D. P. Kennedy

Theoretical Current Multiplication of a

Cylindrical Hook Collector

Abstract: An analysis is given on the mechanisms of operation for a current-multiplying hook collector of

cylindrical geometry. Mathematical equations are presented which establish the minority carrier trans-

port efficiency within a cylindrical hook collector region; both surface and bulk recombination are

assumed to be present. Also included in this analysis is the influence, upon current multiplication, of the

factors determining minority carrier injection efficiency for a diffused hook emiiter junction. Numerical

evaluation of appropriate hook collector design equations are presented in graphical form throughout a

range of geometrical parameters applicable to many practical situations.

Symbols

a=hook-collector radius (see Fig. 1)
B=carrier transport efficiency through collec-
tor region
D, =electron diffusion constant
D,=hole diffusion constant
E,=z-axis component of hook-collector region
drift field
I, 1,,=hole current and electron current at hook-
collector junction
1, 1,,=hole current and electron current at hook-
emitter junction
J,=electron current density
k=Boltzmann constant
L,=electron diffusion length
g=clectron charge
s=surface recombination velocity
T=temperature (abs.)
w=width of hook-collector region (see Fig. 1)
a=hook-collector alpha
an,=root of Eq. (14a)
B;=total hook-current multiplication
Bs» By By=current multiplication from individual
mechanisms of surface recombination, bulk
recombination, and emitter efficiency
y=hook-emitter injection efficiency
n=electron concentration
Y= electrostatic potential
pa=-clectron drift mobility
T,=electron lifetime in hook-collector region
C,q¢=surface concentration of donor impurities
C,,=surface concentration of acceptor impurities

N =donor impurity concentration in bulk ma-

terial
X,=diffusion depth of hook-collector junction
(see Fig. 1)
X =diffusion depth of hook-emitter junction
(see Fig. 1)
Introduction

The current-multiplying hook collector is an integral
part of most four-layer (PNPN) semiconductor switch-
ing devices. The semiconductor thyratron! and the two-
collector full adder,?2 for example, are computer logic
components obtaining their unique electrical properties
from current-multiplication mechanisms. Investigations
on this subject were first reported by Shockley;? he at-
tributed the large alpha of a point contact transistor to
the presence of a hook under the collector point. The in-
herent applicability of current multiplication to the de-
sign of semiconductor switching devices has resulted in
many analytical and experimental investigations on the
operation of hook-type structures.*

This paper presents a theoretical analysis on the mul-
tiple-layer hook collector of cylindrical geometry, Fig. 1.
Physical mechanisms contributing to the electrical prop-
erties of this device are characterized by appropriate
boundary value problems; solutions of such problems
yield mathematical equations applicable to its design.
From such analytical methods a quantitative theory is
established for the cylindrical hook collector, permitting
a computation of current multiplication resulting from
specific physical and geometrical parameters. Further-
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Figure I Analytical model of a cylindrical hook
collector.

more, from this theoretical analysis, a design technique
is established whereby the hook collector electrical char-
acteristics are made relatively insensitive to changes in
minority carrier lifetime and surface recombination
velocity.

Mathematical computations required for the design
of a hook collector must be conducted upon a high speed
electronic computer. To facilitate such computations,
therefore, computer programs are available—upon re-
quest—for the numerical evaluation of appropriate
equations presented in this paper.®

The hook collector

Figure 1 illustrates the semiconductor device considered
in this analysis. A cylindrical hook collector—consisting
of a p-type hook collector region and an n-type hook
emitter region—is assumed to be located upon an n-type
base. The hook structure is similar to an NPN transistor
except that no electrical contact is made to the common,
or hook collector, region. The collector junction is biased
in its low-current state of operation by the application
of an external biasing voltage between the hook emitter
and base regions; this junction, therefore, provides a
sink for electrons within the hook collector region and
for holes within the base.

Operation of a hook collector is easily understood by
considering the electron and hole currents illustrated in
Fig. 1. Minority carriers (holes) within the n-type base,
enter the collector junction, J,,, thereby resulting in an
accumulation of electrostatic charge upon the hook col-
lector region. The potentials caused by this accumulated
charge forward bias the emitter junction; this bias es-
tablishes the electron current J,,. Neglecting, for the
moment, emitter junction hole current J,,—an equilibri-
um condition is attained when the rate of charge ac-
cumulation, due to hole current J,,, equals the rate of
charge loss due to electron recombination current. A
collector region of good transport efficiency, therefore,
exhibits an electron current J,, which is substantially
greater than the hole current J,,. From such operating
mechanisms the total hook collector electric current, I,
exceeds the electric current due to holes alone and there-
fore provides an apparent current multiplication.
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Operation of this semiconductor device is dependent
upon the minority carrier transport efficiency, B, of a
cylindrical hook collector region and also the electron
injection efficiency, y, of an emitter junction. These
parameters are expressed by the relations

— lnc
B= I, (la)
1
y= -0 (1b)
lne+lpe
From Egs. (1) the alpha of a hook structure is
I
—yB— —ne_
=y Ine+lpe (2)

Eq. (2) can be written in a form comparable to the
common emitter current gain of a conventional junction
transistor,

@ 1

18: l—a - Ipe+1ne_lnc ) )

From Fig. 1, the total hook collector hole current I,
the total collector region recombination current
(Ine—1,c), and the total hook emitter hole current, I,
all contribute to the rate of charge accumulation at the
collector region. Stability is attained when the collector
region electrostatic potential remains constant; this
equilibrium condition is characterized by

Ipc:Ipe+11ze_1n0' (4)

From Eq. (3) and Eq. (4), the magnitude of current
multiplication is

The
F=7

(5)
pec

It is frequently convenient to separate the factors
contributing to Eq. (5). This separation is obtained by
designating 8,, 8,, and 8, as the current multiplication
resulting from the individual mechanisms of surface and
bulk recombination within the collector region, and
from hook emitter electron injection efficiency. Intro-
ducing this separation into (4), the total current mul-
tiplication, f3;, of a hook collector is approximated® by

1 1 1 1

BB TR TR ©)

Influence of surface recombination upon
current multiplication

The hook collector region is assumed to be a solid cylin-
der of semiconductor material containing an axial
distribution of acceptor impurities. This impurity dis-
tribution, introduced by diffusion techniques, results in
an electric field directed toward the hook emitter junc-
tion. Electron current within this cylinder, therefore, is
caused by the combined mechanisms of diffusion and
drift—it is thus characterized by

J,=—gD, grad n+qpu,n grad ¢. 7

.




A simplification has been introduced by assuming an
axially directed electric field, E,=—0¢/0z, of constant
magnitude between the emitter and collector junctions;
this magnitude is equal to the electric field at the emitter
junction face.”

Neglecting bulk recombination, the distribution of ex-
cess electrons throughout the hook collector region,
n(r; z), is governed by the differential equation
92n 1 on 02n on gk,

o°n , on - 9% (g
e T T T T e= o ®

0=

A separation of variables within Eq. (8) is obtained by
assuming

n(r;z2)=X(r)Y(z). 9)
Substitution of Eq. (9) into Eq. (8) yields the relations
2

0 )f -{-L—@—X——FAL’X(H:O (10a)
or? r cor

22Y oY

— te —A2Y(z) =0, (10b)
i 0z

where A is an arbitrary constant of separation. It is im-
portant to note that the physical nature of this boundary
value problem restricts solutions of Eq. (10a) to Bessel
functions. Since the minority carrier distribution must
be well behaved at the origin (r=0), Neumann func-
tions are excluded from this solution. We have, there-
fore, from Eq. (9) and Egs. (10) the general minority-
carrier distribution equation

n(r; z) =exp (£z/2){C; cosh ($z) +Cs sinh (pz)} (11a)

¢?= (%>2+A2. (11b)

Eq. (11) is a cylindrical harmonic function used to
characterize the excess minority carrier distribution
(electrons) throughout this hook collector region. Ap-
plication of Eq. (11) to specific boundary value prob-
lems yields an infinite summation of such harmonic
functions in which the constants are selected to satisfy
the required boundary conditions.

From Fig. 1—and also from previous considerations
—the boundary equations assumed to adequately char-
acterize a cylindrical hook collector are:

?TZ*D%":O r=a; 0<z<w (12a)
n(r;z)=0 0<r<a;z=0 (12b)
n(r;2)=n, 0<r<a;z=w. (12¢)

Eq. (12a) is a Cauchy type boundary equation which
establishes a minority carrier recombination velocity of
(s) at the exposed hook collector surface. Eq. (12b)
and Eq. (12c¢) locate the collector and emitter junctions.
Eq. (12b) eliminates all excess minority carriers from
one end of the solid cylinder, thereby providing a minor-
ity carrier sink. Further, Eq. (12c) establishes the emit-
ter as a minority carrier source by requiring a constant

density of excess electrons, n,, across the entire emitter
junction face.

A minority carrier distribution equation—subject to
the boundary conditions imposed by Eqs. (12)—is, from
Appendix I, given by

n(r; z)=2n,exp [(g/2) (w—2z)]

“ . sinh (8,,,%) S Jl(a,,,)Jo(am %)l
,(13)
«. sinh <8 1) ljoz(am) +J12((X,,,) g

m=1 m m a

where
S

am"l(am)_ 3‘1‘-’0(%;):0 (143)
2

87}12: <%> —f_amg' (14b)

The summation of Eq. (13) is conducted over ascend-
ing roots, a,,, of Eq. (14a) and there is an infinite num-
ber of such roots for each assumed magnitude of surface
recombination velocity. This expression, Eq. (13), estab-
lishes the minority carrier distribution throughout a solid
cylinder of semiconductor material which is character-
ized by the stated boundary conditions.

Substituting Eq. (13) into Eq. (7) yields the axially
directed electron current, J,.(r; z), within this cylindrical
structure,

7. (r;2) = — 3‘:;1—" exp [(¢/2) (w—2)] E

m=1

Z W, 2z
[am cosh (sm 7) + E_z sinh (s,,, 7)} T ap) o (am)

a,, sinh (Sm -:11> [-’o2(am) +J12(am) ]

(15)

From Eq. (15), the minority carrier transport efficiency,
B,, can now be established. A radial integration of
Eq. (15) yields a total electron current, /,(z), within
the hook collector region; from this integrated expres-
sion we have the total collector junction electron cur-
rent at z=0, 7,(0), and also the total electron current
at the emitter junction (z=w). The minority carrier
transport efficiency, B, is therefore given by

I
B,— "~ =exp (ew/2)
Iy

oW

: : 8711,',12(017;7)
o o . w
am?[-’ql_(am) +J]"(0lm)] Slnh( Sm —>
a

m=1

[Bm ctnh <3m 1) + fﬁ] 12(ay,)
a 2

0(,,,,:')[.,02 ( Ay, ) _*_']12 ( am) ]

(16)

m-1
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Figure 2 Theoretical current multiplication when r,— o and y=1 (Eq. 17).

Having assumed an emitter injection efficiency of unity,
current multiplication within this semiconductor device
is given by

B,
Bs= i—B,

a7

The large number of independent variables associated
with Eq. (17) has prevented a complete graphical repre-
sentation of the hook-collector multiplication parameter,
Bs. To illustrate this parameter, therefore, graphs are
presented for a geometrical range characterizing many
practical semiconductor devices, Fig. 2. A further nu-
merical evaluation of Eq. (17) will be necessary for the
design of hook collectors having geometrical parameters
outside the range of these graphs.5

Influence of minority carrier lifetime upon
current multiplication

In the derivation of Eq. (8) a divergence-free minority-
carrier current was assumed within the hook collector
region. Such an assumption implies the presence of an

IBM JOURNAL * JANUARY 1961

infinite minority carrier lifetime. Throughout this por-
tion of the hook collector analysis, therefore, minority
carrier current is governed by the continuity equation
2o Ly, (18)
Tn q

in conjunction with Eq. (7). The current multiplication
parameter (,, encountered when s=0 and y=1, is
mathematically established from a simplified, one-di-
mensional approximation of Eq. (18). Having elim-
inated surface recombination current within the collector
region (s=0), we also eliminate all radially directed
minority carrier current within a structure of circular
symmetry. Eq. (18), therefore, can be reduced to one
spatial variable yielding the differential equation

d?n dn n
The axially directed drift field appearing in Eq. (19), E,,
has been established by the same approximations used
in Eq. (8)—E, is assumed of constant magnitude.
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A solution of Eq. (19), subject to the boundary con-
ditions specified by Eq. (12b) and Eq. (12c), is given by
sinh < a_fv_>
n(z)=n,— > ___ 7 exp [(¢/2) (w—2z)] (20)
sinh 8
where

o [ W\ w \2
() (2

Substituting Eq. (20) into Eq. (7) yields a one-di-
mensional distribution of minority carrier current within
this hook-collector region

§0 cosh (0 i) + flsinh<0 i)l
gD,n, w 2 w

Jpo(2) =

w sinh (4)

exp [(e/2) (w—2)]). (22)

From Eq. (22) we can now establish the hook-collector
current multiplication, B8,, of this structure. Again as-
suming that 3, and B, are infinite, we have, from Eq.
(la), Eq. (3) and Eq. (22), the relation

_ J1(0)
187"—' an(o) ‘an(w)

_ d exp (ew/2)
" flcosh (8) —exp (ew/2)]+6 sinh §°

Eq. (23), unlike Eq. (17), has a limited number of
independent variables and is therefore graphically repre-
sented throughout a range applicable to most practical
situations. This graph, Fig. 3, provides the bulk recom-
bination term, B,, required in the computation of total
current multiplication, 8;, within a hook collector.

(23)

Influence of hook emitter injection efficiency
upon current multiplication

M. Tanenbaum and D. E. Thomas® have considered the
problem of minority carrier injection for a multiple-dif-
fused emitter junction. A semiconductor structure of
this type results from the diffusion of impurity atoms—
donor and acceptor—into an n-type semiconductor ma-
terial containing a specified concentration, N, of un-
compensated donor atoms. During the first diffusion
cycle a given concentration of acceptor atoms, C,,, is
maintained at the semiconductor surface, thereby form-
ing a p-type layer of depth X, within the material. Sim-
ilarly, during the second diffusion cycle a concentration
of donor atoms, C,4, is maintained at this surface; com-
pensation of acceptor atoms results in an n-type layer of
depth X;, where X;<X,. This experimental technique
yields an NPN structure having an impurity atom distri-
bution, N(x), which is given by the general expression

N(z)=N4+C,, erfc (—LZ—>~CW erfc( ; > (24)

d

From this impurity distribution equation, electron and
hole currents appearing at the hook emitter junction are
given® by
exp (gv/kT) —1

[ IN(z)|dz

Je
exp (gv/kT) —1
[lN(Z)Idz

Jne: qni2Dn

Jpe: qn;*D,,

(25)

The integrations of Eqs. (25) are conducted throughout
the collector and emitter regions of this semiconductor
device. Further, from Eq. (1b), Eq. (3), and Egs. (25)
we have the required current multiplication parameter

N d
y __Dn,/;l (z)]z.

l—y = D, fiN(z)ldz

By= (26)

Eq. (26) establishes the magnitude of current multi-
plication obtained from a hook collector exhibiting no
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Figure 3 Theoretical current multiplication when
v=1; s=0 (Eq. 23).

minority carrier loss within its hook collector region
(B,=B,=w). The large number of independent varia-
bles associated with Eq. (26) has prevented its graphical
representation throughout a range applicablc to all
semiconductor devices. To illustrate f., thercfore, a
range of parameters have been selected which includes a
large number of practical situations, Fig. 4. Further
numerical evaluation of this expression will be neces-
sary for the design of hook collector structurcs not char-
acterized by these graphs.
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Conclusions

Theoretical investigations into the operation of a current-
multiplying hook collector has yielded mathematical
cquations applicable to the design of this semiconductor
device. Equations (17), (23), and (26), respectively,
cstablish the parameters §,, B,, and . which are re-
quired in the computation of total hook-collector cur-
rent multiplication 8,, Eq. (6).

Important to the practical aspects of semiconductor
device design is its sensitivity to changes in minority
carrier lifetime and surface recombination velocity.
Eq. (6) indicates a technique whereby this sensitivity
can be decreased. Introducing the requirement

1 | ]
) < 27
</o’s+ﬁr><ﬁv @7

——for large changes of lifetime and recombination ve-
locity—decreases the sensitivity of current multiplica-
tion, B,, to changes in these parameters. Application of
this design technique to practical hook collector struc-
tures has, for example, yiclded the following theoretical
characteristics:

Be s Tn
20 0 0
18 10t 10-7

Electron injection efficiency of the emitter junction, v,
maintains a limit upon the magnitude of current multi-
plication; this limit masks variations resulting from
changes of transport cfficiency through the hook col-
lector region.
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Appendix |

The general minority carrier distribution equation satis-
fying Eq. (8) has the form

n(r; 7y =cxp (—¢2/2) {C; cosh ($pz) +Cy sinh (dz) }
Jo(Ar), (I-1a)

where

N A S )
./,-_<~2_> Az, (1-1b)
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Figure 4 Theoretical current multiplication when r,— «; s=—0 (Eq. 26).

The constants of Eq. (I-1) must be adjusted to satisfy
the boundary equations outlined in Eq. (12). This is
accomplished by first substituting Eq. (I-1) into Eq.
(12a), yielding the relation

n(r; z) =exp (—ez/2) E { Cy,, cosh (s —i—)
m=1
+C2m Sinh <8m "E—>‘l JU ( amL>7 (1'2)
a f a

where

el 1 () =~ Jo () =0 (1-3a)
Dﬂ

Bu?= <%)“+am2. (I-3b)

The summation of Eq. (I-2) is conducted over ascend-
ing roots of Eq. (I-3a).

Upon substituting Eq. (I-2) into the boundary equa-
tions (12b) and (12c) we obtain

hid sinh( S, %)
n(r; z) =exp [(£/2) (w—2)] z%. —
- sinh( 8. —‘a”~>

r
J =, (1-4
O( Sm a )5 ( )
where

o«
=Y dndy (a%) (L-5)
m=1

Eq. (I-5) is a Dini series type of approximation for the
boundary conditions assumed at the emitter junction. It
can be shown® the constant ¢, is given by

e r
2n, / rly ( am—) dr
Jo a
LI:[JO:(O[,”) +Jl2(am)]
- 2’7011 (am)
B am[JOZ(am) +]12(0‘m)] '
Substituting Eq. (I-6) into Eq. (1-2) yields

w_‘ sinh ( 3, %)
n(r; z)=n.exp[(£/2) (w—2z)] 2 T wN
) @y, sinh ( 8»1 7)

J (am)J < @y L)?
S i ’ 47\ (1-7)
1"02(am,) +J12(anl) S

Eq. (I-7) fully describes the distribution of excess
minority carriers (electrons) throughout a solid cylinder
of p-type semiconductor material characterized by the
boundary conditions of Eqs. (12).

lll,”l -

(1-6)
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