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Abstract: Ferrimagnetic resonance has been observed in single crystals of gadolinium-iron garnet  at  9479 

and  23,725 mc.  The resonance behavior is  discussed in terms of a  two-sublattice theory. The gadolinium 

g-factor is  equal to 2.006  above  -90°C  and increases at lower temperatures. The gadolinium ions con- 

tribute to the anisotropy below  -40°C. The assignment of separate damping constants  to each sublattice 

explains the sharp variation in over-all  damping  with temperature near the compensation point. 

Introduction 

Gadolinium-iron garnet is one of a series of ferrimagnetic 
oxides which  were discovered about  three years ag0.l 
These oxides, with the crystal structure of the mineral 
garnet, have the composition  R3Fe5OI2,  where  R  repre- 
sents yttrium or one of the  rare  earths between samarium 
and lutetium in the periodic  table. PautheneP has meas- 
ured the magnetic  moments of these oxides and explained 
their  unusual  dependence on  temperature and applied 
field in terms of  NCel’s theory of ferrimagnetism. The 
magnetizations of gadolinium- and yttrium-iron  garnets 
are shown in Fig. 1. In yttrium-iron garnet,  three iron ions 
per formula unit are  each  surrounded by tetrahedra of 
oxygen ions, while two iron ions are  surrounded by octa- 
hedra of oxygen ions. The magnetization of yttrium  garnet 
is due to antiparallel  coupling between these two  groups, 
or sublattices, of iron ions.2J  In gadolinium garnet,  there 
is an additional, much weaker  coupling which aligns the 
moments of the gadolinium ions antiparallel to  the result- 
ant  moment of the iron ions. 

Microwave-resonance  experiments furnish a useful  tool 
for investigating these phenomena. A typical  experiment 
consists in observing the absorption of microwave  energy 
by a small piece of magnetic  material placed in a variable 
magnetic field. When the applied magnetic field is such 
that, in combination with internal  crystalline fields, it 
yields a  frequency of gyromagnetic precession equal  to 
the  applied  microwave  frequency,  resonant  absorption of 
energy  takes place. Since the internal fields give rise to 
terms  dependent on  the angles between the applied field 
and  the crystallographic axes, these effects can be sepa- 
rated from those  arising from  the applied field. The 

angular variation in resonant field measures the crys- 
talline  anisotropy; the proportionality constant between 
total effective field and frequency  measures the gyro- 
magnetic  ratio; the width of the resonance  measures the 
damping of the  motion of the magnetization.  Detailed 
analysis further shows that  the g-factors of the individual 
sublattices to some  extent can be determined  separately, 
particularly  in  connection  with the  interpretation of the 
resonance  behavior near a compensation point: i.e., a 
temperature  at which the sublattices  have equal  and oppo- 
site  magnetization,  with  a net zero total magnetization. 

Yttrium-iron  garnet is the simplest one of these oxides 
to understand,  since the  yttrium ion has  no magnetic 
moment. It also is of considerable  technical  interest 
because of  the very small damping, i.e., narrow line  width, 
and has been studied by several a u t h o r ~ . ~ , ~ ’ ~  Among  the 
rare-earth ions with a magnetic moment,  the behavior of 
Gd:’+  should  be the easiest to  interpret, since its moment 
is due only to electron  spins. 

Microwave  resonance  absorption  has been investigated 
in polycrystalline samples of gadolinium-iron g a ~ n e t . ~ ? ~  
Analysis of these measurementsx gives a  value for  the 
difference  in the  g-factors of the  iron  and gadolinium  ions 
&?,-gG,=O.OlO, in good agreement with our single-crystal 
measurements. These polycrystalline measurements do 
not give quantitative  information about  the anisotropy 
and also cannot be unambiguously  interpreted in the 
vicinity of the compensation  point. A preliminary report 
on some of the present single-crystal results has been 
given elsewhere.9 

In the  subsequent  developments the  terms g-factor  and 153 
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gyromagnetic ratio (7)  are both used as  measures of the 
proportionality between resonance  frequency  and mag- 
netic field. They  are related by 

27eP 
Y = h  

where p is the Bohr magnetron  and h is Planck’s constant. 
For a free electron  spin g=2.0023  and y / 2 ~ = 2 . 8  mega- 
cycles per oersted. 

Experimental apparatus and results 

Since these garnet  compounds  melt incongruently in  an 
air or oxygen atmosphere,  the conventional methods of 
growing crystals from  the liquid of the  same composition 
could  not  be used. A mixture of iron and gadolinium 
oxides (80 mol % Fez03,  20 mol % Gd203) was heated 
to  1520°C  in oxygen and  then slowly cooled. During 
cooling, the garnet crystallizes from  the  iron oxide  liquid. 
The resulting  crystals  were small, about 1 mm in  linear 
dimensions, and were difficult to remove from  the iron 
oxide. Concentrated hydrochloric  acid was used to  free 
the crystals and, in the course of this treatment,  it became 

apparent  that  many  of  the crystals  were “skeletons” with 
inclusions of iron oxide. Sound  crystals  were ground to 
spheres of approximately 0.020” diameter and examined 
microscopically and by x-rays for evidence of inclusions. 
Although no evidence of inclusions was found in the 
samples used for  the  resonance measurements,  a weak 
absorption peak was observed near  the compensation 
temperature, which appeared  to be due  to small amounts 
of an impurity. 

Magnetization  measurements  were made  on these 
crystals, using an  apparatus similar to  that described by 
Maxwell and  Pickart.lo  The results are shown  in Fig. 1 
together with the magnetization of yttrium  garnet crystals 
prepared by the  same method. 

Cylindrical  transmission cavities operating in the TEoll 
mode were used at  both X and K bands. At X band,  the 
sample was cemented to a 1/8” diameter  copper  post 
mounted axially in the cavity; temperatures  other  than 
room  temperature were  obtained by heating or cooling 
the  copper post. The  tip of the post was tapered to mini- 
mize rf field distortion near  the sample.  A  copper-con- 
stantan thermocouple, running coaxially through  the post 

Figure 1 Magnetizations of gadolinium- and yttrium-iron garnets versus temperature. 
AI  and Az:Gd, H,=4 X lo3 oe; B : Y ,  H,=7 x 103 oe. 
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Figure2 Block diagram of the  ferrimagnetic resonance  spectrometer used at  X-band. 

and soldered at  the sample  location, was used to  monitor 
temperature. The resonant frequency was 9479 Mc. For 
the  K-band measurements the sample was cemented on 
an axial quartz post and  temperature changes  accom- 
plished by immersing the cavity in a  constant-temperature 
bath.  Condensation  in the cavity and waveguide was 
prevented by flushing and pressurizing  with  helium at  the 
start of each run. The resonant frequency of this cavity 
at room temperature was 23,725  Mc. Other cavities and 
other cooling arrangements,  including  immersion of the 
cavity in liquid helium or liquid nitrogen,  were used in 
some  comparison  experiments. 

The spectrometer used at X-band is shown in Fig. 2. 
Auxiliary components such as attenuators, wavemeter, 
et cetera, are not  shown. The klystron was frequency- 
stabilized on  the sample cavity for all X-band measure- 
ments; the system actually used is part of the  Varian V 
4500 spectrometer used for  paramagnetic resonance  in 
this laboratory.  A  10-kc  oscillator  frequency  modulates 
the klystron so as to sweep a  small  portion of the cavity 
resonance. The signal reflected by the cavity is amplified, 
phase  detected, and applied to  the klystron reflector to 
compensate for frequency  drifts. 

A  measurement of the power absorbed by the sample 
was obtained by using a  Hewlett-Packard 416A  ratio 
meter to  measure  the power-transmission coefficient 
(T=Ptransmitted/Pincident) of the cavity  as  described by 
White  and Solt.'l The power  absorbed in  the sample, Pa, 
is given by: 

where Qbe is the loaded Q of the empty  cavity, Toe the 
power-transmission coefficient of the  empty cavity, and 
T is the power-transmission coefficient of the cavity  con- 
taining the sample. 

For  the  K-band experiments, the klystron was swept 
across a mode  with  a 100-cycle sawtooth signal. The 
power output of the cavity was peak-detected, amplified, 
and applied to  the  recorder Y-axis. 

The relative  magnetic field was  measured  either by a 
Rawson  Model 722  rotating flip coil or by time  scanning 
the magnet current linearly. A proton  probe was used for 
accurate calibration of the scan.  Reduction to absolute 
field was facilitated by use of a small amount of dpph 
(diphenyl-picryl  hydrazyl, g= 2.0036) near  the sample. 

The plots of absorbed  microwave  power  as  a function 
of magnetic field are obtained by semi-automatic  record- 
ing techniques.  Typical  curves are shown in Figs. 3 and 4 
for  the  three  principal  crystallographic  directions, 
[loo], [110] and [ l l l ] .  These resonances are symmetrical, 
strong  and well-defined at  temperatures 50" or  more  from 
compensation point  (Fig. 3).  As the compensation  point 
is approached,  the resonances  become  weaker, broader 
and in  some cases asymmetric,  as  shown  in Fig. 4. Close 
to  the compensation temperature, a weak extra  resonance 
appears  at low fields (Fig. 4). This resonance was ob- 
served  in both  X-  and  K-band measurements and may  be 
present, but masked by the larger  absorption, at  tempera- 
tures farther  from  the compensation  point. From  the rela- 
tive independence of this resonance on crystal  orientation 
and  temperature,  it is thought  to be due  to small inclusions 
(of the  order of 1% of the volume of the  sample) of a 
magnetic  iron  oxide in the crystals. 

I 
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An individual  absorption curve is characterized by the 
field H, at which maximum absorption occurs  and by the 
difference 2AH between the two fields at which the ab- 
sorption is one-half of its maximum value. Fig. 5 shows 
the variation  in H, for  the magnetic field applied  along 
different directions in the ( 110) plane of the crystal. The 
temperature dependence of H ,  for  the  three principal 
crystallographic  directions is shown in Fig. 6. The widths 
of the resonance  in the  three directions are shown  in 
Fig. 7. 

Discussion 

Magnetization  measurements on  the garnets  show that 
the moments of the  rare-earth ions are  much  more weakly 
coupled than  are  the  iron moments. In discussing the 
resonance  behavior of gadolinium-iron garnet, we assume 
that  the two  iron  sublattices can be treated as a  unit. 
Because of the weak interaction  with the gadolinium-ion 
moments, the magnetization of the iron  sublattice will be 
essentially equal  to  the magnetization of yttrium-iron 
garnet.  Since the “molecular field” acting on the gado- 
linium  moments is so weak,  the  magnetization of the 
gadolinium  lattice  exhibits  a susceptibility practically 
equal  to  the usual paramagnetic susceptibility of Gd3+ 
ions. Although this  dependence of the gadolinium  mag- 
netization on  the external field modifies the resonance 
conditions in the immediate  neighborhood of the compen- 
sation  temperature,12 it  has little effect in  the  temperature 
range of our  data  (Fig. 6) and we  will neglect it. 

Figure3 Absorption curves for the three principal 
crystallographic directions at  9479 mc, 
- 140” C. 
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The theory of ferrimagnetic  resonance  in systems of 
two coupled  sublattices has been extensively treated in the 
literature‘3914 but with  two exceptionsgJ5  the effects of 
damping have been neglected. To provide a basis for 
consideration of the marked  increase of the line widths 
observed around  the compensation  point, we will include 
a  damping  term in the initial  equations for  the motion 
of the sublattice  magnetizations. For  our purpose, it is 
more convenient to use an  equation proposed by Gilbertlfi 
instead of the  more  familiar Landau-Lifshitz  equation. 
We  write an  equation 

for  each sublattice. Mi represents the magnetization, yi the 
gyromagnetic ratio  and ai the damping parameter of 
the it” sublattice. The  quantity Hi includes not only the 
applied fields but also terms representing  exchange,  ani- 
sotropy and demagnetizing effects. These effects have been 
considered extensively14 and,  for  the present, we neglect 
anisotropy and demagnetizing effects. The  method of 
solving Eq. (2) for two  coupled  sublattices is  well known 
but very  laborious. Fortunately,  for  our present  purpose, 
we do not need to solve these  equations.  We wish to know 
whether  the  motion of the  net magnetization M=Ml+ Mz 
can be  described by an  equation similar to  Eq. ( 2 ) .  We 
assume that  the solution of Eq. (2) will have the  form 

~- dMi - o x M i ,  
dt 

where,  because of the  strong exchange  coupling between 
the sublattice  magnetizations, the angular velocity o is 
the  same  for  both sublattices.  Substituting  this into  Eq. (2) 
and introducing the angular momenta Si=Mi/yi, we 
obtain 

The field has been  written to  show explicitly the external 
fields Ho and  the exchange terms AMi. We now add  the 
two equations (4),  noting that  the exchange terms cancel. 
If,  furthermore,  the magnetizations are antiparallel, we 
obtain 

where ye is defined by the  equation 

M I + M z = Y ~ ( S I + S ~ )  =ye[(M1/yl) + (Mdy2)I (5) 
and 

ae=[a1lS1I  +a2IS211/1SI. (6) 
This expression for  the “effective damping  parameter” 
should be valid under  the  same conditions  as  those for 
which the resonance field is given by an effective gyro- 
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Figure 4 Absorption curves at  9479 mc: in blue, 39" C; in black, 24°C. The extra  low  field absorption at 24" c 
i s  attributed to  some impurity (see text). 

Figure 5 Variation of resonance field  with  angle  in the (1 10) plane  at  9479 mc, -183" C. 
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Figure 6 Temperature dependence of resonant field 
for 21-mil sphere at 9479 mc in the three 
principal directions. 

magnetic  ratio.  Wangsnessls has recently  obtained an 
v) 

3 expression for  the effective damping  parameter by a solu- 
4. tion of the equations of motion using a Landau-Lifshitz 

damping term. He has shown that  it is necessary that  the 
equations of motion used for  the sublattice  magnetizations 
describe  relaxation  toward the instantaneous values of the 
total fields acting on  the individual sublattices. An advan- 
tage of using the Gilbert equation is that this  condition is 
automatically satisfied. 

The  damping  parameter is related to  the width of the 
resonance  line by the  equation CROSSES  ARE Hr  

I- -OF EXTRANEOUS MODE, [1111 -, 
Z MEASURED IN [IOO] DIRECTION - a= yAH/o,. , (7) 

where yAH is the difference in magnetic fields between 

resonant  frequency.  Substituting for ae and y e  from 
Eq. (5) and (6 ) ,  we  obtain 

Y 
c* the points of half-maximum  absorption  and up is the 

-200 -100 0 100 

TEMPERATURE I N  DEGREES C IMIAH=o,.(fflISlI+ffzISSI). (8) 

Figure 7 Variation of the line width  with temperature at 9479 mc for the 1001, [ 1 101, and I 1  1 1 1 directions. 
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As  shown in Fig. 8, the temperature variation of the 
product MAH agrees qualitatively  with Eq. (8) .  Our 
measurements,  particularly at  K-band,  and  the measure- 
ments of Geschwind et  all2 show that  the  line width 
remains finite at the  compensation  point.  This failure of 
Eq. (6) to represent the  data in the immediate vicinity 
of the compensation point is understandable  from  the 
assumptions involved in  its  derivation. We have  estimated 
the relative  contributions of the iron and gadolinium  sub- 
lattices to  the  total  damping  at  room  temperature. A value 
aFe=0.002 was obtained from the  line width at  room 
temperature in  yttrium-iron  garnet crystals. At  room 
temperature, our line width for yttrium garnet is in good 
agreement  with data  reported by Dillon4  but much  nar- 
rower lines have been rep0rted.O A value f fGd =0.006 was 
calculated from  the  data in Fig. 8. The gadolinium ions 
contribute  much  more  to  the  total loss than  do  the  iron 
ions. This is probably true  to  an even greater  extent for 
the  other  rare-earth ions" with non-vanishing  orbital 
angular momentum,  and hence a stronger  coupling to  the 
lattice via spin-orbit  interactions. 

The dependence of the damping on crystal orientation 
and frequency is  of interest. It is clear from  Eq. (7) that, 

if ~r is a scalar  parameter,  the line width should  be inde- 
pendent of orientation.  Empirically, the  rather  large 
observed variation of line  width  with  crystal orientation 
might  be  accounted for by making a depend  on orienta- 
tion. The significance of such a procedure is not clear and 
we have simply used the  narrowest lines, i.e., those in  the 
[loo] direction, to calculate values of a. In  both gado- 
linium- and  yttrium-iron  garnet,  the line width appears 
to be proportional  to frequency, i.e., the  damping  param- 
eter is constant, between 9000  and 24,000 Mc.  There is 
evidence that at lower  frequencies (2000  to 3000 Mc) 
the damping  in  garnets begins to increase.O 

We  turn now to a consideration of the gyromagnetic 
ratios of the iron  and gadolinium sublattices. In using 
Eq. (5) to  obtain  the sublattice y's, we need one assump- 
tion in  addition to  the sublattice  magnetizations.  We as- 
sumed that yFe was equal  to  the value  measured in 
yttrium-iron garnet,  gge=2.020,  and was independent of 
temperature.  We  obtain  the values of shown in Fig. 
9. Near  the compensation  point, the calculated values 
of g ,  are  quite sensitive to  the difference, and 
relatively insensitive to  the individual g values. Our value 
for this difference, g ~ ~ - g ~ d = 0 . 0 1 4 ,  is in good agreement 

Figure 8 Variation of quantity M4H with  temperature, for line  widths  measured  in [lo01 direction. 
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with the value  obtained by Geschwind  et all2 at 24,000 
Mc. Below -lOO"C, the observed values of y. can be 
fitted only by taking g G d  greater than &e. The increase in 
g G d  with decreasing temperature is qualitatively  not af- 
fected by our assumptions.  Measurements on gadolinium 
garnet  crystals  grown from a  lead  oxide flux indicate that 
g,rr and hence g G d  do  not increase  with  decreasing  tem- 
perature. Until this difference in behavior of  the crystals 
prepared  in different ways is clarified, it is premature  to 
speculate on  the significance of the  apparent  temperature 
dependence of 

We have,  until  now, neglected the influence of crystal- 
line anisotropy.  Since there is no interaction between the 
damping  term  and  the driving torque (M X H) in Eq. (2),  
we can  include  the influence of anisotropy  in the effective 
field without  modifying our previous discussion of  damp- 
ing. Most discussions of anisotropy near compensation 
points have been in terms of uniaxial  anisotropy. While 
this form is simpler to  handle  than  cubic anisotropy, only 
two directions in a  cubic  crystal, [loo] and [ l l l ] ,  can be 
treated  in this  way.  WangsnesslD has obtained  a  general 
solution for  the resonant  frequencies of two coupled 
sublattices,  including the influence of a  cubic  energy 
K1( a12a22+a22a32+ a:32a1~) in  both  sublattices. (Here ai 
is the direction cosine of the ittl cubic axis with respect to 
the  magnetization). This  general  solution is extremely 
cumbersome  but the  method of simplifying it is  well 

known. It is expanded  in  decreasing  powers of XM, where 
X is the molecular field coefficient describing the inter- 
action between sublattices and M is the resultant  magneti- 
zation. Except  near  the compensation point, this quantity 
is very  large and terms involving negative powers of AM 
are  dropped,  Under these  conditions, one  obtains  an 
expression for  the resonant field identical  with that 
derived by Kitte120 for  ferromagnetic materials  except for 
the replacement of the gyromagnetic ratio with y e ,  given 
by Eq. (5). Our  data  for  the anisotropy constant deter- 
mined in this way are shown in Fig. 10. Two things are 
apparent: ( 1) the behavior of K1 in the vicinity of the 
compensation temperature is very different from  the usual 
monotonic variation  with temperature  and (2) otherwise, 
K1 of gadolinium  garnet is the  same as that of yttrium 
garnet  above - 40°C and becomes more negative at lower 
temperatures. This second  observation suggests that  the 
gadolinium ions do  not  contribute appreciably to  the 
anisotropy  except at low temperature.  This is in  accord 
with theoretical expectations.21 

To examine the  apparent  anomaly in the anisotropy 
around  the compensation point, we return  to  the expan- 
sion of the general  solution for  the resonance field. 
Algebraic  manipulations are considerably simplified by 
taking the anisotropy associated with the gadolinium  sub- 
lattice to be zero, as justified above, and by inserting the 
demagnetizing factors  for a  spherical  sample.  Repeating 

Figure9 Measured g, and calculated gGC1 as a function of temperature. 
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the expansion for  the resonant  frequency,  this  time  retain- 
ing terms involving (XM)-1, we obtain 

where K1 is the first-order  cubic  anisotropy constant  and, 
for a (1  10) plane with the angle 6' measured from  the 
[OOl] direction to  the applied field, 

f(0) =2-sin20-3 sin22b' 

and 

g ( 0 )  =2(  1-2 sin2O-3 sin26'). 

Equation (7) differs from  the usual  resonance  equation 
only in the inclusion of the  last  term  in  the bracket. 
Unfortunately this equation is not very  useful for  quan- 
titative  calculations. It is extremely  cumbersome to ma- 
nipulate and, even more  important, will be a  reliable 
approximation only in a very limited temperature interval. 
Once  the  term in (XM)-I becomes important, small 
changes  in temperature will rapidly make  the higher- 
order terms of the series  also important. However,  inspec- 
tion of Eq. (7) immediately reveals the cause for the 

apparent decrease in K1 near  the compensation tempera- 
ture. Since both K1 and X are negative, the sign of the last 
term will be positive along the [ 1001 direction and negative 
along [l 1 11. Hence,  the field needed for resonance will be 
lower in the  hard direction and higher in  the easy  direc- 
tion than would be the  case if the last term were  ignored. 
This effect would be  reversed in  the anisotropy  constant 
were positive, i.e., the use of the Kittel equation  to deter- 
mine K1 in such a  case would lead to a spurious increase 
in the anisotropy constant  near  the compensation  point. 
It should also be  noted that this  last term in Eq. (7) will 
alter  the expected angular dependence of the resonant 
field. Deviations from  the expected  angular  dependence 
of H,. are usually interpreted  as  evidence of a  second- 
order anisotropy term. Obviously such a conclusion is 
questionable in a relatively wide temperature  range 
around a  compensation  point. 

Summary and conclusions 

Microwave-resonance  absorption  in  gadolinium-iron gar- 
net  has been described in terms of a two-sublattice model, 
with the assumption that  the properties of the  iron sub- 
lattice  are  the  same as those of yttrium-iron  garnet. The 
data, which do not include the  temperature interval within 
15" of the compensation  point at  13"C,  can be satisfac- 
torily treated by the usual  theory of resonance of coupled 

Figure 10 Variation of anisotropy constant, K,, of gadolinium-iron  garnet  with temperature. 
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ratios of the sublattices, g ~ ~ = 2 . 0 0 6  and gF,=2.020, are 
in good agreement with the value for &-god determined 
by Geschwind  et a1 at  the compensation temperature. 
Below -1OO"C, gGd increases  with  decreasing tempera- 
ture  to a  value of 2.040 at - 190°C. 

The anisotropy of gadolinium-iron garnet above 
- 190°C is adequately  represented by a  first-order term, 
K1 ( alzaz2 + a22a32 + ( ~ ~ ~ a ~ ~ ) .  The values of a  second-order 
term K2(a~zaz2a32)  are less than our experimental errors. 
The inclusion,  in the  equation  for  the resonance field, of 
higher-order  terms  accounts for  the  apparent decrease in 
K1 near  the compensation temperature. In this tempera- 
ture  range, these  higher-order terms also influence the 
angular dependence of the magnetic field required for 
resonance. The anisotropy constant of gadolinium-iron 
garnet is equal  to  that of yttrium  garnet above -40°C 
and becomes more negative at lower temperatures. 

The inclusion of damping  terms - 

in  the  equation of motion  for  the sublattice  magnetiza- 
tions, accounts for the large  increase  in line width around 
the compensation temperature.  The relative  magnitudes 
of the  damping  parameters for the sublattices  indicate 
that  the gadolinium  ions introduce  the largest part of the 
total damping. 
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