C. Lanza

Analysis of an AC Gas Display Panel

Abstract: The details and results for a one-dimensional numerical analysis of the gaseous discharge occurring at a single intersection
of an ac gas panel are reported. A particular object of the program is the determination of the electric field magnitude as a function of
both position and time, taking into account the field distortion due to the space charge. The calculations are based on the Townsend
avalanche mechanism but omit the dynamic role of metastable neon atoms in a Penning gas mixture. The calculated electrical properties

of the panel are compared with experimental values.

Symbols and units
A = Area
C = Dielectric capacitance
C, = Gap capacitance
d = Gap width
E(I) = Electric field intensity in /th box
i = Total current in external circuit
i = Current in external circuit due to
motion of electrons in gas
i, = Current in external circuit due to
motion of ions in gas
N, = Number of electrons leaving the
cathode during a time interval
N (I) = Number of electrons which pass by
right edge of box 1
n(I) = Electron density in Ith box
P = Gas pressure
p(I) = Ion density in Ith box
Q. = Charge flow in external circuit due to
motion of electrons
Q, = Charge flow in external circuit due to
motion of ions
q = Magnitude of electron (ion) charge
R = Ambipolar electron-ion
recombination rate
t=Time
At = Time interval
V (I) = Voltage drop within a box
V.= Amplitude of applied voltage
V.= Voltage across the capacitor
AV = Change in capacitor voltage per firing
V (t) = Potential across gas
232 v, (I) = Velocity of electrons in the Ith box
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v,(I) = Velocity of ions in the Ith box cm - s
x = Distance in gas gap measured from cm
cathode
Ax = Length of each box cm
vy = Secondary electron coefficient due to
ions

€ = Dielectric constant of gas F-cm™
n(I) = Electron multiplication per voltin Ith V™
box
p = Net charge density C-cm

Introduction

This report describes a one-dimensional numerical anal-
ysis of the electrical discharge occurring at a single in-
tersection in an ac gas display panel. One object of the
program is to determine the magnitude of the electric
field as a function of both position and time, taking into
account the field distortion due to the space charge.

The model is limited to a single cell, whose structure
is shown schematically, with typical dimensions, in Fig.
1. The gas chamber is bounded by thin dielectric layers
at each end which insulate the gas from the metal elec-
trodes. Since the model is one-dimensional, the dis-
charge is considered to be contained in the well-defined
column shown in the figure. Such geometry produces
some field fringing, and it is acknowledged that the appli-
cation of Poisson’s equation in one dimension reduces
the accuracy of results as compared to a two-dimen-
sional analysis.

The gas is a neon-argon Penning mixture (Ne + 0.001
Ar) under constant pressure. As shown in Fig. 2. the cell
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is considered to be electrically equivalent to a nonlinear
gaseous conductor in series with a capacitance C, formed
by the series combination of the end dielectrics.

The problem is analyzed as a cyclic series of events
that determine the generation of electrons and ions in
the gas. To outline this sequence, consider first the ions
that are driven toward the cathode by the electric field,
which is created by both the applied voltage and the wall
charge produced by the previous firing. Since the ion
velocities are proportional to the non-uniform field, the
motion toward the cathode produces a change in ion
density as a function of position. A fraction y of the ions
that arrive at the cathode in a given time increment cre-
ate secondary electrons, which in turn are driven by the
field toward the anode. On the way to the anode, the
electrons repeatedly acquire enough energy from the
field to cause ionizing collisions with neon atoms. The
newly liberated electrons join the parent electrons to
move rapidly toward the anode and leave behind a wake
of ions. This avalanche produces an exponentially in-
creasing density of electrons and ions as a function of
position. Because the field separates the oppositely-
charged particles, and since the electron mobility is
much higher than the ion mobility, a positive space
charge is created which distorts the field. During this
time, ion-electron recombinations occur which slightly
reduce the ion and electron densities. The motion of ions
and electrons in the gas constitutes a current that
charges the series capacitor. The voltage drop across the
capacitor reduces the voltage available across the gas
and further modifies the internal electric field. This pro-
cess continues and in a short time most of the applied
voltage appears across the capacitor, the multiplication
process becomes small due to the low field, and the cur-
rent decays to a small value. When the polarity of the
applied voltage is reversed, the charge on the capacitor
again helps to produce a high field in the gas and the
process is repeated.

Lay et al. [1] have reported results which solve the
continuity equations with proper boundary conditions
but which assume the electric field to be constant as a
function of position. Their model takes into account the
dynamic influence of the metastable neon atoms on
Townsend’s first coefficient n for a Penning gas mixture.
In contrast, this paper assumes that the static values of
n, measured under dc conditions, apply. Lay’s paper
deals with the total potential across the gas and the way
the wall charge either builds up or decays for various
amplitudes of erase and write pulses followed by sustain
cycles. This paper is concerned with the operating char-
acteristics after a steady state has been achieved. The
numerical means used to keep track of the density of
charged particles in this paper is similar to that used by
Lay.

MAY 1974

K=17 )
s g
il & 7 e g Q
& V-] 2 vy
N Vi =) 3] N
7/ © , B 1 =
7 QO 9 < 15)
AN S 2 g =
7 F ’ A o
/ 5{—» QF 7/
/ x /s
Ve e 7 —
> yd .003cm

Conductor

{4

0.0125¢m

Figure 1 Structure of gas panel cell showing typical dimen-
sions.
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Figure 2 Equivalent electric circuit of gas panel cell.

Klein [2] has also studied this problem. His approach
was to average the ion distribution over the entire gap
independent of voltage and time. From this distribution
the electric field was calculated and the point in space
where the field became zero was considered a virtual
anode. The entire voltage was then considered to be
applied between the cathode and the virtual anode.

Vernon and Wang {3] have formulated a model using
a sinusoidal wave drive voltage and pure neon gas.
However, the boundary condition for their anode wall is
not specified and the ion density they report at the anode
is significantly different from the results of the current
work.
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Equa’iions and assump‘tions
Nix,) = N(x,) exp(nV). (1)

Equation (i) is Townsend’s first law, which describes
how the number of electrons changes as a function of
position and voltage; it assumes that x, — x, is small so
that the electric field is essentially constant in that region.
The coefficient 7 is a strong function of the ratio of elec-
tric field to pressure and V' is the voitage drop from x,
to x,.

N_ =vyP, (2)

Equation (2) is Townsend’s second law, which simply
states that the number of secondary electrons generated
at the cathode is a fraction y of the number of ions arriv-

.ing at the cathode during a time interval.

Equation of continuity: %—?— =-—dJ/dx + gen. rate

— decay rate. 3)
Poisson’s equation: dE/dx=p/e. (4)
Transport equations: v,=uE and v, = p E. (5)

Voltage boundary condition: V(1) =V, (1)

t
—C™t | idt.  (6)
[
Anode boundary condition: It is assumed that the anode
collects charge as electrons arrive, but no ions or elec-
trons are liberated into the gas from the wall.

Most of the gas mechanisms are lumped into effective
values for the Townsend coefficients n and y. The model
assumes that the cell under consideration has been run-
ning in a fired mode for many cycles. Thé applied voltage
in addition to the effect of the charge on the capacitor
produced by: the previous. firing is adequate to main-
tain the cell ¢yclically in this mode. Since the cell isin a
dynamic steady state{condition, it is assumed that the
published n-vs-E/P data for the gas mixture hold uni-
formly for all time. The values for n aré¢ those measured
by Kruithof and Penning [4] and are reproduced in
Table 1. It is assumed that those measurements, made
at low pressures and with relatively wide gaps, apply for
the higher pressure and narrower gaps used in the panel.
Taking the published dc¢ steady state values of n [4] to
be time independent eliminates the need to consider in
detail how the metastable neon atoms ionize the argon
atoms and . affect the ionization coefficient. From the
poitit of view of this model, therefore, metastable atoms
do riot exist, but all of their effects are lumped into an
effective 7).

The coefficient y of secondary emission at the cathode
is assumed to be dominated by the arrival of ions, i.c.,

photoemission is negligible. The conclusion of a study
by Lay [5] supports this assumption. This constant is
treated as an adjustable parameter in the model and is
chosen to produce a match between calculated and ex-
perimental values of charge transfer for one value of
applied voltage, and is thereafter held fixed.

Diffusion of charge carriers is considered insignificant
compared to drift velocities. However, the results
showed that for a short period of time the electric field
was very low in a region where a density gradient of ions
existed. This could iead to an error, but the results also
indicated that this error was negligible.

We assume that the neon ions quickly form Ne2+ at
the pressure used in gas display panels. The mobility of
such ions in neon is shown to be virtually independent of
E [6], and its value is taken to be

wp = (4900/P)ecm’/V - s. (7)

Anderson [7] showed that the mobility of electrons is
independent of E/P in the range of 1 to 10 V/cm - Torr
[(0.75 to 7.5) X 107 V/cm - Pa]. This relation is ex-
trapolated to about 60 V/cm - Torr in the model. The
mobility of electrons is about 140 times the ion mobility.

Other effects such as resonance radiation and interac-
tion among neighboring cells are not considered in this
analysis.

Method of solution

The experimental data, against which the computed so-
lution is compared, were measured under stable condi-
tions. To provide analogous results, the computation is
run through five successive firings, each period lasting 5
us. The densities and charges at the end of each firing
cycle become the initial conditions for the next cycle. In
this way errors in the initial assumptions become unim-
portant. It was found that after about three cycles, the
quantities are stable and cyclic. For any given set of
drive inputs, only the results of the fifth cycle are con-
sidered and plotted.

Rather than attempt to code simultaneous equations
with boundary conditions, the basic laws are repeatedly
applied directly to each segment of space for a long se-
ries of small time intervals. The consequence of each
step is accumulated so that p(x, r) and n(x, r) are estab-
lished.

This process is begun by dividing the gap width into
100 equal “boxes.” The procedure from this point is
outlined as follows.

1. A small, uniform density of ions (10°/cm®) is as-
sumed initially. For typical panel dimensions, this repre-
sents about one ion per box. Since the densities of ions
and electrons eventually build up to about 10 /cm’, the
initial guess serves only to get the solution started.
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Table 1 Kruithof and Penning’s data (Ref. 4) for (Ne* 0.001
Ar) at 0°C.

E/P 7 E/P n
0.5 0.00048 10.0 0.0322
0.6 0.00309 12.0 0.0298
0.7 0.0075 15.0 0.0279
0.8 0.0126 20.0 0.0258
0.9 0.0168 25.0 0.0243
1.0 0.0199 30.0 0.0230
1.2 0.0254 40.0 0.0215
1.5 0.0297 50.0 0.0206
2.0 0.0343 70.0 0.0193
2.5 0.0367 100.0 0.0179
3.0 0.0371 150.0 0.0160
4.0 0.0370 200.0 0.0142
5.0 0.0364 250.0 0.0127
6.0 0.0356 300.0 0.0115
8.0 0.0333 400.0 0.0090

2. Knowing the density of charge at each position, Pois-
son’s equation is used to calculate the electric field in-
tensity, and the voltage boundary condition is used to
determine the constant of integration.

3. Since the eléctric field is known for each position for

the time interval, it is possible to calculate the electron .

and ion velocity for each box using Eq. (5) and the val-
ue of 7 for each box. The experimental values for n-vs-
E/P, shown in Table 1, were read into the computer
earlier and a linear interpolation is made in the program.

4. A difficulty arises due to the high electron mobility. If
the time increments are chosen small enough (about
1.0_125) to keep track of the electrons from box to box,
the computer time becomes enormous. Instead, a dif-
ferent value of Ar is chosen for each program loop such
that the ions just have time to traverse box 1 (adjacent
to the cathode, where the field is maximum). This en-
sures that ions in other boxes move only one box or less.
The details of how the electrons are handled are ex-
plained in a later section.

5. By keeping track of the number of charged particles
that enter and leave each box, growth due to ionizing
collisions, and decay due to direct recombination, a run-
ning account is kept of the ion and electron densities for
each box.

6. From the motion of the charged particles, the current
in the external circuit is calculated together with the
charge transfer to the metal electrodes for each time in-
terval.

7. The change of charge on the capacitor alters V, ac-
cording to Eq. (6). Using this information together with
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Figure 3 Variation of electric field with distance showing how

the constant of integration is applied to solution of Poisson’s
equation.

the new charge density and voltage boundary values, the
sequence of steps is repeated for the next time interval.

e Electric.field

Knowing the net charge density in each box, the gra-
dient of the electric field is given by Poisson’s equation
(4). This equation is integrated to give values of field at
each position using the following implicit integration
formula

E(I+1)=El)+ [$(pU) —nll)) +¥HpI+1)
—n({I+1))]qAx/e. (8)

E(1) is arbitrarily assigned the corrected value for the
previous time interval and a function E(x) is generated
from this point, using Eq. (8), with results as shown in
Fig. 3. A constant of integration, AE, is added to each
E(I) such that for the corrected values of electric field

100
— > E()Ax=V1), 9)

I=1
V(1) being known from Eq. (6). Before this correction,
the line integral of the field differed from V.(t) by a
small error, as shown in Fig. 3. The magnitude of AE is
determined by setting dAE equal to the error. In this
way a function E(x) is established which satisfies both
Poisson’s equation and the voltage boundary condition.

Consider now the effect on E(x) as the applied drive
voltage is increased. As the cell is driven harder, the
current magnitude increases, producing a greater space
charge density. The increased space charge causes the
gradient of the field to become steeper, while the in-
creased current causes V, to fall rapidly, as shown in
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Figure 4 One cycle of drive waveform V', with typical voltage
developed across the gas, ¥, and circuit current i.

Figure 5 Variation of the electric field and related partitioning
of the gap.
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Fig. 4. Since V,_ is represented by the area under the
E(x) curve, these two effects tend to drive the field near
the anode into the opposite polarity, as indicated in Fig.
5(a). Although the final solution may not have a rever-
sal of field direction within the gap, it is necessary to
design the program to handle this possibility for short
periods, otherwise the solution ‘“blows up” and compu-
tation ceases. When the field is strongly distorted by
space charge, electrons moving toward the anode be-
come trapped by the low fields and cannot traverse the
entire gap to the anode in time At¢.

e Partition of gap

To take into account the trapping of electrons and rever-
sal of field direction, the gap is partitioned into three re-
gions, as labeled in Fig. 5. Each region is treated dif-
ferently, depending on its particular characteristics, as
detailed below and in the appendixes.

Region 1

For each loop, At is calculated such that the ions can
just traverse box 1. Region 1 is defined as the boxes
which electrons starting at the cathode can traverse in
time Az, driven by the existing E(x); the last box in Re-
gion 1 is labeled 1J as shown in Fig. 5. The extent of
each region is recalculated each time interval. Since the
electron-to-ion mobility ratio is 140, if the field is not
greatly distorted, the electrons have time to traverse the
entire gap, in which case only Region 1 exists.

Region 2

Also calculated for each time increment is whether, and
at which box, the electric field (first) becomes positive.
This first box is labeled M4 in Fig. 5(a). Region 2 is
defined as those boxes bounded by Region 1 and box
MA. In this region electrons accumulate but their veloci-
ties are relatively low, so that it becomes feasible to
track the electrons just as is done for ions. However, the
electrons are still moving fast enough to traverse several
boxes in At. To avoid this, Ar is divided by an integer,
NZ, which is computed to just allow electrons to move
through the first box of Region 2. The effects of the elec-
tron motion are then computed NZ times in each inter-
val At.

Region 3

Region 3 is comprised of those boxes between where the
field first becomes positive and the anode wall. The
same subinterval as for Region 2 is used in Region 3. As
shown in Fig. 5(a), the field in Region 3 may first be-
come positive a short distance from the anode.

For all three regions the rate of direct electron-ion
recombination in any box is taken to be proportional to
the product of the densities of electrons and ions. The
change in density of each is, therefore
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Figure 6 Expanded section of Fig. 5(a) in the neighborhood
of the electric field reversal.

Ap(l)=An(I)=—Rp(I)n(I)At, (10)

where R has the value of 2.2 X 107" cm® - 57" [8].

Figure 6 is an expanded view of the box-by-box val-
ues of the field, in the neighborhood of its reversal,
showing the directions of motion for electrons and ions
for various conditions and also the box labels for the re-
gions. Depending ori how much space charge has been
generated at a particular time, not all three regions need
exist.

s Computer program

A computer program was developed which has two
loops. The main loop consists of a series of detailed op-
erations which are repeated for each of about 2000 time
intervals; it is started after the panel parameters and ini-
tial conditions are recorded in storage. The recycle loop
is used at the end of each firing cycle to reset parameters
and establish conditions so that the main loop can be run
again for the next firing period. The program converges
for drive amplitudes 30 percent above the normal oper-
ating range. However, voltages above this value create
field gradients which require a finer division of the gap
for convergence.

Throughout the description and for the equations used
in the appendixes, it is assumed that the right wall is the
anode. In practice the anode and cathode reverse roles
each half cycle of the applied voltage, and the directions
of motion of the charges alternate.

Rather than write a separate program for each half-
cycle, it was arranged that the right wall would always
be the anode. This is accomplished by reversing the po-
larity of the charge on the capacitor and transposing the
residual charge in the gas space at the end of each firing.
In this way the actual problem is simulated by repeated-
ly solving the same problem but with new initial condi-
tions.

The number of cycles required before the solution
reaches stable, cyclic values depends on the accuracy of
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Figure 7 Calculated values of (a) voltage and (b) current
across the gap for the first three microseconds of simulated op-
eration. The applied voltage is 114 V. The lines A~F indicates
times and currents corresponding to other quantities plotted in
Fig. 8.

the initial assumptions for the charge distribution in the
gas and the charge condition of the dielectric capacitor.
Three or four firings are usually sufficient but the pro-
gram allows five cycles. The results of the last cycle are
automatically plotted by the system.

Results and discussion

The physical parameters of an experimental cell were
used in the simulation program so that direct comparison
could be made between computed characteristics and
experimental data. The input included

Gas: Ne + 0.001 Ar d=0.125 mm
P=28x 10" Pa A=47x% 10" mm’
v = 0.075 C=0.2 pF

The drive voltage rise-time constant was 0.3 us and its
amplitude was varied from 100to 114 V.
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Figure 8 Calculated variation of (a) electric field, (b) ion density, (c) electron density, and (d) relative light output across the gap at

the six times indicated in Fig. 7.

Figure 7 is a representative computed plot of the volt-
age and current across the gas as functions of time for
the first 3 us of the calculation. Note that a substantial
voltage still appears across the gas when the current has
virtually decayed to zero. The six marks on the abscissa,
labeled A through F, indicate the times for which other
quantities are plotted in Fig. 8 by position in the gap.

Figure 8(a) shows six curves of electric field vs dis-
tance from the cathode, corresponding to the times indi-
cated in Fig. 7(b). The field at the cathode becomes
maximum at about the time the current is maximum.

This may have important consequences when sputtering
of the dielectric is considered. The magnitude of this
field (36000 Vcm™) is about three times the maximum
field computed with constant-field models. Near times of
maximum current the field is greatly distorted, with only
the field near the cathode being nearly linear. '
The electric field is very low over a region of about
one-third the gap adjacent to the anode. Electrons mov-
ing toward the anode become temporarily trapped and
are slowly released as the current decays and the fields
become more uniform. This slow release of ions and
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electrons may help explain the long tail at the end of the
current pulse. It had previously been assumed that only
the slow decay of metastable atoms could account for
this current tail.

Figures 8(b) and 8(c) show the densities of ions and
electrons vs position for equivalent times. The density of
ions at the anode is almost zero since the field sweeps
them away as they are generated and none are supplied
from the anode wall. The density of electrons is seen to
“pile-up” in the low field region as the electrons gener-
ated in the high-field region become trapped. The den-
sity of electrons may, therefore, momentarily exceed the
ion density near the anode, causing the field gradient to
become slightly negative.

It was proposed by Vernon hnd Wang [3] that the
rate of generation of excited atoms is probably propor-
tional to the rate of ion generation. Assuming that the
excited atoms have very short lifetimes and that a fixed
fraction of them produce photons, we can calculate the
relative light output as a function of position and time.
The average rate of generation of excited atoms (or
photons) at any position is proportional to the ion gener-
ation rate, n(I) E(I) n(I) v, (I).

Figure 8(d) is a plot of the computed relative light out-
put for the six sample times. The peak of the light output
shifts from the anode toward the cathode during times
A, B, and C but moves back toward the anode during
times, D, E, and F. This behavior is similar to that found
experimentally by Anderson [9] using a 2.54-mm (100-
mil) gap. The velocity of the light shift from peak B to
peak C is found to be 4.4 x 10* cm/s. The motion of the
light intensity peak is consistent with Anderson’s view
of a propagating electric field gradient. The different ve-
locities measured by Anderson (7 X 10° cm/s) and cal-
culated by Vernon and Wang (1 X 10° cm/s) may there-
fore be attributed to their drive voltages of 500 and 175
V, respectively, whereas our result was obtained using
114 V.

Figures 9 and 10 are comparisons of computed and
experimental characteristics of the current. The only
significant difference between the two appears in Fig.
10(a). Here it was necessary, to avoid the possibility of
negative or zero voltage across the gas at the start of a
cycle, to start the simulation time at 0.2 us instead of
zero. Since virtually no current flows during this initial
interval, the solution is not affected except for the small
delay of the current peak.

Figure 11(a) shows the values of the charge trans-
ferred per firing of the cell. The difference of about ten
percent between the computed and experimental values
can be expected as a consequence of the assumptions
made, the accuracy of the published input parameters
used, and the general limitations of a one-dimensional
model.
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Figure 10 Characteristics of the external circuit current as
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Figure 11 (a) Charge transferred per firing of the cell. (b)
Charge-transfer-characteristic curve determined by the method
of Refs. 10 and 11.

The concept of a charge-transfer-characteristic curve
was first introduced by Slottow and Petty [10, 11].
Straight lines of slope 2, tangent to the curve, intercept
the abscissa at the minimum and maximum sustain volt-
ages. Thus, such a curve allows one to determine the
stable operating points for a given drive amplitude and
the allowable range of sustain voltage for stable cyclic
firing.

Figure 11(b) is a plot of the computed charge-trans-
fer-characteristic curve using the panel parameters de-
scribed previously. The minimum and maximum sustain
voltages are 93 and 100 V, respectively, This provides a
predicted operating range of 7 V, compared with the
10.5 V measured for the panel after 750 hours of opera-
tion. ‘

In view of the approximations made for the model, the
results of these calculations are considered to compare
well with experiment.
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Appendix A: lon density changes due to ion motion

* Regions 1 and 2

In these regions the electric field is negative and the ions
move toward the cathode. The ion density of the Ith box
is increased by an inflow of ions from the (I + 1)th box
and decreased by the flow of ions out of the /th box and
into the (/ — 1)th box during the particular time inter-
val Az,

The change in ion density is according to Eq. (3)

Ap(I) = At[p(I + Vv, (I + 1) — p(Dv,(I) 1/Ax. (A1)

In the event that I = 1, the ions flowing out are neutral-
ized at the cathode wall and in the process produce the
secondary electrons. For the special case when I = 100,
ions leave to enter box 99, but no ions enter from the
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anode wall. In this way the anode boundary condition is
satisfied. Equation (A1) applies to boxes 1 through 99.
For box 100, the following equation is used:

Ap(100) =— p(100)0v,(100) At/Ax. (A2)

* Region 3

When a Region 3 exists, the electric field in this region is
positive and the ions move toward the anode. For rea-
sons similar to those for Regions 1 and 2, the change in
ion density of the /th box is

Ap(I)y = At[p(I — Vv, (I — 1) —p(Dv,(1)]/Ax.  (A3)

In this region Eq. (A3) applies also to box 100 since
ions can flow out of this box and become neutralized at
the anode wall. However, the first box (labeled MA in
Fig. 6) is a special case since no ions can flow into this
box due to the reversal of electric field. Fox box MA
then,

Ap(MA) =— At p(MA) v,(MA) /Ax. (A4)

Appendix B: Number and density of electrons

* Region |

By definition, Region 1 consists of those boxes which
the electrons pass through completely during time Ar.
This implies that there is no accumulation of electrons
from previous intervals. Rather than attempt to keep
track of the electrons as is done for ions, an average
electron density is deduced. To do so, it is first neces-
sary to compute the number of electrons that pass the
right edge of each box.

For any time interval Az, the number of secondary
electrons that leave a unit area of the cathode is y times
the number of ions that arrive at the cathode during that
interval, or

N.=vp(1) v, (1) Az. (B1)

In the process of passing through the first box the num-
ber of ‘electrons grows exponentially [Eq. (1)] so that

N(1) =N exp[n(1)|E(1)]Ax]. (B2)

In a similar way N (1) “exponentiates” through box 2
so that the number of electrons at each box can be cal-
culated sequentially with

N(I)=N(I —1) exp[n(I) [E(I}|Ax]. (B3]

where I takes on values of 2 to IJ(see Fig. 6). Since the
electrons move through each box in a time short com-
pared to Az, the average electron density in any box is
taken to be

n(l)=N()/v,(I)At. (B4)
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This methed of determining the density of electrons in
Region 1 assumes that a number N of electrons leave
the cathode in a group during each At. The results are
the same if one considers the electrons to be generated
at a continuous rate and the electron density is deter-
mined by dividing the generation rate by the electron
velocity at the cathode.

* Region 2

In Region 2 the electric field is negative but relatively
small in amplitude. The electrons move toward the an-
ode with a correspondingly low velocity so that those
which arrive during the current At accumulate with
those which are still present from previous time inter-
vals. In this region it is necessary to keep track of the
electrons as they move and exponentiate through the gas
exactly as done for the ions. This is feasible since the
electron velocities are low and a reasonable size time
interval can be used. However, At is still too large and
would allow the electrons to move through many boxes.
To prevent this, Az is divided by an integer factor NZ,
whose value is computed each loop, such that the elec-
trons just traverse the first box of Region 2. Since the
magnitude of the field is decreasing in the direction of
the anode, the electrons in other boxes of this region
move a distance less than Ax. For each subinterval, the
density of electrons in each box of Region 2 is updated;
however, for each main loop the subinterval calculations
are repeated NZ times. This description applies when
there is no Region 3.

If a Region 3 also exists, a similar procedure is fol-
lowed except that Az is divided by ten and each subinter-
val calculation is repeated ten times. In this case, how-
ever, at the end of each subinterval Poisson’s equation is
imposed to slightly modify the fields, and therefore the
electron velocities, in Regions 2 and 3.

The density of electrons in any box changes for two
reasons. 1) The inflow and outflow rates in any box are
unequal due to the variations of field and velocity with
position and 2) as the electrons enter a box they also
increase in number due to the avalanche process. This
leads to the following expression for the change in elec-
tron density for one subinterval when Region 3 does not
exist:

An(l)={n(I—1v,(I—1)

X exp[n(I)|E(I)|v,(I) (At/NZ)]

—n(l)v, (I)}(At/NZAx). (B5)
When Region 3 does exist, the same expression is used
with NZ = 10. Equation (B5) applies for boxes 1K

through MC (see Fig. 6). However, the last box (MC)
in Region 2 requires special treatment when Region 3
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exists since electrons can enter but not leave due to the
field reversal. In this case,

An(MC) = {n(MD)v,(MD) (At/10)
x exp[n(MC)|E|(MC)v,(MC)
X (At/10)]1}/Ax. (B6)

e Region 3
Although it is not fully indicated in Fig. 6, when Region
3 exists the electric fields become slightly positive, but it
is also possible for the fields to become slightly negative
again near the anode. It is therefore necessary to test
each box for the polarity of the field before one can de-
termine the change in electron density. Since the magni-
tude of the electric field is small in the vicinity of a po-
larity reversal, we assume that 7) is so small that no ion-
izing collision occurs. The change in electron density is
due only to the difference between in- and out-flow of
electrons. , '

In addition to testing for field polarity it is also neces-
sary to make two other tests.

1. Does the first box of Region 3 happen to be box 100?
If it is, the electrons are trapped in this box since none
can exit due to the field reversal and none can enter
from the anode wall.

2. Is MB = 100? If so, electrons can only exit the box
and none enter from the anode wall. This condition
also prevails for box 100 if neither MA nor MB = 100,
and if the field is positive. If the field is negative, elec-
trons can both enter and leave box 100.

Aside from these special cases, the following equa-
tions apply for each subinterval:

Positive field
An(l) = [—n( + 1)v, (I + 1)(At/10)
+n(l)v,(I)(At/10)]/Ax (B7)

for I = MB to 99, and

An(100) = [#(100)v,(100) (Ar/10)]/Ax. (B8)

The signs in these two equations reflect the fact that
when the field is positive, the electron velocities are
negative.

Negative field
An(I) = [n(I — 1)v,(I — 1) — n(I)v,(I)](At/10Ax).
(B9)

for I = MB to 100.
The number of electrons in any box of Region 2 or 3
is given by

N(I) = n(I) Ax. (B10)

Appendix C: lon density changes due to ionizing
collisions

* Region 1

Equations (B2) and (B3) of Appendix B give the num-
ber of electrons at the right-hand edge of any box during
an avalanche process. Since in this region there are no
residual electrons from the previous interval, and since
the avalanche process produces electron-ion pairs, the
change in ion density due to this mechanism is

Ap(I) = [N(I) = N(I —1)]/Ax. (C1)

* Region 2

The increase in the density of ions for each subinterval
in this region depends on the current collision process.
If N, electrons enter box I and exponentiate, the num-
ber of ions generated would be N {exp[n()V(I)] — 1}
or, using the first two terms of a series expansion,
Nm(I)V(I). The number of electrons that enter box I
is n(1 — 1)v,(I — 1)At/NZ, so that the change in ion
density is ' -

Ap(l) =

[n(l = Vv, — DD EW) |v,(1)](At/NZ)*(Ax) ™"
(C2)

* Region 3

Consistent with the assumption made in Appendix B for
Region 3, namely, that the magnitude of the electric field

- is so low that virtually no ionization occurs, it is as-

sumed that Ap(I) = 0.

Appendix D: Current and charge flow in the external
circuit ' '
In a one-dimensional situation, when a quantity of
charge, @, moves with a velocity v between two elec-
trodes separated by a distance d, the instantaneous cur-
rent that flows in the external circuit is i = Qu/d, which
implicitly includes displacement current.

If the charge Q moves through a fraction of d, say x,
the amount of charge, Q,, which Crosses any cross sec-
tion of the external circuit is ‘

Q,=0Qx/d.

The total ion component of current is the sum of the
contributions from all boxes. The total charge flow due
to ions during any time interval is

Q,=i, At

(D1)

(D2)

Since the electron current component may not flow dur-
ing the entire time interval At, Eq. (D1) is first applied
sequentially to each box, to determine the charge flow
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due to electrons. The average electron current compo-

nent is then determined by

i,=Q,/At (D3)
The total current and charge transfer are the sums of

the two components,

i=i +i,and Q=0 + Q. (D4)

Application of these equations to each box automatically
takes into account the fact that charge is generated with-
in the gap and that, therefore, all the charged particles
do not move the same distance to arrive at the anode or
cathode.

e Jon component—all regions
100

i,= (AqAx/d) > p()v, ). (D5)

Since the sign of v, changes when the field reverses, Eq.
(DS5) can be applied directly to all three regions.

e Electron component

Region 1 Equations (B2) and (B3) describe the number
of electrons in any box of Region 1. The charge which
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flows in the external circuit due to motion of electrons in
any box is

Q,(I) = AgN(I) Ax/d. (D6)

The total charge transfer due to Region 1 is the sum of
the effects of all boxes in that region.

Regions 2 and 3 In these regions the electrons do not
move through an entire box during each subinterval, so
an average number of electrons in each box is used. The
charge flow due to any one box for each subinterval is
them

Q,() =¥dq/d)[N() + NI — 1)]v,(I)At/NZ. (D7)

The sign of the velocity term takes into account the field
reversals. By summing the Q,(/) for the subintervals
and, successively, the 'Qn for the boxes and regions, the
total Q, is obtained. This total is used in Eq. (D3) to
determine the average electron current component for
that time interval. - '
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