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Size  Effects  for Conduction in Thin Bismuth Crystals 

Abstract:  The  size dependence of the electrical conductivity, and preliminary results for galvanomagnetic 

effects, in thin, single crystals of high-purity bismuth at 4.2"K are reported for a range of thicknesses 

comparable to the electron mean free path. The  results, when interpreted according  to the theory of Ham 

and Mattis and of  Price (in the  accompanying  papers), show that the scattering  of  electrons by the  surface 

is specular, and confirm the novel predictions  of  the theory for the case  of  specular reflection and anisotropic 

surfaces of constant  energy. 

Introduction 

At 4.2"K, the  mean  free  path of the  conduction elec- 
trons in  high-purity  bismuth  crystals is of the  order of 
one millimeter.1 Studies of "thin film" effects-the in- 
fluence of surface scattering of the  carriers  on  the elec- 
trical conductivity-then become possible for specimens 
of which the  thin dimension is of the  order of one milli- 
meter. This enables  measurements to be made  on single 
crystals; i.e., thin,  uniform, strain-free,  reproducible  sam- 
ples, the  interior of which may be  assumed to behave 
like normal bulk  material. 

The  theory of the electrical  conductivity of thin me- 
tallic films has been extensively investigated for spherical 
surfaces of constant energy,  isotropic  scattering in the 
bulk and diffuse scattering of the carriers by the sur- 
face.2 Ham  and Mattis3  have  investigated, in detail, the 
situation  with  nonspherical  energy  surfaces. 

It has  been  pointed out by Price4  as well as by Ham 
and  Mattis5  that  there is a size dependence for the elec- 
trical  conductivity for specular  scattering, if the energy 
surfaces are  not spherical. In  particular,  the conductivity 
of progressively thinner single crystals  should reach a 
limiting value which is explicitly dependent  on  the  shape 
of the constant-energy  surfaces, and  their  orientation 
with  respect to  the experimental  geometry. The  conduc- 
tivity may  become  anisotropic, even for a  crystal of 
cubic  symmetry. This  saturation is in contrast  to  the 
situation for diffuse reflection, for which the conduc- 
tivity decreases  monotonically  (in the  thin limit) with 
decreasing  sample thickness, both  for spherical and non- 
spherical  energy  surfaces. 

Bismuth,  because of its long carrier  mean  free  path, 
its highly anisotropic  conduction band,  and  the indica- 
tions that  the  surface scattering is specular,6 is an ideal 

material  from which to  obtain experimental data  that 
may reliably be compared with the theory. The results 
for  the conductivity  presented below, while incomplete, 
confirm the  theory as applied to bismuth. In addition, 
preliminary Hall  and transverse  magnetoresistance data 
also show a saturation for the  thinner samples  which, 
though  not yet compared numerically  with t h e ~ r y , ~  be- 
have  qualitatively  as  expected. 

Properties  of  bismuth 

Bismuth is a slightly distorted  face-centered-oubic semi- 
metal with one  conduction electron per approximately 
lo5 atoms  at 4°K.' The symmetry is trigonal  with three 
twofold rotation axes normal to the trigonal  direction. 
The  conduction  band is thought to have three groups of 
two energy  minima each,  the two  related to  each  other 
by inversion through  the origin of the Brillouin zone, 
and  each  group related by a rotation of 120" about  the 
trigonal axis to  one of the  other  two groups.6 The  Fermi 
surface (of energy of about 0.018 ev)7 is describable 
(Eq. 1) in terms of a highly anisotropic  reciprocal  ef- 
fective mass tensor y for  each  pair of minima: 

0 [%' Y23 Yz \]; 
y1+372 * 1/?(71-72) *2 q13723 

* +(y1-y2)  3y1+y2 - 2723 

- 2Yz3 Y3 1. 
(1) 
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is a particular binary  direction,  the  3-direction is the 
trigonal axis, and  the 2-direction, the so-called bisectrix 
direction, is perpendicular to  the  other two. The ex- 
perimental justification for this band  structure, along 
with a current best estimate of the mass parameters, is 
reviewed in  a  recent paper by Smith.6 The ratios yI:y2: 
y3:yz3  may  most  reasonably be taken as 110: 1 :50:5. In 
addition, Smith states that specular reflection at  the  sur- 
face is necessary for  an  interpretation of his anomalous 
skin-effect data  that is consistent with existing de  Haas - 
van  Alphen and cyclotron  resonance  results. 

Theory for specular reflection 

A  particularly  convenient  set of orientations to use that 
demonstrates  the contribution of surface reflection to 
the conductivity is for the trigonal  axis to be in the  sur- 
face of the “film” but normal  to  the longitudinal (cur- 
rent) direction, and  for a  binary  direction to be rotated 
out of the  surface by an angle (b. This is best seen with 
the aid of Price’s Eq. (21), which gives explicitly the 
size dependence of the conductivity (averaged over the 
width of the crystal) of a single conduction-band ellip- 
soid.4 

where 

I,= 7r ( 2y&) 112. 

Here the x direction is the current direction, z the direc- 
tion normal  to  the  surface, a the sample  thickness, T the 
scattering  time  (assumed isotropic), E the  Fermi energy, 
and 6 a constant  such  that u,,=[y,, in the limit 
a/Iz-+m . (ux, is the diagonal component of the aver- 
aged conductivity tensor  for the current direction.) The 
function G ( y )  (cf. Eq. 22 of Price4) describes the size 
effect for  the conductivity  and  approaches  unity  as 

S I -  I 
1.0 2.0 3.0 4.0 

Figzrre I The variation of the size effect for con- 
ductivity, G(y), with y .  

n/Z,:-tO. for large y ,  C ( y ) - + 3 / ( 4 y ) .  As  may  be seen 
from Fig. I ,  which is the result of a machine  computa- 
tion of C(y), 25% of the size effect still exists for 
( n i l : )  =6. 

By rotating  the  matrices of Eq. (1) about  the trigonal 
axis through  an angle 4, one  obtains  the inverse mass 
tensors in a  representation appropriate  to Eq. (2).  The 
result is given in Eq. ( 3 ) .  

Values of ax, for the bulk and thin-film limits for each 
pair of ellipsoids, and also summed over all three  pairs 
for  direct  comparison with the experimental  results to 
follow, are listed in Table 1 for several values of (b. 
When  appropriate, y2  has been neglected compared  to 
yl.  The bulk conductivity is seen to be  independent of 
(b; for any uniaxial crystal, the bulk  conductivity is, of 
course, isotropic in a plane normal  to  the  unique axis. 

(yl cos2 ++y2 sin‘ 4 )  (y2-yl) cos (b sin (b yZ3 sin $5 

(y2-y1) cos + sin (b (yl  sin2+-ty, cos” 4 )  yZ3 cos (I, 

723 sin (b Ya:, cos 4 Y 3 

Y 3  
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Table I 

d, 

0" 

12" 

15" 

30" 

The theoretically determined relative values of  the diagonal contribution  to the conductivity by 
each ellipsoid of the  conduction band in the  .bulk limit (6) and the "thin film" saturation limit (SI 
is shown for different values  of +. 

B 

Y1 

0 . 9 6 ~ ~  

0 . 9 4 ~ ~  

S 

Y 1  

0. 16yl 

0.l ly1 

-0 

S 
__ 

-0 

-0 

-0 

-0 

S 

-0 

-0 

Yz 

S 

Y 1  

0.1 6y1 

0.12y, 

YZ 

213 

0.1 1 

0.08 

2yZ/3yl=0.006 

Note: The longitudinal (current) direction of the  sample is normal to the  trigonal axis  and  makes an  angle @ with a binary 
axis. The broad surface contains  the  trigonal  axis. The last  columns give the sum of the relative contributions of all 
valleys,  and the ratio of the total conductivity  in  the two limits. 

Procedures and results 

Measurements  were made  on several single-crystal sam- 
ples at 4.2"K as  a function of thickness. The thickness 
of the samples,  which typically were  2 to 4 cm long, 
7 mm wide and initially 3 mm thick, was destructively 
varied by successively electropolishing the samples after 
each measurement. It is possible to reduce the thickness 
uniformly by more  than  an  order of magnitude in this 
manner.  The bismuth  crystals, which consistently have 
a  residual  resistance ratio (R3000/R4,2n) greater than 
400  (somewhat better than anything so far  reported), 
are grown  between glass microscope slides on a  hot- 
plate, utilizing the  temperature gradient near  the edge. 
The material was obtained, already zone refined, from 
Consolidated  Mining and Smelting Company of Canada 
Ltd.  The desired crystallographic orientation is obtained 
by seeding. 

Figure 2a shows the  data obtained from a  sample for 
which +=12&2",  and Fig. 2b from a  sample for which 
+=0+3". In Table 2, the experimental ratio of the 
averaged  conductivity (in  the  thin  limit)  to  the bulk 
conductivity for these samples is compared with the 
theoretical values taken  from  Table 1. The agreement is 
well within experimental  uncertainties, among which 
are  the  angular  error,  not only  in d, but also in the 
orientation of the trigonal  direction, and  the  fact  that 
the samples initially were not sufficiently thick for  the 
conductivity to represent the bulk limit. This  last fact 
is the reason for  the < sign. 

Figure 3 shows data  for  another sample for which 
+YO. Attempts were made  to  treat  the  surface of this 
sample so that diffuse scattering  might  be  induced, but 
were  unsuccessful. A preferential  chemical etch  that 
changed the mirror-finish,  electropolished surface to a 
dull matte  produced  no effect. Mechanical  abrasion 

160 with coarse  and/or fine grit,  which  thoroughly scratched 

the  surface, did not  make  the  surface scattering  non- 
specular. The handling of the sample during this  pro- 
cedure did distort the sample and lower the bulk con- 
ductivity,  as is readily seen from Fig.  3. 

Galvanomagnetic  properties of this  sample  were also 
studied,  as shown in  Fig.  3.  Preliminary Hall  data, 
taken with  a field of 1.4  oersteds normal  to  the  surface 
(corresponding to a Hall voltage of about 0 . 3 ~ ~ )  would 
appear to confirm the expected saturation in the thin 
limit.4v5 The effects of the  earth's field and of the self 
field due  to  current flow in  the sample  were  small 
enough to be neglected within the experimental uncer- 
tainty. The variation of the  Hall  constant  with thickness 
shown in Fig. 3, however, in general will not be the 
same as the  variation of the longitudinal  conductivity. 

The transverse  magnetoresistance is shown in Fig. 4. 
The effect is proportional to the  square of the field 
strength for changes in conductivity by a factor of 
about 103. The magnetoconductivity  varies  with  thick- 
ness exactly  as the zero-field conductivity. In  the thin 
limit, for this orientation,  two of the  three pairs of ellip- 

Table 2 A comparison of the experimental results 
with the (appropriate) theoretical predic- 
tions taken from Table 1. 

d, 
-~ ~ 

Experiment <0.75 <0.15 

Theory 0.67 0.1  1 

Note: The < sign arises  because  the  samples  initially  were 
not sufficiently thick to give true bulk conductivity. 
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a )  Sample 24: 2.5 cmx3 .7   mm><a(mm)  6 )  Sample 28: 3 c m x 7   m m > ( a ( m m )  

Figure 2 The variation  with sample thickness of R3000/R4,20 (which is proportional to conductivity at 4.2"K). 
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Figure 3 The variation, at 4.2"KI with sample 
thickness of R 7 , O / R 4 . 2 O I  and the Hall con- 
stant RE. 
Sample 30: 4-0, H ~ 1 . 4  oersteds.  Attempts 
ut  abrading the  surface at thicknesses A and 
B resulted only  in decreasing the  bulk  con- 
ductivity,  as  the  subsequent data to  the  left 
of each  point indicates. 

Figure 4 Th'e variation of transverse magnetore- 
sistance with sample thickness at 4.2"K. 
(Sample 30.) 

Figure 5 The variation of longitudinal magnetore- 
sistance with sample thickness at 4.2"K. 
(Sample 30.) 
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soids give zero  contribution  to  the conductivity (cf. 
Table 1 ), while the  contribution of the  third pair is in- 
dependent of size. The magnetoresistance  in the  thin 
limit is that  contributed by the  one ellipsoid. 

Figure 5 shows the variation of longitudinal  magneto- 
resistance  with  sample thickness. The initial  increase 
followed by a  “negative”  magnetoresistance is similar 
to  that observed by MacDonald8 in fine sodium wires, 
by Babiskin9 in bismuth at  much higher temperatures 
and fields and by Steelel0 in  antimony. The  occurrence 
of the negative slope is very sensitive to the  orientation 
of the magnetic field direction  relative to  the  current 
flow, and is observable  only over  an  angular  spread of 
about 2 3 ” .  There is, presumably,  nothing fundamental 
about this; rather, since the transverse  magnetoresistance 
is so large, even a  small component of magnetic field in 
the transverse  direction will obscure  the effect. 

Discussion 

It  has been demonstrated  that  the  surface scattering is 
specular  in  bismuth and  that  the  “thin film” conductivity 
varies  in  a manner consistent  with the  current theories4v5 
and the existing information  on  the band  structure. 
Moreover, we have  not  succeeded in producing  a surface 
that gives other  than specular reflection. The reasons 
for this are  not  clear,  though it is reasonable that specu- 
lar reflection should occur in Bi (unlike  the situation 
for  metals),  for optically shiny surfaces. The  argument, 
given earlier by Smith,6 is that  the  de Broglie wave- 
length of the carriers at  the  Fermi  surface is extremely 
long because of the low Fermi level and small effective 
masses, and  therefore extremely small-scale surface ir- 
regularities will not be resolved by the carriers. 

Longitudinal  magnetoresistance 

The behavior of the longitudinal  magnetoresistance is 
puzzling. In  the thin  crystal  limit for +=O, the only pair 
of ellipsoids that  contribute  to  the conductivity are so 
oriented as to give zero longitudinal  magnetoresistance 
for  the  approximation of constant relaxation time. Thus 
the initial  increases of A p / p  at  low fields may well be 
due  to  the  fact  that 4 is not  quite zero. The onset of the 
negative slope has in the past been associated with  a 
magnetic field sufficiently strong  to  keep  the  carriers 
with spherical  energy surfaces in  spiral orbits away 
from  the  surface, thereby  reducing the  surface  contribu- 
tion to  the resistivity.8-10 As was the case in References 
9 and 10, the magnetic field at which the effect sets in 
corresponds to  an  orbit  radius which is an  order of 

tion about  the trigonal axis, and  the density-of-states ef- 
fective mass to be of the  order of the  free electron mass.’ 

Since  for pure  material  the density of holes is the 
same as that of electrons, and  their  mean  Fermi mo- 
mentum is the  same  (except  for a factor  determined by 
the relative number of electron-to-hole  ellipsoids), the 
previous argument  for  specular reflection should hold 
for holes as well. For  any value of the angle 4, there 
should be no size effect for  the holes, and if they made 
any appreciable contribution  to  the bulk conductivity, 
the observed size effect would be lower than  the theo- 
retical  value. The uncertainties of the present data  at 
best allow for only  a  small  hole  contribution. In addi- 
tion, the measured  bulk Hall  constant which, for this 
orientation, equals l / n e  within % % (Fig. 3 ) ,  is about 
18 cms//coulomb and corresponds to a carrier density n 
~ ( 1 8 ~ 1 . 6 ~ 1 0 - ~ 9 ) - 1 ” 3 . 5 ~ 1 O ~ ~ / c m ~  and a mobility 
p of about 4x 107 cmZ/volt sec. The value for n agrees1’ 
with the  range of numbers calculated from  the mass 
tensor and  the known Fermi energy. On the  other  hand, 
the  Hall  constant would not  be simply related  td the car- 
rier  density if the holes made  an appreciable  contribu- 
tion to  the conductivity. It would appear,  then,  that  the 
holes do not contribute significantly to  the conductivity. 
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