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Symbolic Polynomial Operations with APL

Abstract: A recursive calculation of polynomial coefficients is used to demonstrate how functions performing polynomial algebra and
differentiation may be written concisely in Iverson notation and executed by an on-line, time-sharing implementation of APL. These
functions will operate on symbolic polynomials with constant coefficients and display in a superscripted format results having up to

116 variables.

Introduction

This note demonstrates by example the capability and
practicality of the APL' language for manipulating and
deriving, with simultaneous on-line typewriter display,
symbolic polynomial expressions in familiar mathematical
form. The particular classical example of a point satellite
orbiting about some center of mass is motivated by the
growing requirement for computational tools yielding
more precise results in celestial mechanics and by the
increasing simplicity with which high-level computer
languages can obtain and evaluate expressions (dating
back to the time of Lagrange®) that are otherwise un-
manageable. This example includes both differentiation
and recursion; polynomial operators are employed to
perform the addition, subtraction, multiplication, and
differentiation required by the computation algorithm.

Example: orbit calculation

The expression for the position, R, of a body in slightly
perturbed Keplerian motion can be expanded in a Taylor
series in terms of initial position, Ry, and velocity, R,, at
time ¢, in the following form®:

= FRy+GRy + --- . (D
For nearly circular orbits the first two terms are often
sufficient. The time-dependent functions F and G are
expressible as power series in terms of the elapsed time,
t — t,. Each term is a member of a recursively calculated
series:

F=§ymﬁifﬂ, - Tt

N=0
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where
GN = FN_1 + GN—]- (3)

In these equations X, Y, and Z are the Cartesian co-
ordinates of the body,

Fy = FN—I — UGy-1,

RR=X"4+Y"+2" and U= 1/R%
We also define

S= XX+ YY+ zZ, 4
$= X+ ¥+ 2°— (1/R),
V= S8/R* and W = S/R’. (5)

The F and G series can be calculated recursively by
applying one level of the chain rule for differentiation to
obtain the time derivatives of the parameters U, V, and
W. Explicitly these are: U= —3UV, ¥V = 2 — 2V, W =
— V(U — 2W). This procedure yields

o= vl g pfn 0 g,
ow
(6)
_ %6 0GN . 3G,
Gy= 0% 4y + W= yp,,

where F, = 1 and G, = 0.

The F and G series of coefficients are SImply polynomials
in U, ¥, and W. Thus it is sufficient to wrlte four dyadic
functions that will symbolically add, subtract, multiply,
and differentiate polynomials. As an illustration, the
“add” function PLS for the orbit calculation is shown in
Fig. 1. This function adds polynomials by simple catena-
tion and groups like terms into a single term, finding the
pet coefficient by summation® For efficient operation the
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V R+V PLS B;M
1] CO+(M+(pV)p1 ,NVp0)/V+V B
[2]1  Ex<(~M)/V
[3]  EX+((FT<«(pV):NV+1) ,NV)oEX
[4]  NM«OpRW<«K+1
[5]1  CLCT1:NM+«NM,(NVp100)AEX[RW;]
[6]1 +(NT2RW<«RW+1)/CLCT1
(71 CLCT2:SM++/(M+NMLX1=NM)/CO
[81 COLM/A\NTI«SM,("1++/M)p0
[91  +(NT2K+K+1)/CLCT2
(101 EX<«(M«0=C0)/[11EX
[111 coeM/cCO
[12] EX«(0,NVpl1)\EX
[131 EX[;13<co
[14] REX<«1ppR<,EX

[15]1 R+R,((NV+1)xREX=0)pO0

Figure 1 The PLS function which adds polynomials by
catenation and groups together like terms with coefficient

summation. (See Ref. 3 for an introductory description of
the notation.)

F o131 =
9 7 217
+ 654729075 UV - 1240539300 UV ¥ ~ 413513100 U V

5 2 25 35
+ 766215450 UV W + 465404940 U V W + Bu4864LBLO0 U V

3 3 232 33
- 170270200 UV W - 137837700 U V W -~ 27027000 U V ¥

4 3 u 2 3
- 1201200 U V + 9823275 UVW + 9058500 U VW

3 2 4 S
+ 2023758 U VW + 1iluhuby U V¥ + 1023 U ¥V

G 11 =
8 6 2 6
- 310134825 UV + 510810300 UV ¥ + 132432300 U V

4 2 2y 3 4
- 255405150 UV W - 113513400 U V W - 9453450 U V

2 3 222 3 2
+ 39293100 UV ¥ + 21116700 U V ¥ + 2589840 U V ¥

4 2 4 2 3 3 2
+ 63360 U V - 893025 UW - 457200 U ¥ ~ 50166 U W

y 5
- 1008 ¥ W - 1 U

Figure 3 Part of the displayed results obtained with sym-
bolic polynomial operators in the orbit calculation.

Figure 2 Main program for recursive calculation of polynomial coefficients.

V ORBIT

1] E« "1 110 201 ,1pS« 1 0 01 20 20 ,0pM« 3 1 1 ,1pG«2=F«(T+1),(NV+3)p0

(2] SEE F<(M TMS 1 1 DRV F)PLS(S TMS 1 2 DRV F),(E TMS 1 3 DRV F), "1 1 0 0 TMS G,0p0«'F ', (N T),* = *

[3] SEE G<F PLS(M TMS 1 1 DRV G),(S TMS 1 2 DRV G),E TMS 1 3 DRV G,0p0«'C ', (N T)," = !

ful +(302T«T+1)/2,0pF«F

auxiliary functions should be designed to meet the needs
of the particular calculation. A computer program, using
four such functions in APL for the orbit calculation, has
been written in four lines to derive symbolic expressions
for subsequent terms of the F and G series. Previously this
type of symbolic calculation was performed with the
more difficult-to-use batch-processing languages such as
FORMAC,* ALPAK,’ and PM.°

The APL algorithm is shown in Fig. 2. Note that the
parameter polynomials are entered in the first line. Each

term of a polynomial is represented by a numeric coefficient
and an exponent vector. For example, CUY* VY w™* is
represented by C, N;, N,, N;. The subsequent terms of
the F and G series are derived and displayed with con-
ventional mathematical superscript notation using the
functions PLS, MNS, TMS, DRV, N, and SEE of lines 2
and 3. The first five functions respectively add, subtract,
multiply, differentiate, and convert numbers to characters,
while the sixth function provides the output display format
of the superscripted variables with their coefficients. The
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last line provides temporary storage for the preceding
member of the F series as well as a termination at the
required N value, On an IBM System/360 Model 50
accessed through an on-line APL terminal the simple
four-line program derived in twenty minutes the first
19 terms, i.e., terms through N = 19, of the F and G
series. A sample of the output, the terms with N = 11,
is shown in Fig. 3. A simple extension of the program
could be used to evaluate these general results for any set
of values of U, V, and W.
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