions on the same channel and device—lower

NO.

priority partitions:
2
A=@—nﬁm—%ﬁ+@%ﬁﬁ

where

_ Uk
Bi(1/X:)°
which is evaluated first and the result is truncated.

L
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6. GET/PUT instructions on the same channel—lower priority
partition:

- of2)
where

Uki

L=gamny

which is evaluated first and the result is truncated.
. READ/WRITE or EXCP instructions on the same channel and
device—same partition (with no intervening wait).

A=Ukj—Tp

. READ/WRITE or EXCP instructions on the same channel—
same partition (with no intervening wait).

A-':Ukj"'T fOI‘ij-l-SkjSTp
A=Uwy—T,— 8 for In; > Tp, Skj > Sej
A= Ukj—Tp—Scj fOI‘Ukj<Tp,Ukj—ijS Tp+Scj

. GET/PUT instruction on the same channel and/or device—
same partition (occurring before the request being considered).
A will be caleulated as in 8 and divided by the blocking
factor.
. GET/PUT instruction on the same channel and/or device—
same partition (occurring after the request being considered).
A will be calculated asin 8 and decremented by (1/x; — 2T,).
This result will be divided by the blocking factor to form
the added time.
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