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Non-Ohmic  Condl lction in  Bism 

Abstract:  The experimentally determined I-V characteristics at large currents at 4.2", 77O, and 300°K have 

been found to be nonlinear in both single  crystal and wire samples of bismuth. A theory  has been formu- 

lated which  includes  self-magnetoresistance, a redistribution of carriers  (pinch) and bimolecular bulk and 

surface  recombination. Very little information exists, either experimentally or  theoretically, with  regard to 

these recombination mechanisms. A program has  been written to numerically solve the equations for vari- 

ous values of the  electron-hole  recombination time and surface  velocity. It is found that the I-V character- 

istics are dominated by the  self-magnetoresistance and vary only slightly for a wide range of the genera- 

tion-recombination parameters. 

Introduction 

The experimental investigation reported  in this paper was 
motivated by an interest in  the  interband recombination 
of electrons and holes in a semimetal such as bismuth 
under  conditions which require a large  change in crystal 
momentum with essentially no change in energy. Inter- 
band transitions may be  induced by impurities or defects, 
absorption or emission of a phonon,  or  absorption  of a 
photon  and emission of a phonon, or be  multi-particle 
transitions. Since the energy of a phonon of the required 
wave vector is about 50°K: the only significantly fre- 
quent  transitions  in a crystal at  liquid helium temperatures 
(and sufficiently shielded from 77°K radiation) can be 
those induced by impurities, defects, and possibly the 
simultaneous  transition of two Coulomb-interacting 
electrons. 

The above suggests that  the recombination  time at  
liquid helium temperatures in  pure  and perfect bismuth 
crystals should  be quite long-long enough so that it could 
be  measured by a pinch-effect experiment. If  the electron- 
hole  plasma is pinched in a time short compared to the 
recombination time, the subsequent current should show 
the reappearance of carriers in  the region of the crystal 
from which they had been swept. It was hoped that this 
time dependence could  be observed in  the variation of 
the current  produced by the application of  an  appropriate 
voltage step. 

The large  current  required  for pinching determines that 
fast voltage pulses be used. However, the usual difficulties, 
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sample  inductance,  skin effect and  the generation of suffi- 
ciently large  rectangular pulses, combine to make a direct 
measurement of  the generation  time very  difficult. More 
significantly, because of magnetoresistance, the large 
spatially  dependent self-magnetic field produced by the 
current causes a non-ohmic  variation of current with volt- 
age, which retards the pinching. The detailed variation of 
the  current with voltage is, however, a function of  the 
bulk and surface recombination times. Reported here is 
an  attempt at determining these recombination times by 
comparing experimental I-V data with numerical solu- 
tions of  the steady state conductivity for a range of values 
of  the bulk and surface  recombination times. For con- 
venience these experiments were started at  77" and 300°K; 
some 4 O  data was also taken. It  turns  out  that  the I-V 
characteristics are dominated by the self-magnetoresist- 
ance, and vary but slightly for a wide range of  the gen- 
eration-recombination  parameters, even though  the com- 
puted results show large changes in the  radial  distribution 
and  total number of carriers. 

Experimental details 

The experimental apparatus consisted of a pulse generator 
connected to a delay line terminated with the sample. 
The pulses were generated by discharging a 10-ohm pulse 
forming line (five 50-ohm coaxial cables in parallel) 
through a mercury relay. The line could be charged to 5 
kilovolts, thereby producing a current pulse of 250 am- 
peres. The sample appears  as a short circuit  across the 295 
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delay  line and causes an almost  equal and opposite re- 
flected  pulse  which  doubles the current through the 
sample.  A  Tektronix 541 oscilloscope  was  connected to 
the larger  end contacts of the sample to measure the 
sample  voltage.  The current is,  of  course,  determined  from 
the  line  impedance and charging  voltage. 

The experimental data were obtained by varying the 
charging  voltage  of the pulse  forming  line in steps and 
measuring the sample  voltage.  Typical data at 77" and 
300'K for a  (polycrystalline) Bi wire  sample are shown 
in Fig. 1. The next  higher 300'K data point taken de- 
stroyed the sample, probably by the mechanism of ther- 
mal  pinching and melting  recently  described by Ancker- 
Johnson and Drummond.'  Similar I-V data have  been 
obtained on single  crystal  samples at 4.2", 77' and 300'K, 
but it has not been  possible, to date, to get data on a 
sample whose  axis  is in the  trigonal  direction. For this 
direction, the theory  is  particularly  simple but the  samples 
are very  fragile. 

Theory 

We consider  a  steady state pinch in a  cylindrical  sample 
with its axis along the trigonal  direction.  Both the linear 
drift and Hall  conductivities in the radial direction (the 
trigonal  plane) are isotropic; this  greatly  simplifies the 
computational problem. It is  assumed the radius a is  large 
compared to the shielding  length and the mean  free path. 
A current flowing along the axis of the sample will pro- 
duce  a  circumferential  magnetic  field3 H, within the sample, 

H(r) = ___ 
4 ~ e  E 

r 

where n(r') is the carrier concentration, E is the applied 
electric  field; uI2 = +(p l  + p2)p3 - p4' and bl' = v1 v3 are 
the Hall mobilities in terms of the partial mobilities of one 
ellipsoid bl, p2, p3, p4 for  electrons and v1 = v2,  v3 for 
holes).  This  magnetic  field  gives  rise to Lorentz  forces on 
the moving carriers which  push both holes and electrons 
to the axis. The Lorentz forces are balanced by both dif- 
fusion and a Hall field E H .  The drift velocity for holes and 
electrons in the radial direction is then 

d In n 
U, = - D,( H) __ - 

V1V3EH - VlEH , 
dr (1 + b1zH2)2 1 + bI2H2 

U, = - D,(H) ~ - d In (hl + p z ) p 3 E H  
dr 2( 1 + a ,  H2)' 

+ (PI + P2)EH 
2( 1 + u12 Hz) 
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Figure I Experimental data taken on the same 
(polycrystalline)  bismuth wire sample at 
77' and 300'K. The straight  lines  are an 
extrapolation of the  ohmic range; the  arrows 
indicate the classical  pinching  current Z, = 
d-. 

distributions of the holes and electrons  must be the same, 
since the space charge forces are sufficiently strong to 
maintain charge neutrality within  a  shielding  length. 
Equating the velocities  determines the Hall field,  which 
may then be  eliminated. The Einstein relation appropriate 
for Fermi statistics, D = 2p(/3e,  where E is the Fermi 
energy,  is  used to specify the magnetic field  dependence 
of the diffusion constants. 

The  steady-state radial particle fiux is then 

( P l  + P 2 h  N =  
(PI + PZ '&)(I + P'H' )~ 

ne& + v3)E(1 + c2H2)  
(1 + u12H2)(1 1- b12H2) 

where 

and (=, E ,  are the electron and hole Fermi energies. As- 
suming  a  bimolecular  energy  independent  generation- 
recombination term, we have  a  steady-state  continuity 
equation 

- + + + + ' = o .  d N  N n2 - no 
dr 27 

Substituting (3) into (4)  yields, after eliminating dH/dr 
by means  of the derivative  of ( l ) ,  

d2n dn 1 1 + 3p2H2 4 E H X , X ,  
? + ; [ ; ( I  + P 2 H z ) +  aE, H, 
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and 

where 

X, = (1 + c2H2) / (1  + u12H2)(1 + b12H2) 

Xz = + p2 H Z  a12 H z  
1 + p 2 H 2  1 + a12H2 

bI2  H z  - c2 H z  
1 + b I 2 H 2  1 + c2H2 

+ 
H, is  defined as the magnetic field for which the energy 
density H P 2 / 8 a  equals an average carrier energy  density 
2n, I, L is an average  diffusion  length  given by 

L* = 2 d 2 w 1 t n  + v ~ ) ( L ~  + ~ J t , l / e ( ~ ~  + c l Z  + 2 4 ,  

and &, the pinching  field  if the sample  remained  Ohmic, 
equals a d G j Q 2 n o ( p 3  + v3). 

The two equations (5) must  be  solved  simultaneously 
subject to the physical  boundary  conditions of zero  mag- 
netic  field and zero  derivative  of the carrier concentration 
on the  axis.  The third boundary condition, the carrier 
concentration on the axis,  is  determined by the condition 
that the total particle flux at the surface  be  zero.  This  is 
accomplished by equating the particle flux at the surface 
to a bimolecular  surface  recombination term: 

N ( U )  = S[n(a)' - noz ] /2no .  

There  is  some  experimental  evidence  relating to the 
value  of S. The accepted  explanation of Esaki's  "kink 
effect"4 can  only  hold  if S 2 1 X lo5 cm/sec, the sound 
velocity.  An  upper  limit for S at 4°K for a smooth sur- 
face  is  set  by the observation that surface  scattering  is 
mostly  specular;6  this  limit  for a smooth surface  is an 
order of  magnitude greater than the sound velocity. At 
higher  temperatures, S is  presumably  greater  still. 

In the actual computations, a value for the carrier 
concentrations on the axis  is  assumed, and the equations 
integrated out to the  surface. The particle flux and surface 
recombination  term are then  compared and the process 
iterated. The calculations were done numerically on  an 
IBM 1620 computer, using the Hamming  method.  Figure 2 
shows the computed I-V characteristics  for a bismuth 
sample at 77'K for  some  limiting  values of the surface 
and bulk parameters. The center  curve, L = 0, is the 
ordinary self-magnetoresistance effect  with no carrier re- 

distribution. The  upper and lower  curves, L = a, corre- 
spond to a surface  recombination velocity of infinity and 
the sound velocity,  respectively, and a diffusion  length 
L equal to the radius. For a 0.01 cm radius sample  this 
corresponds to the rather large value  of 6 X lo-* sec 
for the bulk  recombination time.' If the  recombination 
time  is  reduced by a factor of ten (6 X sec) the 
I-V curves are just barely  distinguishable  from the L = 0 
curve,  making it impossible to obtain a unique  value for 
the recombination parameters by curve  fitting to the ex- 
perimental data. 

As the temperature is  lowered, the mobility  increases 
causing the self-magnetoresistance to become important 
at lower currents. The pinching current however  remains 
unchanged and the deviations  caused by the finite  re- 
combination time will be lost in the  much larger self 
magnetoresistance  effect.  At  higher  temperatures, the 
pinching current increases  owing to an increase in the 
number  of  carriers and a change  from  Fermi to Boltzmann 
statistics.  This effect  offsets the dropping mobility and 
again  makes the deviations  caused by a finite  recombina- 
tion time  impossible to separate from the ordinary self- 
magnetoresistance. 

In conclusion, the author wishes to thank S. H. Koenig 
for suggesting  this  investigation,  for  many  informative 
discussions and for  comments on the manuscript. 
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Figure 2 Computed  steady-state I-V characteristics 
for some limiting values of the reeom- 
bination parameters. For a 0.01 cm radius 
sample, L = a corresponds to a recombina- 
tion time of 6 X lo-' second. 
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Discussion 
M. Lampert: How can you directly detect self-pinching in the W. R.  Datars: We have observed non-Ohmic effects due to 
sample? Joule heating in arsenic, antimony and bismuth. Do you have 

any assurance that such effects are  not interfering with your 

W. Schillinger: By measuring the spreading resistance of a 
observations? 

point  in  contact with the side of the sample. If the carriers Schillinger: The voltage across the sample (after an initial spike) 
pinched, the spreading resistance would increase. However, to had the same shape  as the current  through it, indicating that 
observe this effect in  our samples would have required the the conductivity during the pulse was constant and  that heating 
surface conductivity to  drop  to 1% of the bulk value. No effect effects  were unimportant. This conclusion is substantiated by 
this large was seen. estimates of adiabatic heating during the pulse. 
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