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Systematic Behavior in Alkaline Earth Spectra: A
Multichannel Quantum Defect Analysis

“Two-electron’’ atoms are more complex than “‘one-electron’’ atoms because of electron-electron interactions. This
leads to spectra that are not well understood. Using multiple photon excitation and ionization detection, we have exten-
sively studied Rydberg series of states in Ca, Sr, and Ba. The spectroscopic data were interpreted by using multichannel
quantum defect theory (MQDT). In this context, systematic trends in the atom series Ca, Sr, and Ba are discussed.

Introduction

The revolution in optical spectroscopy, driven by the tun-
able laser, has spawned a renaissance in atomic spectros-
copy. This is a field with a long and continuing history of
achievements. However, the unique capabilities provided
by tunable lasers have allowed new and exciting studies
of the electronic structure of atoms. We have been study-
ing the high Rydberg states in the alkaline earth atoms Ca,
Sr, and Ba. These atoms have two valence electrons out-
side a closed, rare-gas-like electronic shell and are there-
fore classified as two-electron atoms. As such, they pro-
vide a ‘‘laboratory’’ for the study of the effects of electron
correlation on atomic spectra and atomic structure. This
“‘laboratory’” is well matched to the capabilities of tun-
able dye lasers because it is possible to use a small num-
ber of visible or near-visible photons to selectively excite
and study well-defined Rydberg series of states con-
verging on the first and several higher ionization limits of
these atoms.

Many aspects of the electronic structure of many-elec-
tron atoms are still not well understood. The simplest pic-
ture of such atoms is that each electron moves in a well-
defined orbit, independent of the other electrons. How-
ever, spin-orbit coupling effects and Coulomb repulsion
between electrons modify this picture, and lead to admix-
tures of configurations and splitting of terms that depend
on the relative orientations of total orbital angular mo-
mentum L and total spin S. These effects hamper our abil-
ity to identify the states of many-electron atoms and to

classify them with one-electron labels. When one looks at
tabulations of atomic energy levels [1], there are obvious
large gaps in the list of known members of many Rydberg
series. Laser spectroscopy offers the possibility of enor-
mously extending our knowledge of these series.

In a series of papers [2-4] we have reported on laser
spectroscopic investigations of extensive Rydberg series
of different types in Ca, Sr, and Ba. Similar studies have
been reported by several European groups [5-8]. Pre-
vious to the laser-assisted work, studies of these atoms by
absorption spectroscopy [9-11] had yielded extensive in-
formation on the ’P‘l’ Rydberg series. Multichannel quan-
tum defect theory (MQDT), a method developed by
Seaton [12] and by Fano and coworkers [13-16], has
proven to be very useful in analyzing these spectroscopic
data [2-4, 6, 8, 17].

In this paper we briefly review our laser spectroscopic
methods but our main point is a discussion of the system-
atic trends in the alkaline earths that our MQDT analyses
have uncovered. In particular, MQDT extracts from com-
plicated spectra a small set of parameters that describes,
in a compact manner and with surprising accuracy, the
details of these spectra. What we have found in each case
analyzed is that for a spectrum of given J and parity, all
but one of the set of parameters are nearly the same for
Ca, Sr, and Ba. This similarity goes well beyond what has
been previously recognized from comparisons of state-
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Figure 1 (a) Experimental setup for multiphoton ionization spectroscopy (MIS). (b) Energy level diagram of typical alkaline earth atom

showing three-photon sequence that excites *P° states.

by-state analyses of the spectra. An earlier analysis by Lu
[18] briefly considered systematic trends in the alkaline
earths.

Multiphoton ionization spectroscopy (MIS)

The tunable dye laser as a spectroscopic tool gives the
experimenter the ability to start with atoms in a known
state, e.g., the ground state, and excite them along a care-
fully chosen excitation pathway. The pathway is deter-
mined by both the photon energies and the laser polariza-
tion. Of course, such selective excitation is possible with
nonlaser light sources, but the vastly superior spectral
brightness of laser light allows a large fraction of the ex-
cited atoms to end up in a single final state. This is true
even when the excitation involves more than one photon.
Such selective multiphoton excitations were, in effect,
not observable before the advent of lasers. By using com-
binations of tunable lasers, Rydberg series that are not
connected to the ground state by one-photon transitions
may be observed and identified. For example, the use of
an even number of photons leads to final states of the
same parity as the ground state. Such states cannot be
observed in absorption from the ground state by electric
dipole transitions. In general, with tunable lasers we can
excite and observe final states of a particular pre-selected
symmetry.

In our work on the alkaline earths, we have used a
simple experimental setup to detect excitation to high
Rydberg states. Our technique is based on detection of
ionization that follows population of a high Rydberg state
by multiphoton excitation, hence the name multiphoton
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ionization spectroscopy (MIS). The essence of MIS is il-
lustrated in Fig. 1. A pipe containing the atomic species of
interest is heated to provide adequate vapor pressure
(=10-100 Pa). For the alkaline earths Ca, Sr, and Ba, a
typical operating temperature is 800°C, at which temper-
ature the pipe is red-hot. One or more laser beams [three
are shown in Fig. 1(a)] are aimed into the pipe to spatially
overlap between a pair of parallel-plate ionization-detect-
ing electrodes. The detection mechanism, which has been
known for over 50 years [19], is based on neutralization of
the space charge that is produced by thermionic emission
of the heated electrodes. With a negative dc bias voltage
applied to one of the electrodes, a dc current flow of ther-
mionically emitted electrons occurs. If the bias voltage is
small enough, a significant space charge is established,
with its maximum density near the negative electrode. If
positive ions are introduced into the gas, they partially
neutralize the space charge, allowing more electrons to
flow between the electrodes. Due to the much greater
drift velocity of the electrons than the ions (approxi-
mately inversely proportional to their respective masses),
many extra electrons flow from the negative to the posi-
tive electrode while each positive ion is traveling from the
positive to the negative electrode. In addition, the posi-
tive ions may become trapped near the maximum of the
space charge density, prolonging their lifetime and allow-
ing proportionally more electron current. The net result is
a gain of =10 in the extra charge flowing in the external
circuit due to the introduction of positively charged ions
into the vapor between the electrodes. Such a detector,
called a space-charge-limited thermionic diode, provides
us with a simple and convenient method for detecting
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Figure 2 Multiphoton ionization spectrum of Ba. The labels correspond to the members of the 6snp series, with the arrows designating
various terms (e.g., °P?, °P), 'P!). The ionization limit is 42034.9 cm™".

ionization in the hot atomic vapor. The resulting signal is
linear in the number of ions over a dynamic range of sev-
eral orders of magnitude.

The mechanism by which the ions are produced re-
quires some explanation. In our studies of bound Rydberg
states, the laser photons excite the atoms to a final bound
state. Once this final state is populated it must still be
ionized to give a signal. Of the possible photo- or colli-
sional ionization mechanisms, we believe that the pre-
dominant one is chemi-ionization, i.e., the production of
stable molecular ions upon collision of an excited atom
with a ground state atom. This conclusion is based on op-
tical spectroscopic observations of atomic ions showing
that these ions last only =100 us, whereas the conductive
species responsible for the ionization signal lasts for
~1 ms [20]. Furthermore, recent multiphoton ionization
studies carried out in an atomic beam of Sr have detected
the production of Sr;, in support of the chemi-ionization
mechanism [21].

To record a spectrum, one of the lasers is scanned and
the ionization signal recorded. In the setup shown in Fig.
1(a), v, and v, are held fixed while v, is scanned. Part of
the.beam at v, is split off and passed through a Fabry-
Perot interferometer, providing a reference signal. The
transmission through the Fabry-Perot is periodic in v,,
showing peaks at fixed frequency spacing of ¢/2¢, where
¢ is the speed of light and ¢ is the air-space thickness be-
tween the two plates of the interferometer. Once this
spacing is calibrated against known peaks in the ioniza-
tion signal, it provides a frequency marker against which
the frequencies of unknown peaks in the ionization spec-
trum can be calibrated. The signals may be recorded on
chart paper or stored digitally in a computer.
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Figure 2 shows a spectrum of Ba that was recorded by
using three lasers (as in Fig. 1). This spectrum is repre-
sentative of many such spectra that we have recorded for
Ca, Sr, and Ba. For the purposes of this article, the most
important things to point out about Fig. 2 are that there is
an excellent signal-to-noise ratio and that most of the
peaks represent states of Ba that have not been pre-
viously identified or classified. The reader is referred to
Refs. [2-4] for more details about the experimental meth-
ods and for presentations of the extensive new data.

Multichannel quantum defect theory (MQDT)
Traditional analyses of atomic spectra have been aimed at
the determination of the energies of the initial and final
states of one-photon transitions, the strengths of such
transitions, and the classification of the states. When
Rydberg series are noninteracting, as in alkali metal
(‘““one-electron’’) atoms, this classification is relatively
straightforward. However, when the series are strongly
interacting, as in ‘‘many-electron’’ atoms, such classifica-
tion becomes difficult. In many cases classifications of
states by a pure configuration are wrong. Each state may
be instead a mixture of several configurations. However,
the mixture describing one state is not unrelated to the
mixtures describing the other states of the same series.
This important fact is recognized by MQDT, which ana-
lyzes the spectra in terms of interactions between entire
series instead of between individual configurations.

A full exposition here of what MQDT is and why it
works would take us too far afield. The important point
for the reader of this article to appreciate and keep in
mind is that there is a new way of analyzing complex
spectra and that the result of this analysis is a small set of
parameters that gives a highly accurate and compact de-
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scription of the spectra. As noted earlier, all but one of
the parameters describing a given spectral type are nearly
invariant along the atom series Ca, Sr, and Ba. We be-
lieve that this near-invariance reflects dynamical symme-
tries in the electron-electron interaction of the two out-
ermost electrons.

Because we wish to present results based on our
MQDT analyses, we must define certain terms, especially
the parameters of MQDT. However, on the basis of the
following short definitions the reader is not expected to
understand the details of MQDT; those wishing to pursue
a deeper understanding are referred to Refs. [2, 13-16].

The first term we need to define is channel. A channel
is a group of states that encompasses both a region of
discrete energies and a continuum. One type of channel,
known as a collision- or i-channel, describes a set of
states with an outer electron of various energies, an elec-
tronic core in a definite energy level, specific angular mo-
menta of the outer electron and the core, and their cou-
pling. This type of channel is an appropriate description
of the atom when the Rydberg electron is far from the
core. As an example, in Ba the 6snp lP‘l’ discrete states
and the 6sep IP'I’ continuum together constitute an L, S-
coupled collision channel. Another type of channel,
known as an eigen- or a-channel, diagonalizes the non-
central part of the electron-electron interaction. This type
of channel is an appropriate description of the atom when
the Rydberg electron is close to or penetrating the core.

Interactions among channels are described by MQDT
in terms of a small number of physically meaningful pa-
rameters whose values may be derived from experimental
measurements. These parameters represent the effects of
the electronic core on the wave function of the excited
electron. They are: 1) the elements of a unitary matrix U,
that specifies the transformation diagonalizing the matrix
for noncentral scattering of the excited electron by the
core; 2) the eigendefects u, that specify the eigenvalues
of the scattering matrix, exp (i2wp_); and 3) the electric
dipole matrix elements D_ that describe transitions from a
given discrete state, such as the ground state, to each ei-
genchannel. The U-matrix transforms a basis set of -
channels to a basis set of i-channels.

An important role is played in MQDT by effective
quantum numbers v, defined in terms of equations of the
type
E=1I - R/w), M
where E is the measured energy of a state, I, is the jth

ionization threshold (or series limit) of the atom, and R is
the Rydberg constant appropriate for the atom in ques-
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tion. The essence of MQDT is an analytical relationship,
parametrized in terms of U, and pu,, between the »

det |U,, sin w(v, + p) = 0. 2

For an N-limit, M-channel problem, there are N equa-
tions of the type given by Eq. (1); U, is an M X M matrix
and there are M eigendefects . The solution to Eq. (2) is
an (N — l)-dimensional surface % in the N-dimensional v -
space. This surface is parametrized in terms of U, and

P

Our work has dealt primarily with finding values for U,
and g such that Eqgs. (1) and (2) fit our experimental data
when expressed in terms of v.. We have carried out this
fitting with the graphical aid of Lu-Fano plots [22]. These
plots present a graph of »; versus v, for various pairs of
effective quantum numbers. One finds as many values of
v, as there are relevant series limits in the spectra of inter-
est. This number is the same as the number of distinct
core states in the configurations that are admixed in the
spectrum.

Systematic behavior in the series Ca, Sr, and Ba

Up to this point we have been reviewing and summarizing
our earlier work as an introduction to what we now pre-
sent. We have found that the values of U, and u  that
give good MQDT parametrizations of the experimental
data on Rydberg series are intimately related to one an-
other along the atom series Ca, Sr, and Ba. Thus, for ex-
ample, if we consider the IP‘; series of these three atoms,
we find a common subset of these parameters that de-
scribes the channel interactions in all three atoms be-
tween the msnp and (m — 1)dn’p channels.

We note that Be and Mg are not included in this set of
alkaline earth atoms. The difference between Be and Mg
and the heavier alkaline earths is that the latter have low-
lying empty d shells in the electronic core, allowing for
the possibility of low-lying core-electron excitations to d
states. This common feature seems to lie at the root of the
systematic behavior we will be discussing. We believe
that this observed systematic behavior also extends to the
heaviest alkaline earth Ra; however, there are not yet suf-
ficient data to be certain. (See the discussion in the next
section.)

The common subset of parameters gives the shape of
the surface 3 as distinct from its position. This subset
consists of the U/-matrix and a set of new combinations of
eigendefects numbering one less than the original set. The
“‘omitted’’ parameter is the average eigendefect

i (2 uu)/M, @
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and it alone changes substantially from atom to atom. A
representation of the new eigendefect parameters is found
by taking u_ = u, — & and substituting this into Eq. (2),
which now reads

det |U,, sin w(v, + p,(; + @) = 0. )

If we also take v, = v, + 1 and substitute this into Eq. (4),
we have

det |U,, sin 7T(V; + ;L(;)| = 0. 5)

What we have done in the transformation is displace 3.
along the N-space body diagonal (v, = v, = - - =v\)a
distance . This displacement does not change the shape
of the surface ..

We now assert that the shape of 3 corresponds to the
interaction among channels and that this shape is nearly
constant within a given spectrum along the series Ca, Sr,
and Ba. Thus we will allow the surfaces fitting the data to
be displaced along the body diagonal to see how well they
may be superimposed for these three atoms. We believe
that the constancy of the shape of 3 mirrors invariances
in the dynamics of the correlated ‘‘two-electron’’ system
along the series Ca, Sr, and Ba. We shall now show by a
series of examples how this procedure works.

& 'P spectra

As a first example we consider the spectral series seen in
absorption from the ground state. The main series corre-
spond to the ms® 'S -msnp 'P| transitions. The spectra are
complicated by interactions between the msnp and
(m — 1)dr'p channels. Thus the real states of the IP‘; se-
ries are mixtures of these two types of configurations.
From the MQDT point of view, this is a two-limit, two-
channel problem. In the i-channel representation, we
have channel 1 consisting of the electronic core in the ms
state and the Rydberg electron in a p state. Channel 2
consists of the core in the (m — 1)d state and the Rydberg
electron in a p state. In both channels the electron angular
momenta are coupled to produce a ‘P’; state. To treat
these spectra we need experimental values for the
energies F of the real states and values for the ionization
limits /, and I,. These may be found in the literature
{1, 4, 9-11]. For I, we take the average of the two limits
Iy, ,and I, , corresponding to the lowest excited d states
of the alkaline-earth ions. Thus we ignore spin-orbit ef-
fects. This is an approximation which depends on the fact
that the spin-orbit splitting of the D core is small com-
pared to the energy required to excite the core from an S
to a D state, and our result is here applied only to the
bound spectra below the /g limit. Next we calculate val-
ues for v and », by using Eq. (1). For these simple two-
channel cases, it is appropriate to present Lu-Fano plots
in the form —v (mod 1) versus v,(mod 1), i.e., to plot the
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Table 1 Two-channel MQDT parameters for various states using /g and I,

Parameter IP‘: 3P‘l' 3D2
Ca Sr Ba Ra Ca Sr Ba Ca Sr Ba
(C] 0.60 0.60 0.60 0.60 0.30 0.30 0.30 0.25 0.25 0.25
“, 0.97 0.89 0.83 0.76 0.97 0.90 0.85 0.86 0.80 0.78
y 0.57 0.49 0.43 0.36 0.87 0.80 0.75 0.35 0.29 0.27
A =[p, — p,)(mod 1) 0.40 0.40 0.40 0.40 0.10 0.10 0,10 0.51 0.51 0.51
= [p, ~ A/2](mod 1) 0.77 0.69 0.63 0.56 0.92 0.85 0.80 0.605 0.545 0.525

points on the unit square. The choice of signs for the plot
follows the convention established by Lu and Fano [22].
The neglect of the integers in the », for the purposes of
such plots is a reflection of the fact that Eq. (2) is in-
variant to changes in the values of »; by integers. This
form of the plot facilitates a fitting of the surface X (here a
curved line) to the experimental data.

In Fig. 3 we present Lu-Fano plots for Ca, Sr, and Ba.
The points correspond to the experimentally measured
energies of the IP;’ spectra with the following omissions.
First, the lowest state in each atom is excluded because
MQDT does not apply unless one electron has a large or-
bit. Next, the highest members of the series (n > 235) for
Ca and Sr are left off the plots to avoid visual bunching as
the ms ionization limits are approached. Note that only
the lowest member of the perturbing series, 3d4p in Ca
and 4d5p in Sr, is bound for these two atoms. For Ba the
situation is more complicated. There are several per-
turbing configurations in the bound portion of the spec-
trum. The two lowest members of the Sdnp channel (5d6p
and 5d7p) are completely bound, while the next member
(5d8p) is mixed into the 6snp channel in both the bound
and continuum regions of the spectrum. This last state is
therefore excluded for our present purposes of com-
parison with Ca and Sr. Finally, the presence of 5d4f per-
turbers in Ba has no analogue in Ca and Sr, so we only
consider Ba states that are not influenced by the 5d4f con-
figuration. Thus, the plot for Ba shows data limited to the
energy region below the 6s11p state in Ba.

In any two-channel problem, the unitary matrix U, has
only one independent element. It is convenient to express
itin terms of the parameter ©®, with U , = sin ©. Figure 3
shows curves that are solutions of Eq. (2) with values for
the parameters ©, i, and u, as given in Table 1 under the
heading IP‘I’. Note that the intersections of the upper-left
to lower-right diagonal line (v, = »,) with the curves occur
at v (mod 1) = y,(mod 1) = ~pu, and at y (mod 1) =
v,(mod 1) = —p,. This is a consequence of Eq. (2), which
is seen to have such special solutions. The values of O,
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> and u, were chosen to give good fits to the data for all
three atoms and to demonstrate the point made earlier
that the curves (surfaces) 3 would have the same shape in
all three atoms. Thus © is the same for all curves in Fig. 3,
as is A = u, — u,. The only thing that changes in the
parametrization is & = p, — A/2. This is further drama-
tized by displacing each plot along the diagonal so that the
curves are superimposed, as shown in Fig. 4. (In this and
succeeding plots of superimposed curves, the v, values
are not transposed by w, as Eq. (5) would suggest, but by
o+ k, where £ is a constant that displaces the curves into
a position in the unit square chosen for its suitability in
displaying the data.) Thus, one may compactly represent
all of the data on the IP‘; series in these atoms by the two
common parameters, ® = 0.6 and A = 0.4, and a third
parameter i that is different for each atom. This remark-
able result indicates that, to a good approximation, the
effect of the configuration interaction on the ’P‘l’ spectra of
these three atoms is identical when seen from the stand-
point of MQDT. The channel interaction is expressed in
terms of the two parameters O and A. The differing values
of the average quantum defect ; reflect the differences in
size and, correspondingly, polarization and penetration of
the core by the Rydberg electron as one goes from Ca to
Sr to Ba. These changes in & are not unlike the changes in
the quantum defect characterizing one-electron alkali-
metal atoms seen along the series Li, Na, K, Rb, and Cs.

A test of our claim of near-invariance in the configura-
tion interaction among the alkaline earths with low-lying
d shell excitations is found by examining data for Ra. Us-
ing unpublished data provided by Tomkins [23], we get
the Lu-Fano plot also shown in Fig. 3. Data are not avail-
able on the lower-lying levels needed to test the region
where the theoretical curve is rising but we see that the
existing data fit on a curve corresponding to the parame-
ters given in Table 1. This curve is produced by displacing
the composite Ca-Sr-Ba curve along the v, = v, diagonal.
We hope to take more data on Ra to test the other por-
tions of the curve; however, it is already clear that the Ra
‘P‘; series substantially fits the picture we are presenting.
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In fitting the data on the IP‘I’ states, we have not allowed
the MQDT parameters to have any energy dependence
[15]. If we allow the eigendefect u, to increase with de-
creasing energy, we can improve the MQDT fits to the
experimental data. This additional dependence reflects
the fact that low-lying states penetrate and polarize the
core more than do high-lying states. For our present pur-
poses, omission of such energy dependence causes the
lowest energy states in our plots to deviate from the

J. J. WYNNE AND J. A, ARMSTRONG

curves in the Lu-Fano plots in the direction of decreasing
v,. This will be more obvious in the examples to be con-
sidered in the following sections.

© ’P! spectra

An examination of the odd-parity J = 1 spectra of the
alkaline earths shows that the separation into singlet and
triplet states is a very good approximation [4)]. These se-
ries consist primarily of configurations having the core in
an S state with no orbital angular momentum and con-
sequently no spin-orbit splitting.

Having already treated the singlet spectra, we now con-
sider the triplet spectra. As in the previous case, the i-
channels are described as having the core in the ms state
(channel 1) or in the (m — 1)d state (channel 2), with the
Rydberg electron in a p state for both i-channels. But now
the coupling between electrons produces a °P| state. Fol-
lowing the same procedure as already described, we cal-
culate v, and v, for each state of these spectra in Ca, Sr,
and Ba. The results are plotted in Fig. 5. Again, the low-
est state in each atom is excluded from the plots. For Ca
and Sr, only the lowest member of the perturbing series is
bound, while for Ba there are three bound members,
5dép, 6d7p, and 5d8p. For Ba the 6s11p and 6s13p states
are perturbed by 5d4f configurations, while the 6s14p
state is perturbed by the 5d8p 3D‘1’ state. Since there are no
analogous effects in Ca or Sr, these states are omitted
from Fig. 5(c).

The solid curves in Fig. 5 are solutions to Eq. (2) ob-
tained by using the values for the various parameters
given in Table 1 for the 3P‘l’ state. As before, the only dif-
ferences among the curves are the values chosen for u.
Note how the three perturbing states in Ba all lie near the
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Figure 7 Lu-Fano plots for the bound 1S0 spectra of (a) Ca, (b) Sr, and (c) Ba. The solid curves are MQDT fits using the parameters

given in columns 2-4 of Table 2, while the dashed curves use the parameters of columns 5-7 of Table 2.

Table 2 Two-channel MQDT parameters for 150 states.

Parameter Using 1 and 1,; fitting atoms: Using I and 1,; fitting atoms:
Individually With common ©, A Individually With common 6, A
Ca Sr Ba Ca Sr Ba Ca Sr Ba Ca Sr Ba
(&} 0.22 035 0.10 022 022 0.22 0.18 0.22 0.28 0.23 0.23 0.23
“, 035 0.295 0.21 036 032 0.14 0.335 0.28 0.185 0.345 0.355 0.115
o 0.17 0.145 0.87 0.14 0.10 092 0.745 0.82 0415 0.735 0.745  0.495
A = [u, — p,)(mod 1) 0.18 0.15 0.34 022 022 022 0.59 0.46 0.77 0.61 0.61 0.61
&= [u, — A/2)(mod 1) 0.26 0.22 0.04 0.25 021 0.03 0.04 0.05 0.80 0.04 0.05 0.80

vertical part of the curve in Fig. 5(c). If we displace each
plot along the diagonal to superimpose the curves, we get
the composite plot shown in Fig. 6. While the result is not
as good a fit to the data as the IP‘; case, it still shows how
remarkably similar the effects of electron correlation are
in all three atoms. Once again, the channel interaction is
nearly the same, with only the average quantum defect &
changing substantially.

An interesting observation is that the configuration in-
teraction is much stronger in the singlet than in the triplet
spectrum. In terms of the Lu-Fano plots, this appears as a
much larger gap between the two branches of the curves
at their distance of closest approach. We interpret this to
be a consequence of the tendency of parallel-spin elec-
trons (forming triplet states) to avoid one another, as
compared to electrons with antiparaliel spins (forming
singlet states). If the outer electrons avoid one another,
the intermixing of configurations due to Coulomb repul-
sion between these two electrons is diminished. Hence, a
smaller configuration interaction results. Further dis-
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cussion on this result may be found in Ref. [4]. We shall
see that this result is also a feature of the even-parity
J = 2 spectra.

The separation of the odd-parity Ba J = 1 spectrum into
singlet and triplet spectra, followed by two-channel
MQDT treatments, is an approximation that is made for
our present purposes. Note, however, that we have suc-
cessfully analyzed the complete Ba odd J = 1 spectrum
with an eight-channel MQDT fit, which includes the ef-
fects of the 5d4f states [4]. A discussion of the detailed
eight-channel fit is outside the scope of this paper.

oS o Spectra

For this group of spectra the main series of interest are
the msns states that have only one even-parity J = 0 term,
the 1SO. As we shall see, there is more than the usual un-
certainty in labeling the perturbers actually seen in the
bound ‘SO spectra. The configurations mp® or (m — 1d?,
the lowest members of the possible perturbing series,
contribute to these perturbers.
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Figure 8 Composite Lu-Fano plot produced by displacing the
dashed curves and data of Fig. 7 along the diagonal so as to su-
perimpose the curves. Data points are shown for Ca (O), Sr (<),
and Ba (+).

The bound state region of Ca has been extensively
studied by Armstrong et al. [2]; that of Sr, by Esherick [3]
and Ewart and Purdie [6]; and that of Ba, by Rubbmark ez
al. [7] and Aymar et al. [8]. The data for Ca and Sr show a
main series with relatively constant quantum defect and a
single perturbing level that has been labeled mp’ in the
literature [1]. There is no evidence for another 150 per-
turber in the bound spectra of Ca and Sr. Recent calcu-
lations by Nesbet and Jones [24] on Ca predict that 4s,
4p®, and 3d” are heavily admixed in the 'S, spectrum.
Their results indicate that the 4s® configuration dominates
the ground state but that 4p> and 3d” occur with nearly
equal weight in the two other states that have these la-
bels. Their calculation predicts one such state with an en-
ergy in excellent agreement with the state traditionally la-
beled 4p°, while the other state (‘*3d*’) is found to lie
well above the 4s ionization limit. This is consistent with
the experimental results that show only a single perturber
in the bound region of the spectrum.

We present Lu-Fano plots for the 1Sﬂ spectra of Ca and
Sr in Figs. 7(a) and (b). The data are taken from Refs. [2]
and [3]. In these plots channel 1 has an ms core and an s
Rydberg electron, while channel 2 has an mp core and a p
Rydberg electron; 125”2 is chosen for / , while the average
of IZP”2 and Izpm is chosen for I,, where these labels refer
to the ion ground state and the first excited state, respec-
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tively. The states so labeled are those that have the high-
est amount of mp® perturber when the data are treated
with two-channel MQDT fittings.

The data for Ba are not so straightforward. There are
several perturbers of the 6sns series in the bound region
and their identification is somewhat in question. The data
are presented in a Lu-Fano plot in Fig. 7(c), where the
average P limit is used for 1,. This plot shows several
points well removed from the horizontal line near ~v,_, =
0.21, where most of the data lie. These points correspond
to the perturbers, and we will shortly present a labeling
scheme based on comparisons with Ca and Sr.

We first find two-channel, two-limit MQDT para-
metrizations for Ca and Sr. Solid curves corresponding to
such parametrizations (see columns 2 and 3 in Table 2)
are given in Figs. 7(a) and (b). The data on Ba [Fig. 7(c)]
show a region near the lower left corner of the Lu-Fano
plot where a gap, analogous to that of Ca and Sr, might
occur between the two branches of a two-channel fit. This
suggests that such a gap is due to the 6p” configuration.
With appropriate values for the parameters (column 4 in
Table 2), we generate the solid curve shown in Fig. 7(c).
The fit is seen to be reasonable if one ignores the three
points labeled 5d°, 5d6d, and 5d7d °P,.

We see that all three parameters ©, A, and 4 differ in
the three atoms when one tries to fit each atom by itself
(columns 2-4 in Table 2). If we look for values for ® and A
that are common for these atoms we get the results shown
by the dashed curves in Fig. 7. The parameters are given
in columns 5-7 of Table 2. Displacement of these curves
and the data along the v, = v, diagonal to superimpose the
curves produces the composite plot of Fig. 8. While this
fit of all three atoms with a curve of the same shape leaves
much to be desired, our comparison affords evidence for
an identification of 6p” lS0 for the state in Ba so labeled in
Fig. 7(c). This state was labeled 5d6d 180 by Aymar et al.
[8] on the basis of their four-channel MQDT parametriza-
tion. However, they ended up without a 6p” 'S state. Our
label is in basic agreement with Rubbmark et al. [7], al-
though they reverse the 6s10s and 6p° labels as compared
to us. The state we label 6s8s, in agreement with Rubb-
mark er al., has been labeled 6p” in the pre-laser tabula-
tions [1].

As an alternative to our choice of the 6p” 'S, perturber,
we consider the possibility that this state is the 5d° 'S and
the corresponding perturbers in Ca and Sr are 3d” and 4d°,
respectively. Thus we plot the data using the average of
the D-limits for /,. The results are shown in Fig. 9, where
the solid curves correspond to the two-channel parame-
ters of Table 2 (columns 8-10), while the dashed curves
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Figure 9 Lu-Fano plots for the bound 'SO spectra of (a) Ca, (b) Sr, and (c) Ba. The solid curves are MQDT fits using the parameters
given in columns 8-10 of Table 2, while the dashed curves use the parameters given in columns 11-13 of Table 2.

have common values of ® and A (see columns 11-13 in
Table 2). (Note that the states are still labeled according
to the scheme adopted for Fig. 7.) Displacement of the
dashed curves and the data along the », = v, diagonal
produces the composite plot shown in Fig. 10. This com-
posite fit appears to be marginally worse than that of Fig.
8.

The question arises as to which is the better choice of
labels, mp® or (m — 1)d®. The heavy admixture of ms’,
mp®, and (m — 1)d” into three different 'S, states in each
atom ought to depend strongly on the details of the wave
functions of each configuration in the core. Since these
configurations all correspond to tightly bound as opposed
to Rydberg electrons, MQDT should be inadequate in de-
scribing the interactions and admixtures. In the absence
of data that could give information about the interactions
between these configurations, such as autoionizing
spectra, we have insufficient information to make a
choice between mp” and (m — 1)d®. The reader may draw
his own conclusions from a comparison of Figs. 8 and 10.
In general, the 1S0 spectra show much less striking evi-
dence for systematic near-invariance in the MQDT pa-
rameter set than do the 'P{ and P spectra. We believe
this reflects a particular difficulty that MQDT encounters
in describing electron-electron interactions between elec-
trons in the same orbit.

As for the other perturbers, the labels given in Fig. 7(c)
agree with those of Moore [1] and Aymar et al. [8]. Thus
the 5d°, 5d6d, and 5d7d configurations are present as °P,
states in the bound region. Only the 5d7d 3Pg state has an
observable effect on the 6sns 1So series. Since no com-
parable effects are seen in Ca and Sr, we do not treat this
state or the appropriate channels in our MQDT fits.
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Figure 10 Composite Lu-Fano plot produced by displacing the
dashed curves and data of Fig. 9 along the diagonal so as to su-
perimpose the curves. Data points are shown for Ca (O), Sr (<),
and Ba (+).

® °D, spectra

We next turn to the °D, spectra, with the main series
being the msnd states. Possible perturbing series are
mpnp, (m — 1)dns, and (m — 1)dnd. The bound state data
for Ca are given up to 4s16d in Moore’s tables [1]. We did
not observe many 3D2 states in our studies [2] because
singlet-to-triplet transitions were very weak due to the
small spin-orbit interaction in Ca. However, many more
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Figure 11 Lu-Fano plots for the bound 3D2 spectra Ca ( N
O), Sr (- - -, ), and Ba (— —, +). The curves are MQDT fits
using the parameters given in Table 1.

3D2 states in Sr were seen by Esherick [3] in our labora-
tory. Rubbmark ez al. [7] and Aymar et al. [8] studied the
3D2 states in Ba, and Aymar and Robaux [17] have pub-
lished an MQDT analysis of the data of Aymarer al. [8].

The data for Ca and Sr show evidence for the presence
of a single perturbing level whose influence is distributed
over many members of the msnd series. In Ca, the sin-
glet-triplet interaction is sufficiently weak that singlets
and triplets may be treated in a completely decoupled
manner. The MQDT analysis of Ca in Ref. [2] showed
that while the 3 surfaces for the ‘D, and D, series cross
in several places, the real states near these crossing
points show no evidence of these crossings. In contrast,
the analysis of Sr in Ref. [3] shows clear evidence of an
avoided crossing between the 1D2 and 3D2 surfaces, with
several states having nearly equal amounts of ’D2 and 3D2
character. Despite this, over most of the spectrum the
triplets and singlets may be distinguished in Sr.

We present Lu-Fano plots for the bound 3D2 spectra of
Ca and Sr in Fig. 11. In these plots channel 1 has an ms
core and a d Rydberg electron, while channel 2 has an
(m — 1)d core and an s Rydberg electron. An average of
IZDM2 and 12D5/2 is chosen for /,. The state so labeled for
Ca is that with the highest amount of 3d5s perturber when
the data are analyzed with MQDT. The analogous config-
uration, 4d6s in Sr, is so diluted throughout the 6sad se-

J. J. WYNNE AND J. A. ARMSTRONG

ries that no state has more than eight percent 4d6s 3D2
character. Thus, no individual state can be appropriately
given this label [3]. The choice of the (m — 1)dns channel
as the perturbing channel is based on the following rea-
soning: 1) there is only a single perturber and 2) it cannot
be the lowest member of the mpnp or ¢n — 1)dnd chan-
nels, since these are the mp® and (m — 1)d’ states, respec-
tively, and neither can have a 3D2 term by the Pauli ex-
clusion principle. Note that in contrast to the 150 spectra,
and in analogy to the 'P{ and °P! spectra, neither the main
channel msnd nor the perturbing channel ¢n — 1)dns has
states with both electrons in the same orbit.

The data for Ba are, once again, more complicated. The
analysis of Aymar and Robaux (17) identifies the follow-
ing states as having significant perturbing effect on the
6snd °D, spectrum; 5d7s °D,, 5d8s °D,, 6p° 'D,, 5d8s 'D,,
and 5d7d 1DZ,. The analysis of Aymar and Robaux also
gives labels to many other perturbers, but these others do
not appear to significantly influence the 6snd 3D2 spec-
trum. The state labeled 6p” lD2 has only a weak influence
so we omit it. Similarly, the influence of the state labeled
5d8s lD2 on the triplets is confined to the 6s10d 3D2 state.
To facilitate our comparison with Ca and Sr, we omit both
of these states. The 5d7d lD2 influences the triplet spec-
trum through its perturbation of the 6snd 1D2 series, forc-
ing it to cross the °D, series. This leads to an easily ob-
served avoided crossing between singlets and triplets.
For present purposes, the 5d7d lD2 perturber is omitted.
The balance of the 3D2 spectrum of Ba is presented in a
Lu-Fano plot in Fig. 11, using the average of the *D limits
for 1,. The two perturbers 5d7s and 5d8s fall away from
the horizontal line near —y, = 0.78, where most of the
other data points lie. In all three plots of Fig. 11, the low-
est members of the main series are, as usual, omitted.

Curves corresponding to two-channel, two-limit MQDT
parametrizations for all three atoms (using the values
given for the 3D2 states in Table 1) are also presented in
Fig. 11. While the curves for Ca and Sr nicely reproduce
the pattern shown by the data, Ba requires additional ex-
planation. Due to the influence of the state labeled 6p” 'D,
by Aymar and Robaux, the 6s9d 3D2 state is pushed to
higher energy, causing it to lie off the curve. The higher »
states show the effects of the 5d7d 'D2 state mentioned
earlier. Other than that, the two-channel curve repro-
duces the Ba data nicely, allowing for the usual deviation
of the lowest-lying states (6s6d and 6s7d in this case) from
the curve. In particular, both the 5d7s and 5d8s per-
turbers lie very close to the vertical portion of the curve.

The curves given in Fig. 11 have all used the same

value for ® and A, as in the previous cases. Displacement
of the curves and the data along the », = v, diagonal to
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superimpose the curves produces the composite plot of
Fig. 12. Once again, the behavior of all three atoms is
remarkably similar.

L] 1D2 spectra

For this group of spectra the main series are again the
msnd states. However, this situation is much more com-
plicated than the 3D2 spectra because the mpnp and
(m — 1)dnd channels do influence the 1D2 spectra and be-
cause the perturbing channels include states with two
electrons in identical orbits. The bound state regions of
Ca and Sr were extensively studied in our laboratory
[2, 3]. Rubbmark ez al. [7] and Aymar et al. {8] studied
Ba, with Aymar and Robaux [17] carrying out an MQDT
analysis.

To treat the Ca and Sr data, we first neglect the spin-
orbit splitting of the *D and “P core states, leaving a three-
limit problem. This is consistent with the separation of
the data into singlets and triplets mentioned earlier. In a
three-limit case the MQDT approach yields three values
of v, for each state. The corresponding Lu-Fano plots are
three-dimensional [2]. We present a stereo view of a
three-dimensional Lu-Fano plot of the 1D2 data of Ca [2]
and Sr (3] in Fig. 13. (For help in viewing stereo figures,
see the figure caption.) For comparison to theory, the Sr
data has been displaced —0.05 along the »-space body
diagonal. The points that are next-to-nearest to the right-
hand face of the cube correspond to the states tradition-
ally labeled mp® [1]. The other perturbers are so diluted
throughout the msnd series that no individual states merit
the (m — 1)d(m + 1)s or md”® labels. In the case of Sr the
4d” perturber lies entirely in the continuum above the I
limit and appears as an autoionizing state [3].

A surface X corresponding to four-channel, three-limit
MQDT parametrizations, using the values for Ca in Table
3, is also presented in Fig. 13. In this MQDT analysis
channel 1 has an ms core and a d Rydberg electron, chan-
nel 2 has an (m — 1)d core and an s Rydberg electron, chan-
nel 3 has an (m — 1)d core and a d Rydberg electron, and
channel 4 has an mp core and a p Rydberg electron. In-
stead of showing the surface translated into the unit cube
where it would have many sheets (branches) and look
very confusing, we have displayed one continuous sheet
covering a range for —p_ of 0.72 to 3.72, while v, and v,
vary from 0 to 1.0. Here, instead of displacing the surface
2 along the v-space body diagonal a distance 0.05 in go-
ing from Ca to Sr, we have displaced the Sr data —0.05 to
produce a composite plot.

This figure dramatically illustrates the fact that the sur-
faces 2, and X, in which the respective 'D2 states lie,
differ only by translation along the body diagonal. The
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Figure 12 Composite Lu-Fano plot produced by displacing the
curves and data of Fig. 11 along the diagonal so as to superim-
pose the curves. Data points are shown for Ca (O), Sr (<), and
Ba (+).
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Figure 13 Stereo Lu-Fano plot for the bound lD2 spectra of Ca
and Sr. The surface is a four-channel MQDT fit to Ca using the
parameters given in Table 3. The Sr data points have been moved
—0.05 along the body diagonal to lie in or near the surface. The
three axes are dimensionless with —v_ values running from 0.72
t03.72, and v, and v running from 0 to 1.0. If no stereo viewer is
available, place the figure about one foot from your eyes, place
an obstruction between your eyes so that each eye can see only
one image, and then fuse the two images.

shapes of the two surfaces are identical. This exhibits the
invariance of the channel interactions from atom to atom
within a spectral class for a many-channel, many-limit
case.
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Figure 14 Stereo Lu-Fano plot for the bound 1D2 spectrum of
Ba. The surface corresponds to the Ca parameters of Table 3.
The data points have been moved —0.12 along the body diagonal
to lie near the surface.

Table 3 Four-channel MQDT parameters for 1D2 states using
I, I, and I

Parameter
i,a 1 2 3 4
I} [msld [(m — Dd]s [(m — 1)d]d [mp]p
I I I, I, I,

Mo =
Ly — ;l]T(mod 1) 0.43 0.95 0.79 0.83

Ugs;i=1 0.837 —0.444 —0.301 —-0.109
i=2 0.415 0.896 —0.149 —0.054
i=3 0.333 0 0.942 —0.044
i=4 0.130 0 0 -0.992

Ty = 0.39, figy = 0.34, iy, = 0.27.

Turning to Ba, we find once again a more complicated
situation. First, Ba has several members of the perturbing
series Sdns and 5dnd occurring in the bound region of the
spectrum. Next, the spin-orbit splitting of the D core is
sizeable (800 cm™"), making the separation into singlet
and triplet states questionable. Perturbers with singiet
and triplet labels are both found to perturb the 6snd 1D2
spectrum. Next, in the spectral region from the 6s6d to
6sl1d 1D2 states, there are ten perturbing levels according
to the labeling scheme of Aymar et al. [8]. This confuses
the spectrum and makes any labeling scheme quite specu-
lative. Finally, the lowest members of some of the per-
turbing channels have configurations with identical elec-
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trons, i.e., mp’. Such states do not satisfy the MQDT cri-
terion of having a highly excited Rydberg electron. This is
a problem with Ca and Sr as well.

With these problems in mind we took the Ba data [8]
and translated the corresponding points in three-dimen-
sional » -space along the body diagonal to see how nearly
the data would lie in the surface 2 that contains the data
points for Ca and Sr. The result is shown in Fig. 14, where
the Ba data have been displaced —0.12 along the diago-
nal. The v (mod 1) values have had the integers 1 or 2
added to them to move them close to that part (sheet) of X
we have plotted. While the fit is not as good as for Ca or
Sr, the majority of the points lie close to the same surface.
In particular, the points along the left-most contours fol-
low the shape of the surface remarkably well. The points
indicated by the numbers 1 to 9 have been labeled by Ay-
mar and Robaux [17] as lD2 states with the following con-
figuration: 1-5d°, 2-6s6d, 3-5d7s, 4-6s7d, 5-6s8d,
6-5d6d, 7—6p2, 8-5d8s, and 9-5d7d (these are given in or-
der of increasing energy). Of these, 4, 5, 6, and 7 appear
to lie farthest away from the surface.

We cannot, on the basis of this three-limit, four-chan-
nel fit, propose an acceptable set of assignments for all
the 1D2 states. A more complicated fit, including the ef-
fects of the spin-orbit interaction and singlet-triplet mix-
ing, is required. However, the comparison with Ca and Sr
in the manner we have carried out in this paper casts
some doubt on the assignments of Aymar and Robaux
[17]. In particular, the 6p° state ought to lie near the
sharply rising contour at xv; = 0.78 (the prime indicates
the shift of the data by —0.12 in v -space) rather than near
v, = 0.99, as does point 7 in Fig. 14. Similarly, the 5d7s
and 5d8s states ought to lie near the gradually rising con-
tour at ~p; = (.66, whereas points 3 and 8 have v, = 0.73
and 0.82, respectively. Finally, the 5d°, 5d6d, and 5d7d
states ought to have v; = 0.82, whereas points 1, 6, and 9
have v, = 0.01, 0.28, and 0.36, respectively.

This example of the lD2 states in Ca, Sr, and Ba further
highlights the extent to which spectral regularities and in-
variances are revealed by the point of view and apparatus
of MQDT.

Conclusion

We have studied spectral regularities along the series Ca,
Sr, Ba (and in one case, Ra). The series studied were IP‘;,
°P}, 'S,, °D,, and 'D,. For each spectral type, except the
1SO, most states in the observed series can be described
quantitatively by a set of MQDT parameters of which all
but one are the same for Ca, Sr, and Ba. Even in the se-
ries of Ba that have perturbing channels not found in the
other atoms, the description appropriate to Ca and Sr is
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still found to provide an excellent ‘‘starting’’ description
of the spectra for Ba. These points are exemplified in
Figs. 4, 12, 13, and 14.

Multichannel quantum defect theory affords a frame-
work with which to describe the channel interactions of
two-electron spectra independently of particular values
for series limits. This is the significance of the surface X,
described by Eq. (2). The near-invariance of the surface 2,
along the series Ca, Sr, Ba (and Ra?), appropriate to a
given spectral type, implies that there are basis sets of
two-electron wave functions; i.e., these are basis chan-
nels that diagonalize the noncentral Coulomb scattering
of the two-electron system, independent of whether one
is dealing with Ca, Sr, or Ba. Similarly, there is a set of
common eigenphase shifts (eigenquantum defects) p,; that
belong to a given spectral type. It remains for future work
to exhibit these invariances in the more usual non-MQDT
treatment of configuration interactions and/or in a group
theoretical description of the dynamical symmetries of
“‘two-electron’’ atoms.
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