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Experimental  and  Theoretical  Study of Wave  Propagation 
Phenomena  in  Drop-on-Demand Ink Jet  Devices 

This paper presents experimental observations and a theoretical analysis of the operation of drop-on-demand piezoelectric ink jet 
devices. By studying experimentally the dependence of several operating characteristics on the length of the cavity in  the nozzle of 
an ink jet device, we have gained insight into  the physical phenomena underlying the operation of such a device. It is concluded 
that drop-on-demand ink jet phenomena are related to  the propagation and reflection of acoustic waves within the ink jet cavity. A 
simple analysis is carried out on the basis of linear acoustics which is in good agreement with the experimental observations. 

Introduction 
Published investigations of drop-on-demand ink jet technol- 
ogy have  generally included the assumption that  the fluid (ink) 
in the cavity  of the ink jet nozzle  is incompressible. Beasley 
[ 11 used quasi-steady continuity and incompressible momen- 
tum concepts to simulate the drop-ejection process in a fluid- 
filled tube surrounded by a short piezoelectric transducer. 
Using the notion of  effective inertia and viscous  lengths,  he 
studied the different  phases  of the drop-formation process. 
Kyser et al, [2] modeled the cavity containing the ink by using 
a discrete parameter description with  effective  masses,  springs, 
and equivalent damping coefficients. 

A compressible analysis  may be necessary  for explaining 
several of the phenomena that have  been  observed experimen- 
tally. These phenomena appear to be related to the propaga- 
tion and reflection  of acoustic waves in the cavity; experimen- 
tal results  show that there exists a delay time between the 
application of a voltage  signal and the first motion of the 
meniscus. Furthermore, propagating disturbances appear at 
the nozzle  while the drop forms. Both  of these phenomena 
depend on the length  of the fluid-filled cavity, and, thus, 
indicate that drop-on-demand ink jet behavior may require 
the use  of compressible equations for a correct description. 

In this paper we present experimental results for the low- 
frequency drop-on-demand operation range, and we study the 
dependence of the operation characteristics on the length of 

the fluid  cavity and  the speed of acoustic wave propagation in 
the fluid. Linear acoustics is used to describe theoretically the 
wave propagation phenomena causing drop ejection. We con- 
sider the history of transient waves initiated by the motion of 
the piezoelectric transducer. Very  good agreement is found to 
exist  between predictions from our model and experimentally 
observed  low-frequency characteristics of the drop-on-demand 
process, such as optimum voltage  pulse width, delay time 
between  pulse  rise and meniscus motion, and period  of  me- 
niscus oscillation. 

Experimental  setup  and  preliminary  observations 
The nozzle  assembly  used in the experimental investigations 
is  shown schematically in Figure 1. It consists  of a commer- 
cially  available cylindrical piezoelectric tube (PZT-5H) which 
surrounds a glass capillary insert. The capillary insert and the 
PZT tube are of equal length and are bonded together. The 
tube assembly is supported on both ends by  flexible  washers 
and is coaxially  aligned  with channels of equal diameter. The 
two channels and  the  PZT  tube assembly form the cavity  of 
length I, as shown in Fig. 1. The inner  and outer cylindrical 
surfaces  of the  PZT  tube are nickel-plated to provide elec- 
trodes across  which  voltage  pulses are applied. The front end 
of the cavity is terminated with a 0.125-mm-thick silicon 
plate, which contains a hole  with an aperture dimension 
typically  of  50  Fm. The back end of the cavity is connected 
to a supply tube of larger diameter. 
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Figure 1 Schematic  of  ink  jet  nozzle  assembly. 

When a voltage  pulse is applied across the  inner and outer 
electrodes, a radial displacement of the  tube is initiated. De- 
pending on  the polarization direction of the PZT,  the  inner 
radius can increase or decrease  with a voltage increase. In 
general, a voltage  pulse  with a rise time of  less than 3 ps was 
found to be sufficient for  good drop ejection, but other pulse 
shape factors such as pulse  width and voltage amplitude also 
affected the operation of the nozzle  assembly. In order to keep 
the number of experimental parameters at a minimum in this 
investigation, we have  used  only rectangular voltage  pulses. A 
study of the effect  of  pulse shapes on  the drop-formation 
process can be found in [3]. In order to observe the drop- 
formation process after the voltage  pulse is applied, use  is 
made of a light-emitting diode which is strobed at the fre- 
quency of drop ejection. This freezes the drop  and allows 
viewing on a TV monitor after suitable magnification. 

From preliminary observations, we found that the drop- 
formation process and the frequency response of the nozzle 
assembly depend strongly on physical  design parameters and 
fluid properties. In particular, we observed that  the voltage 
pulse amplitude needed to eject a drop is lessened if the length 
of the PZT tube is increased. Furthermore, we observed that 
meniscus disturbances occur at  the nozzle  exit  with a period 
that depends on the cavity  length. These disturbances cause 
velocity variations of the ejected drops with frequency, and 
this in turn causes drop misregistration and print quality 
degradation in the case  of asynchronous printing. In order to 
better understand the physical parameters that cause  these 
phenomena and to gain insight into  the optimization of the 
design of drop-on-demand multi-nozzle heads, a detailed 
study of  single-nozzle  assemblies  with tubes of different lengths 
was undertaken. 

Experimental  observations 
In Figure 2 we show the drop-formation process at 4 - p ~  
intervals for  different  cavity  lengths. The nozzle  was a silicon 

Figure 2 Drop-formation  process  at 4-ps intervals for  cavity  lengtt 
of 12.3 mm (a), 18.7 mm (b), and 33.9 mm (c). 
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Figure 3 Period of oscillation,  delay  before  appearance of drop,  and 
optimum pulse width as a function of cavity  length. Straight lines 
(dashed)  having  slopes of 4/c, 3/2c, and l/c are  also  shown. 315 
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Figure 4 Drop velocity as a function of  pulse width. Figure 6 Meniscus protrusion from nozzle as a function of time 
after initial voltage rise. 

cus  from  the orifice. The delays are  about 12 ps, 20 ps, and 
32 ps, respectively, for the different cavity lengths. As can be 
seen from  the  data  in Figure 3, the  time delay was found  to 
be a  linear function of the cavity  length. That delay is appar- 
ently associated with the propagation  inside the cavity of 
acoustic waves which interact with the meniscus at  the nozzle 
to eject a drop. Its dependence  on cavity length is characterized 
by a slope slightly more  than 3/2c, where c is the speed of 
acoustic waves in  the fluid (1658 m/s for  ethylene glycol at 
room temperature).  Secondly, we observe that meniscus dis- 
tortions  occur  during  the  drop-formation process at  the base 
of the  drop approximately 41/c after the initial voltage rise and 
while the  drop is still attached  to  the nozzle. In Fig. 2  these 
disturbances  can first be observed at  times of 32, 56, and  92 
ps after the initial  pulse rise for the  three cavity lengths. 

It should be pointed out that in all of the  experiments we 
adjusted the voltage amplitude so that  the ejected drops  had 
a velocity of 3.5 m/s after  separation. Before doing so, how- 
ever, we optimized the pulse width by holding the voltage 
amplitude fixed and varying the pulse width until the maxi- 
mum ejected-drop velocity was obtained.  The pulse width was 
then held at this optimum value and its amplitude was ad- 
justed  to give the desired drop velocity. Figure 4 shows the 
drop velocity at a pulse amplitude of  4.54 volts versus pulse 
width for a cavity length  of 33.9 mm;  the  optimum pulse 
width, top,, was 8.2 ps. The lower curve in Fig. 3 shows the 

Figure 5 Time-dependent motion of the meniscus at 5- Or 10-P dependence  ofthe  experimentally  determined values  Oft,pt on 
intervals. The sequences  shown are for  cavity lengths of 12.3 mm (a), 
18.7 mm (b), and 33.9 mm (c). the length of the cavity. This latter dependence is seen to be 

approximately  linear with a  slope slightly more  than I/c. 

The observations that 1) an  optimum pulse width exists 
which is a  linear function of the cavity  length; 2) there is a 

nozzle of 50-pm aperture  and  the worl$ng fluid was ethylene time delay of the meniscus motion  that  depends linearly on 
glycol. From a close examination of the  drop-formation se- the cavity  length; and 3) the meniscus  distortion is related to 
quences in Fig. 2, we can  make  the following observations. the cavity  length strongly suggest some correlation with acous- 
First, we note  that a time delay t, occurs between the initial tic waves which are generated by the  contraction  and expan- 

316 voltage rise and  the  appearance of an  outward moving  menis-  sion of the piezoelectric tube. 
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Figure 7 Synchronous drop velocity versus l/frequency for cavity lengths of 12.3 mm (a), 18.7 mm (b), and 33.9 mm (c). 

In  order  to  examine  the effects of  acoustic  pressure waves 
and  to  study  their interaction with the meniscus, we investi- 
gated the  motion of the meniscus  after  applying  a low-ampli- 
tude voltage pulse to  the  PZT  tube, i.e., a voltage pulse which 
was not strong enough  to eject a drop  from  the nozzle. Figure 
5 shows the  appearance of the meniscus at different times after 
the application  of the pulse-for cavities  of  lengths 12.3 mm, 
18.7 mm,  and 33.9 mm, in time  increments of  5 ps, I O  ps, 

and I O  ps, respectively. From Fig. 5 we have obtained Figure 
6, which shows  a  graph  of  meniscus  protrusion as a function 
of time after the initial voltage rise. Also shown are  the 
optimum pulse widths, to,, in  each case. As when  a drop is 
ejected from  the nozzle, a time delay occurs before the menis- 
cus  protrudes  from  the plane  of the nozzle. 

Finally, we measured the  drop velocity as  a function of 
synchronous drop-ejection  frequency. Figure 7 shows syn- 
chronous  drop velocity versus l/frequency for cavity  lengths 
of  12.3 mm, 18.7 mm,  and 33.9 mm, respectively. In each 
case we see that  at low frequencies the velocity curves are 
relatively flat. Under those conditions, a  long time has elapsed 
between adjacent pulses and  the pressure from  one pulse has 
decayed prior to  the application  of the subsequent pulse. At 
higher frequencies there  are  subharmonic resonance and  an- 
tiresonance  characteristics in the velocity-frequency curves, 
indicating that a  multiply reflecting pressure pulse may be 
beneficial or detrimental, depending on  the synchronization. 
The period between adjacent  peaks is again  a  function  of 
cavity length and is seen in Fig. 3 to be approximately 41/c. 

Theoretical  description 
The experimental results presented  in the preceding section 
indicate that  the reinforcement, with proper time phase, of 
propagating  pressure pulses may be the  dominant mechanism 
in the  operation of drop-on-demand devices at frequencies  in 
the I-15-kHz range. A  complete  theoretical understanding of 
this  type phenomenon would need to be based on propagating 
wave solutions of the  appropriate compressible fluid dynamic 

equations. Also, it would be necessary to  obtain  the  proper 
reflection coefficients at  the  ends of the cavity. 

For a first approximation, we consider  linear  acoustics and 
examine one-dimensional wave propagation in  the fluid con- 
tained  in  the cavity shown  in Fig. 1. We assume  that  the cavity 
is closed at  the nozzle  plate end  and  open  at  the  other (supply) 
end. We also assume  that  the  contraction or expansion of the 
inner  radius of the  PZT  tube, as a result  of the applied 
electrical pulse, causes an  instantaneous change in  the pressure 
distribution  within the  tube.  This pressure distribution acts, 
in  turn, as the initial condition for the acoustic wave propa- 
gation. 

We recall the one-dimensional wave equation of  linear 
acoustics  in terms of pressure p(x ,  t )  or displacement ((x, t) .  

C2PXX = P/I  or C 2 L  = ! L >  (1) 

where subscripted variables denote partial  derivatives and c 
represents the  sound speed in  the fluid. The relationships 
between p and {, as well as particle velocity u and 5; are 

P = -Poc2i-x, = </, (2) 

where po is the fluid density. 

The general solution  of the pressure wave equation in Eq. 
( I )  is 

p(x ,  t )  = f(x - c t )  + g(x + ct), ( 3 )  

which represents the  sum of two pressure profiles: a  profilef 
that propagates  in the positive x-direction (to  the right) and a 
profile g that propagates  in the negative x-direction  (to the 
left) at speed c. This general solution can be used to derive the 
d'Alembert  solution  of an initial value problem for waves in 
a tube of infinite  length  as 

e x + n  

p(.r, t )  = - [$(x - ct )  + $(x + ct) ]  + - 1 
2 J O(W, (4 )  

2c x-cl 317 
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Figure 8 Division and  propagation  of initial  pressure  distribution 
@(x) in  an  infinitely  long  tube. 

where the  functions  and 0 describe the initial conditions 

P(X, 0)  = f ( x )  + g(x) = dx), 

pr(x, 0)  = -$(x) + cg'(x) = O(x). ( 5 )  

Consider the case of an infinite tube  in which the initial 
pressure distribution @(x) is  shown in Figure 8(a), and for 
which the initial rate of pressure O(x) vanishes. Equation (4) 
gives the pressure at subsequent times as 

and Figures 8(b) and 8(c) show the pressure distributions  at 
times t = 0.5 and 1.0. In  accordance with Eq. ( 6 ) ,  the initial 
pressure, at t = 0, splits itself into halves that propagate in 
opposite  directions at speed c. The pressure at subsequent 
times is merely the  sum of the two displaced halves. 

When an  obstruction occurs at  some location in  the  tube, 
part of the pressure wave is transmitted  and  part of it is 
reflected. The transmission and reflection coefficients associ- 
ated with the obstruction determine  the  amplitudes  and phases 
of the  transmitted  and reflected waves. The simplest cases to 
analyze are  the idealized open  and closed ends.  These are also 
appropriate first approximations  to  the  end  conditions  in  the 
drop-on-demand "squeeze" tube assembly used here (Fig. 1). 
The  end with the nozzle plate  attached can be considered  as 

318 approximately closed, since the nozzle opening is a  small 

(a) pressure  reflection from open  left  end 

W "  
3 5 -7-2- ., F 

f > f R  

(b) velocity  reflection from closed  right  end. 

+ + + 
A ? * \  , .  , -  

( c )  pressure reflection from closed  right  end 

Figure 9 Pressure and velocity  reflections  from  open and closed 
ends of a tube.  Reflection  is  assumed to occur at a time 2,. 

fraction  of the  tube cross-sectional area. The supply end  can 
be considered  as approximately  open, since the inside diame- 
ter  of the supply tube is considerably larger than  the inside 
diameter of the squeeze tube. These  simple approximations 
should be good  enough to  determine whether the analysis used 
here is applicable. Refinements in  the resulting reflection 
coefficients can  then be made if necessary. 

The pressure reflections from  open  and closed ends  are 
obtained  from  the  boundary  conditions with the use of Eqs. 
( I )  and (2). Consider first the open end  in Figure 9(a), where 
the  boundary  condition is assumed to be zero pressure. This 
boundary  condition is satisfied by superimposing on  the inci- 
dent pressure wave a  similar  pressure wave of opposite sign 
outside the  tube  that is traveling in  the opposite  direction at 
the  same distance  from the  end as the  incident wave. Consider 
next the closed end in Figure 9(b), where the  boundary 
condition is zero velocity. Since the displacement {(x, t )  
satisfies the  same wave equation  as  the pressure [Eq. ( I ) ] ,  and 
since the velocity u(x, t )  is related to {(x, t )  by the second part 
of Eq. (2), it follows that  the velocity also satisfies a  similar 
equation, Therefore  displacement and velocity have propagat- 
ing wave solutions similar to  the  one given in Eqs. (3)-(6) for 
pressure. If 

{(x, t )  =f(x - ct), (7) 

then 

u = -cy, p = -pc2y,  (8) 

whereas if 

<(x, t )  = g(x + ct), (9)  
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Figure 10 Propagation  and  reflections of initial  pressure  pulse  in  an open-closed squeeze tube. 

then 

u = cg', p = -pc2g,.  

Therefore, we see that velocity and pressure have the  same 
sign for waves propagating  in the positive x-direction, but they 
have  opposite signs for waves propagating  in the negative x- 
direction. Figure 9(b) shows  a velocity pulse reflection from a 
closed end,  and Figure 9(c)  shows the associated pressure 
pulse reflection from  the  same closed end.  Thus a pressure 
wave changes sign as  it reflects from  an  open  end  and  it retains 
its sign as it reflects from a closed end. 

We now consider an initial value problem in a finite-length 
open-closed tube of  length I ,  and  attempt  to explain the 
experimental  observations  presented in the first part  of  this 
paper. We assume  that  the voltage applied to  the PZT tube is 
a positive rectangular function. It has been determined (see 
[4]) that for the polarization and polarity  in the configurations 
used in  this study, a positive voltage step  causes the  inner 
radius of the  tube  to increase. Likewise, a negative voltage 
step  causes  a  decrease  in  its inner radius. The response of the 
tube  can be assumed to  follow the voltage pulse with very 
little oscillation or ringing (see [4]). 319 
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Figure 11 Predicted dependence of drop velocity on period in a 
periodic application of voltage pulses. 

Figure 10 shows a sequence of expected  pressure  pulse 
propagations and reflections. In Fig.  10(a) is shown the as- 
sumed initial negative  pressure distribution resulting from the 
sudden expansion of the squeeze tube caused by the positive 
voltage step at the initial time to. This initial pressure  profile 
is assumed to some extent for convenience of  analysis, but  it 
should also  be a reasonably  good approximation of what 
actually occurs. It must be  negative  everywhere; it must de- 
crease in amplitude to zero toward the open end, and should 
decrease  slightly  in amplitude toward the nozzle end since the 
meniscus can flex to release the partial vacuum at that  end. 
Figure  10(b)  shows the initial pressure  profile  split into its 
halves,  which should propagate in opposite directions accord- 
ing to Eq. (6). Figure 1O(c) shows the expected  two propagating 
pressure  waves after one reflection from the open (left) and 
closed (right) ends, according to the reflection  rules  established 
in this analysis.  Figure 10(d) shows the two  pressure  waves 
after each has traveled a distance 1. At the instant to + I/c, the 
two waves should add to give  zero total pressure, but this 
should not interrupt their propagation. If at this instant the 
voltage  steps down to zero, the  tube should contract and 
thereby add a new initial pressure distribution which  is iden- 
tical, except  for its sign, to  the original initial pressure distri- 
bution at to [Fig. 10(a)]. The result  is that  the left propagating 
negative  pressure  wave should be annihilated and the right 
propagating positive  pressure wave doubled. The pressure 
wave  expected shortly afterwards is  shown in Fig.  10(e). By 
applying the voltage down-step at exactly to + l/c, the ampli- 
tude of the pressure wave should thus have  been optimally 
enhanced. 

Figure 10(f) shows the expected double-amplitude pressure 
wave  midway  in its reflection from the nozzle. One half  of the 

320 wave continues to the right and  the other half continues to 

the left. At this instant, to + 31/2c, the pressure at the nozzle 
should be four times the original pressure wave amplitude. 
This is expected to be the condition most favorable  for drop 
ejection. Therefore, our analysis indicates that  the optimal 
pulse  width is the  time period l/c, and that  drop ejection 
should begin to occur after a delay  of 31/2c after the initial 
voltage step. 

In the absence of damping, if no  other voltage step is 
applied, the later sequence of  pressure  waves should occur as 
shown in Parts (g-k)  of  Fig.  10.  We observe that the next large 
positive pressure wave should amve  at  the nozzle at the  instant 
to + 111/2c, which  is 41/c after the drop ejection. Thus  the 
meniscus oscillation period predicted by this model  would  be 
41lc. 

If the reflection  coefficients at the  ends are less than unity 
in amplitude and viscous  effects diminish the amplitude of 
the pressure wave as it propagates, the amplitude of the 
meniscus oscillations that occur after drop ejection would  be 
expected to decrease  with time. In order to eject subsequent 
drops with the smallest  voltage step, advantage must be taken 
of the residual  pressure  wave that is reflecting  back and forth 
between the  ends of the tube. From our experimental results, 
the drop-formation time is typically greater than 41/c and 
therefore more than  one large  pressure  wave arrives at the 
nozzle  before the drop separates. Thus, if the voltage step for 
the next drop is applied too soon, the second drop is ejected 
prior to separation of the first drop and two drops may  be  still 
connected after ejection. Nevertheless, an opportunity pre- 
sents itself  periodically at time intervals of  41/c for taking 
advantage of the residual pressure  wave. In order to synchro- 
nize  with one of the positive  pressure  waves, the positive 
voltage step must be applied at a time 31/2c prior to the arrival 
of this wave at the nozzle. At an instant 21/c after the amval 
of a pressure  wave, a rarefaction (negative pressure)  wave 
arrives. It  would  be  least favorable to synchronize the positive 
voltage step at the instant 31/2c prior to the amval of this 
negative  pressure  pulse at the nozzle. 

On the basis  of this discussion, it is expected that a plot  of 
drop velocity as a function of period, in a periodic application 
of the voltage step, would  have maxima separated by 41/c, as 
indicated in Figure 11. Because  of  viscous and reflection  losses 
the enhancement effect  of the residual  pressure  wave should 
diminish with time. 

Summary  and  conclusions 
The experimental observations show that  the operation of 
drop-on-demand ink jet nozzle  assemblies comprised of  pie- 
zoelectric transducer tubes with a silicon plate nozzle attached 
to one end and  an ink supply connected to the other end 
depends strongly on  the length  of the cavity. Four measurable 
quantities appear to be linearly dependent on this length and 
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on  the speed  of sound in the ink: the  optimum (rectangular) 
pulse width is equal to I/c; the delay time before the meniscus 
starts to protrude is equal to 3112~; the period of meniscus 
oscillation is equal to 41/c; and  the period  of  low-frequency 
resonant and antiresonant synchronous operation is equal to 
41/c. There are some deviations from these linear dependen- 
cies, as shown in Fig. 3, but the preponderance of data support 
this linear behavior with  length. 

The linear behavior follows from a simple one-dimensional 
acoustics analysis  with  reflection  coefficients  based on the 
presence  of a closed end at the nozzle and  an open end at the 
supply. Expansions and contractions ofthe tube resulting from 
an applied voltage  pulse generate rarefaction and compression 
waves,  which, after appropriate end reflections, reinforce or 
interfere with  each other to enhance or impede the velocity  of 
the ejected drops. An upper limit on  the frequency of this 
resonance type phenomenon is set by the time required for 
the separation of a drop. Several  reflected  waves can contribute 
to the process. In the higher frequency range, resonances and 
antiresonances in the operation occur in accordance with the 
fundamental and higher harmonics. 
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